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Pseudospectral Modal Method for Computing
Optical Waveguide Modes
Dawei Song and Ya Yan Lu

Abstract—For optical waveguides with high index-contrast and
sharp corners, it is challenging to develop efficient, accurate and
general full-vectorial mode solvers. The classical mode-matching
method is capable of computing modes to high accuracy for
waveguides with right-angle corners, but it is not convenient to
implement when the waveguide has lossy components. Numerical
variants of the mode-matching method, such as the Fourier
modal method (as a mode solver), are simpler to implement. In
this paper, a recently developed pseudospectral modal method
(PSMM) for diffraction gratings is reformulated as a fullvectorial waveguide mode solver. As demonstrated in a number of
examples, the method can be used to calculate waveguide modes
to high accuracy, and it is relatively simple to implement.

I. I NTRODUCTION

I

N recent years, many novel optical waveguides have been
designed and fabricated. Some of these waveguides such
as photonic crystal fibers, have complicated micro-structures,
while others such as silicon, plasmonic or hybrid plasmonic
waveguides, have high index-contrast and possibly sharp corners. Numerical modeling of these new waveguides require
advanced numerical methods with high efficiency and accuracy. The basic mathematical problem for an optical waveguide
is to calculate its guided or leaky modes. This is usually
formulated at a fixed frequency as a linear eigenvalue problem
for computing the propagation constant β and the mode
profile. Notice that for waveguides with lossy components
(such as metals), the propagation constant β is complex. On
the other hand, β is always complex for leaky modes even if
the waveguide components are lossless.
Existing numerical methods for computing waveguide
modes can be classified as linear and nonlinear methods.
Linear methods, such as the finite difference method [1]–[4],
the finite element method [5]–[8], and the multi-domain pseudospectral method [9]–[12], discretize the waveguide cross
section and give rise to linear matrix eigenvalue problems. The
linear methods are very natural, as they are closely related
to the original eigenvalue problem for differential operators
formulated on the plane perpendicular to the waveguide axis,
and they also have the advantage of reducing the problem
to standard matrix eigenvalue problems for which extensive
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numerical linear algebra tools are available. However, these
methods typically produce very large matrices, and the corresponding matrix eigenvalue problems are not easy to solve.
A nonlinear method formulates the waveguide eigenvalue
problem as
F(β)x = 0,
(1)
where F is a square matrix and β appears implicitly in the
matrix F. Compared with the matrices that appear in the
linear methods, the matrix F above has a much smaller size.
To find a mode from Eq. (1), we can determine β from the
condition that F(β) is a singular matrix, then construct the
electromagnetic field of the mode from the the corresponding
non-zero vector x. Existing nonlinear methods include the
multipole method [13]–[16], the boundary integral equation
(BIE) method [17]–[22], the mode-matching method [23]–
[29], and numerical variants of the mode-matching method
based on finite difference approximations [30] or Fourier
series expansions [31], [32]. The multipole method is basically
restricted to waveguides with circular inclusions. The BIE
method is applicable to optical waveguides with piecewise
constant refractive index profiles. It achieves high accuracy
for waveguides with complicated microstructures [21] and
sharp corners [22], but is somewhat complicated to implement.
The mode-matching method and its numerical variants are
only applicable to waveguides with vertical and horizontal
interfaces, but they are relatively simple to implement and
appear to be quite accurate. In a benchmark calculation for
a silicon waveguide with a rectangular core [33], the modematching method and a variant based on Fourier series have
outperformed all other methods.
The (analytic) mode-matching method and related numerical variants divide the transverse plane (perpendicular to the
waveguide axis) into a number of regions where the refractive
index depends only on one spatial variable, expand the electromagnetic field of a waveguide mode in one-dimensional (1D)
modes of the region, and match the tangential field components
along the boundaries of these regions. The mode-matching
method [23]–[29] calculates the 1D modes analytically, and
matches the field components by projection on a set of
1D modes. The numerical variants [30], [31] calculate the
1D modes by the finite-difference method or Fourier series
expansions, then match the tangential field components pointwise or by their Fourier coefficients. It is important to note that
the mode-matching method corresponds to the analytic modal
method for conical diffraction gratings [34], and the finitedifference and Fourier-series variants correspond to the finitedifference modal method [35] and the Fourier modal method
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[31], respectively.
Recently, the pseudospectral modal method (PSMM) was
developed for in-plane and conical diffraction grating problems [36]–[40]. The method has outperformed the standard
Fourier modal method and a high order finite difference
modal method [40]. In this paper, we extend the PSMM as a
numerical variant of the mode-matching method for computing optical waveguide modes. We also include a coordinate
stretching technique to increase the resolution near waveguide
corners (as in the adaptive spatial resolution technique for
the Fourier modal method [32], [41], [42]), and to extend the
truncation domain without increasing the number of discretization points. The method is relatively simple to implement and
highly accurate. A number of numerical examples are used to
illustrate the performance of our method.

Fig. 1. Three regions of a rib waveguide given by x < x1 , x1 < x < x2
and x > x2 respectively.

II. M ODE - MATCHING METHOD
We consider optical waveguides characterized by a zindependent dielectric function ε(x, y), where {x, y, z} is
a Cartesian coordinate system, z is the variable along the
waveguide axis, x and y are the transverse variables. For
clarity, we assume x and y are the horizontal and vertical
variables, respectively. For time-harmonic waves that depend
on time as exp(−iωt), where ω is the angular frequency, the
governing equations are the following Maxwell’s equations
∇ × E = ik0 H,

∇ × H = −ik0 εE,

(2)

where k0 is the free space wavenumber, E is the electric
field and H is the magnetic field multiplied by the free space
impedance. A waveguide mode is a special solution of Eq. (2),
such that the z-dependence is exp(iβz) for a propagation
constant β. In this paper, we only consider
guided modes that
p
decay to zero exponentially as r = x2 + y 2 → ∞.
The mode-matching method and its numerical variants are
applicable to waveguides with only vertical or horizontal material interfaces. We assume the xy plane can be divided into
l∗ +1 regions (vertical slices), given by x < x1 , xl−1 < x < xl
for 2 ≤ l ≤ l∗ , and x > xl∗ , such that ε(x, y) = εl (y) in the
lth region. As an example, we have three regions shown in
Fig. 1 for a rib waveguide. Of course, the method also works
if the xy plane is divided into a number of horizontal slices
in which ε depends only on x. The choice should be made
to minimize the computation effort which is mainly related to
the size of the matrix F in Eq. (1). For the rib waveguide, if
horizontal slices are used, there will be four regions and three
interfaces, and the matrix F will be larger.
In a region where the dielectric function ε depends only
on y, it can be easily shown that the y components of the
electromagnetic field satisfy separate Helmholtz equations


∂ 2 Ey
∂ 2 Ey
∂ 1 ∂(εEy )
+
+
+ k02 εEy = 0,
(3)
∂x2
∂y ε ∂y
∂z 2
∂ 2 Hy
∂ 2 Hy
∂ 2 Hy
+
+
+ k02 εHy = 0.
(4)
2
2
∂x
∂y
∂z 2
General solutions for Eqs. (3) and (4) can be written down
by the method of separation of variables (for εEy and Hy ,
respectively). This leads to expansions of the electromagnetic

field in terms of the vertical transverse electric (TE) and
transverse magnetic (TM) modes. The governing equations for
these 1D modes are
d
ε
dy




1 dφ
+ k02 εφ = δ̂ 2 φ,
ε dy
d2 ψ
+ k02 ε ψ = ν̂ 2 ψ,
dy 2

(5)
(6)

where φ and ψ are eigenfunctions (functions of z) for the TM
and TE modes, respectively, δ̂ 2 and ν̂ 2 are the corresponding
eigenvalues. If we truncate y to a finite interval (y0 , y∗ ) and
impose the zero boundary conditions
φ=ψ=0

at

y = y0 , y∗ ,

(7)

then the eigenvalue problems give rise to infinite sequences of
eigenpairs. We denote these eigenfunctions and the eigenvalues by φj , δ̂j2 , ψj , ν̂j2 for j = 1, 2, 3, ...
If the refractive index of the region is piecewise constant
in y, the eigenvalue problems (5), (6) and (7) can be solved
analytically, in the sense that the eigenfunctions are given
analytically in each interval where ε is constant, but the
eigenvalues are calculated by solving a transcendental equation
numerically. For waveguides with lossy components, ε is
complex in some part of the region, then the eigenvalues δ̂ 2
and ν̂ 2 are also complex. Since it is not easy to find all roots of
a transcendental equation in the complex plane, the analytic
mode-matching method is not so convenient to implement,
at least for waveguides with lossy components. On the other
hand, it is very simple to solve the eigenvalue problems
(5), (6) and (7) numerically. A finite difference method was
first used in [30]. In the Fourier modal method [31], the
boundary condition (7) is replaced by a periodic condition,
then the eigenvalue problems are solved by expanding the
eigenfunctions in Fourier series.
Using the 1D modes, we can write down Ey and Hy in the
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lth region as
Ey (x, y)
Hy (x, y)

=
=

1
εl (y)
∞
X

∞
X

δ̂j2 φj (y) Uj (x),

(8)

j=1

ν̂j2 ψj (y) Vj (x),

(9)

j=1

where
Uj (x) = aj eiδj (x−xl−1 ) + bj e−iδj (x−xl ) ,

(10)

Vj (x) = cj eiνj (x−xl−1 ) + dj e−iνj (x−xl ) ,
q
q
δj = δ̂j2 − β 2 , νj = ν̂j2 − β 2 ,

(11)
(12)

components on the vertical lines at x = xl for 1 ≤ l ≤ l∗ to
establish the homogeneous linear system (1).
To match the field components on the vertical lines, it is
necessary to use the same discretization points for y in all
regions. For that purpose, we need to locate all horizontal
interfaces which are assumed to be y = yp for 1 ≤ p < P
satisfying y0 < y1 < y2 < ... < yP −1 < y∗ , where P is an
integer, y0 and y∗ (also denoted as yP ) are the endpoints of
the truncated interval for y. As an example, the rib waveguide
shown in Fig. 1 has three horizontal interfaces (P = 4) even
though there are only two physical interfaces in reach region.
If we apply the Chebyshev pseudospectral method directly to
Eqs. (5) and (6), we can choose the number of discretization
points in each interval (yp−1 , yp ), but we cannot control
how these points are distributed. To gain more flexibility, we
introduce a coordinate transform given by y = y(ξ) where ξ is
a new variable and y(ξ) is a piecewise-smooth and increasing
function. Equations (5) and (6) become


1 dφ
ε d
+ k02 εφ = δ̂ 2 φ,
(15)
s dξ εs dξ


1 d 1 dψ
+ k02 εψ = ν̂ 2 ψ,
(16)
s dξ s dξ

aj , bj , cj and dj are unknown coefficients. The complex square
root in Eq. (12) is defined such that δj and νj are either real
and positive or complex with positive imaginary parts. In the
first and last regions, Uj and Vj must be modified to include
only outgoing terms. That is, aj = cj = 0 for the first region
(x < x1 ) and bj = dj = 0 for the last region (x > xl∗ ). The
other four components of the electromagnetic field can also
be expressed using the 1D modes and the functions Uj and
Vj . The z components are given as

∞ 
where s = dy/dξ is the derivative of y with respect to ξ. If
X
Vj (x)
β dφj (y)
, (13) the ξ value corresponding to yp is ξp , i.e., yp = y(ξp ) for
Uj (x) − k0 ψj (y)
Ez (x, y) = i
εl (y) dy
dx
j=1
0 ≤ p ≤ P , then boundary condition (7) is transformed to

∞ 
X
dψj (y)
dUj (x)
φ = ψ = 0 at ξ = ξ0 , ξ∗ ,
(17)
β
. (14)
Hz (x, y) = i
Vj (x) + k0 φj (y)
dy
dx
j=1
where ξ∗ = ξP . This coordinate transform serves two purIt is important to note that the 1D modes and the expansion poses. It allows us to put more discretization points near
coefficients are different in different regions. To explicitly waveguide corners where the electromagnetic field may be
indicate the quantities in the lth region, we could add a singular. For the rib waveguide shown in Fig. 1, the corners are
(l)
(l)
superscript (l). This leads to eigenfunctions φj and ψj , located at (xl , y2 ) and (xl , y3 ) for l = 1, 2. Therefore, it could
(l)
(l)
(l)
(l)
eigenvalues δ̂j and ν̂j (and related δj and νj ), and be beneficial to increase the density of discretization points
near y2 and y3 . When applied in the first and last intervals,
(l)
(l)
(l)
(l)
expansion coefficients aj , bj , cj and dj .
i.e., (y0 , y1 ) and (yP −1 , yP ), this coordinate transform also
With the mode expansions in each region, we can establish allows us to use a large computational window for y without
Eq. (1) by matching Ey , Hy , Ez and Hz on the vertical lines increasing the total number of discretization points. This would
x = xl for 1 ≤ l ≤ l∗ . In the above, x is a column vector be useful for computing waveguide modes that decay slowly
for b(1) , d(1) , a(l) , b(l) , c(l) , d(l) (2 ≤ l ≤ l∗ ), a(l∗ +1) and as |y| → ∞.
(l)
c(l∗ +1) , where a(l) is the column vector for aj , etc. For the
More specifically, we implement a coordinate transform
analytic mode-matching method, the expansions (8), (9), (13) satisfying ξ = y for 1 ≤ p < P , but y < ξ and ξ < y .
p
p
0
0
∗
∗
and (14) are first truncated to N terms, then the continuity On the interval (ξ , ξ ) for 1 < p < P , we follow the
p−1 p
conditions are imposed by inner products with a chosen set of adaptive spatial resolution technique for Fourier modal method
1D modes. In the finite-difference approach, the y variable is [41], and use the transform
h
i
discretized by N points, then Eq. (1) is established by simply
ηp
y(ξ)
=
y
+
(y
−
y
)
τ
−
sin(2πτ
)
,
(18)
p−1
p
p−1
matching the four field components at these N points of y for
2π
each xl , 1 ≤ l ≤ l∗ . In the Fourier modal method, Eq. (1) is where
obtained by matching the coefficients of N retained terms in
τ = (ξ − ξp−1 )/(ξp − ξp−1 )
the Fourier series.
and ηp is a real parameter less than 1. To increase the density
of discretization points around the two endpoints, we can
III. P SEUDOSPECTRAL MODAL METHOD
choose a ηp close to 1. The first and last intervals are first
In this section, we present a PSMM for computing waveg- expanded by
uide modes as an extension of the PSMM for conical diffrac
3
ξ1 − ξ
tion of gratings [40]. Briefly, we use the Chebyshev pseuξˆ = ξ − S0
, ξ0 ≤ ξ ≤ ξ1 ,
(19)
ξ1 − ξ0
dospectral method [37], [43] to calculate the 1D TE and

3
TM modes, replace the expansions (8), (9), (13) and (14) by
ˆ = ξ + S∗ ξ − ξP −1
ξ
, ξP −1 ≤ ξ ≤ ξ∗ (20)
their numerical approximations, then point-match the four field
ξ∗ − ξP −1
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for some positive constants S0 and S∗ , such that
ξˆ0 = ξ0 − S0 = y0 ,

ξˆ∗ = ξ∗ + S∗ = y∗ ,

ˆ That
then Eq. (18) is applied with a revised τ defined by ξ.
is,
(
(ξˆ − ξˆ0 )/(ξ1 − ξˆ0 ),
p = 1,
τ=
ˆ
ˆ
(ξ − ξP −1 )/(ξ∗ − ξP −1 ), p = P.
The new variable ξ is discretized in each interval [ξp−1 , ξp ]
separately as


kπ
ξp − ξp−1
1 − cos
, 0 ≤ k ≤ qp , (21)
ξp,k = ξp−1 +
2
qp
where qp is a positive integer. Notice that ξp,0 = ξp−1 and
ξp,qp = ξp are the endpoints of the interval. The Chebyshev
pseudospectral method approximates the eigenvalue problems
(15), (16) and (17) by matrix eigenvalue problems. For (15)
and (17), the matrix approximation is
 
 
φ1
φ1
 φ2 
 φ2 
 
 
(22)
A  .  = δ̂ 2  .  ,
 .. 
 .. 
φP

φP

where φp is a column vector for φ at the interior discretization
points of (ξp−1 , ξp ), i.e., at ξp,k for 1 ≤ k < qk , and A is an
N × N matrix where
N = (q1 − 1) + (q2 − 1) + · · · =

P
X

qp − P.

p=1

Notice that the interface points ξp for 1 ≤ p < P are excluded
in the matrix eigenvalue problem. In fact, Eq. (22) corresponds
to Eq. (15) at the N collocation points ξp,k for 1 ≤ p ≤ P
and 1 ≤ k < qp .
The steps that give rise to the matrix A can be found in
our earlier work [37]. Here we only emphasize two important
aspects of the method. Firstly, there is a matrix Cp (Chebyshev
differentiation matrix) that approximates the derivative operator on [ξp−1 , ξp ]. Let φ′ be the derivative of φ with respect to
ξ, then
 ′ +



φ (ξp,0 )
φ(ξp,0 )
 φ′ (ξp,1 ) 
 φ(ξp,1 ) 








..
..
≈
C
(23)



,
p
.
 ′ .



φ (ξp,qp −1 )
φ(ξp,qp −1 )
−
φ′ (ξp,q
)
φ(ξp,qp )
p
Secondly, we need to enforce the continuity of (εs)−1 φ′ at ξp
for 1 ≤ p < P . This gives rise to a linear equation relating φ
at the interface points with φ at the N interior points, i.e.,


 
φ(ξ1 )
φ1
 φ(ξ2 ) 
 φ2 


 
(24)

 ≈ B  ..  ,
..


 . 
.
φ(ξP −1 )

φP

where B is a (P − 1) × N matrix.
When the matrix eigenvalue problem (22) is solved, we can
use Eq. (24) to find the eigenfunctions at the interface points

and use Eq. (23) to find the derivative of the eigenfunctions.
The expansions (8), (9), (13) and (14) are replaced by their
numerical versions where φj , ψj , dφj /dy = s−1 dφ/dξ and
dψj /dy = s−1 dψ/dξ become column vectors of length N ,
and j ranges from 1 to N . When the four field components are
matched at xl (1 ≤ l ≤ l∗ ) and ξp,k (1 ≤ p ≤ P , 1 ≤ k < qp ),
we obtain Eq. (1). Notice that F is a (4l∗ N ) × (4l∗ N ) matrix.
If the waveguide has a horizontal reflection symmetry,
we can reduce the size of matrix F to (2l∗ N ) × (2l∗ N )
by considering waveguide modes with different symmetries
separately. For the rib waveguide shown in Fig. 1, we can set
the y-axis at the center of the structure (thus, x1 = −x2 ), and
consider modes with even Ey and odd Hy , or odd Ey and even
Hy . For the case of even Ey and odd Hy , the expansions (8)
and (9) for the second region (i.e. x1 < x < x2 ) should be
modified as
h
i
Uj (x) = aj eiδj (x−x1 ) + e−iδj (x−x2 ) ,
(25)
i
h
(26)
Vj (x) = cj eiνj (x−x1 ) − e−iνj (x−x2 ) ,

then the field components are only matched at x1 , giving
rise to a (4N ) × (4N ) matrix F (since l∗ = 2 for the rib
waveguide).
To find β, we solve
σ1 (F(β)) = 0

(27)

by secant method or Müller’s method, where σ1 (F) is the
smallest singular value of matrix F.
In summary, our method involves the following steps:
1) divide the xy plane (perpendicular to the waveguide
axis) into a number of regions where ε depends only
on y (or x);
2) truncate y and choose parameters ηp , S0 and S∗ in (18),
(19) and (20), respectively, for coordinate transform;
3) discretize the eigenvalue problems (15), (16) and (17);
4) find the derivatives of the eigenfunctions by Eq. (23);
5) establish the matrix F(β) from the continuity conditions
at the interfaces between the regions;
6) solve β from Eq. (27) numerically;
7) for the found β, solve the vector x in Eq. (1) and
construct the electromagnetic field from x.
IV. N UMERICAL EXAMPLES
In this section, we present some numerical examples to validate and illustrate our method. The first example is a classical
rib waveguide previously analyzed by a number of authors
[1], [10], [12], [31], [44]. The cross section of the waveguide
is shown in Fig. 1, where the rib width is w = 3.0 µm, the
rib thickness is h = 1 µm, and the thickness of the slab is
t = 0.5 µm. The refractive indices of the cladding, the guiding
layer and the substrate are nt = 1, nc = 3.44 and nb = 3.4,
respectively. As in the earlier works mentioned above, we
assume the free space wavelength is λ = 1.15 µm. For this
waveguide, we use the PSMM without a coordinate transform.
Assuming the horizontal interface between the substrate and
the guiding layer is located at y = y1 = 0, we truncate the y
variable to (y0 , y∗ ) where y0 = −5 µm and y∗ = 2 µm. This
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leads to four intervals of y given by (yp−1 , yp ) for 1 ≤ p ≤ 4,
where y2 = 0.5 µm, y3 = 1 µm and y4 = y∗ . In Table I,
we show the computed normalized propagation constant β/k0
TABLE I
N ORMALIZED PROPAGATION CONSTANT β/k0 OF A RIB WAVEGUIDE ,
OBTAINED BY THE PSMM FOR DIFFERENT VALUES OF N .
N
120
160
200
240
280
320

β/k0
3.4131279877
3.4131353849
3.4131305520
3.4131321477
3.4131321441
3.4131321433

N
360
400
440
480
520

β/k0
3.4131321427
3.4131321423
3.4131321421
3.4131321420
3.4131321418

for different values of N . Notice that for N = 240 and
280, we obtain β/k0 ≈ 3.4131321 and β/k0 ≈ 3.41313214,
respectively. These results contain 8 and 9 correct digits,
respectively. Excellent agreement is obtained with the earlier
results reported in [1], [10], [12].
The second example, shown in Fig. 2(a), is a square

used on all three intervals with ηp = 0.99. Our numerical
results are listed in Table II. In [22], a very accurate result for
TABLE II
N ORMALIZED PROPAGATION CONSTANT β/k0 OF A SQUARE WAVEGUIDE ,
OBTAINED BY THE PSMM FOR DIFFERENT VALUES OF N .
N
60
90
120
150
180
210
240

β/k0
2.6567749515
2.6567954014
2.6567955294
2.6567955299
2.6567955302
2.6567955304
2.6567955305

N
270
300
330
360
390
420
450

β/k0
2.6567955306
2.6567955306
2.6567955306
2.6567955307
2.6567955307
2.6567955307
2.6567955307

this waveguide was obtained by a BIE method. Comparing
with that, we conclude that the PSMM gives 9 correct digits
(β/k0 ≈ 2.65679553) for N = 120 and 10 correct digits
(β/k0 ≈ 2.656795531) for N = 240.
The third example, shown in Fig. 2(b), is a rectangular
silicon waveguide on a silica substrate. The size of the rectangular core is 0.5 µm × 0.22 µm. The refractive indices of the
core, the substrate and the cladding are nc = 3.5, nb = 1.45
and nt = 1, respectively. The waveguide is analyzed for the
free space wavelength λ = 1.55 µm. Similar to the second
example, we use the coordinate transform and discretize the
y variable through ξ in three intervals. For the variable y,
the interface and end points are y0 = −3.22 µm, y1 = 0,
y2 = 0.22 µm, y∗ = y3 = 2.44 µm, where y = 0 is the
horizontal interface between the core and the substrate. The
corresponding points for ξ are ξ0 = −0.22 µm, ξ1 = 0,
ξ2 = 0.22 µm, ξ∗ = ξ3 = 0.44 µm, and they are related by
S0 = 3 µm and S∗ = 2 µm. Equation (18) is used on all
intervals with ηp = 0.99. This waveguide has been previously
analyzed by a BIE method [22]. Our results are given Table
III. For N = 240, we obtain β/k0 ≈ 2.41237199, which
TABLE III
N ORMALIZED PROPAGATION CONSTANT β/k0 OF A SILICON WAVEGUIDE ,
OBTAINED BY THE PSMM FOR DIFFERENT N .

Fig. 2. Optical waveguides with high index-contrast: (a) a square dielectric
waveguide; (b) a silicon wire on a silica substrate; (c) a plasmonic waveguide
(silver strip surrounded by a dielectric medium).

waveguide previously analyzed by Hadley [1] and others [18],
[22]. The waveguide has a 1 µm × 1 µm high-index dielectric
core surrounded by air. The dielectric constants of the core and
the surrounding medium are εc = 8 and εt = 1, respectively.
The problem is considered for the free space wavelength
λ = 1.5 µm. For this waveguide, we assume the horizontal
edges of the square core are located at y = y1 and y = y2 ,
and truncate the y variable to (y0 , y∗ ) where y0 = −2 µm,
y1 = 0, y2 = 1 µm, and y∗ = y3 = 3 µm. The discretization
is carried out in the transformed variable ξ with ξ0 = −1 µm,
ξ1 = y1 , ξ2 = y2 and ξ∗ = ξ3 = 2 µm. This corresponds
to S0 = S∗ = 1 µm in Eqs. (19) and (20). Formula (18) is

N
120
150
180
210
240
270

β/k0
2.41149824
2.41243857
2.41236892
2.41237209
2.41237199
2.41237199

N
300
330
360
390
420

β/k0
2.41237199
2.41237199
2.41237199
2.41237199
2.41237199

perfectly agrees with the result of [22]. The adaptive spatial
resolution technique is useful for this waveguide with a high
index-contrast. In Table IV, we show the numerical results for
TABLE IV
N ORMALIZED PROPAGATION CONSTANT β/k0 OF A SILICON WAVEGUIDE ,
OBTAINED BY THE PSMM FOR DIFFERENT ηp AND N = 240.
ηp
0.99
0.9
0.8
0.7
0.6
0.5

β/k0
2.41237199
2.41237200
2.41237202
2.41237203
2.41237204
2.41237205

ηp
0.4
0.3
0.2
0.1
0

β/k0
2.41237207
2.41237208
2.41237209
2.41237211
2.41237212
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different values of ηp at the fixed N = 240. A descrease of
accuracy can be observed as ηp is decreased to 0.
Finally, we consider a plasmonic waveguide previously
studied by Berini [45]–[47]. The waveguide, shown in
Fig. 2(c), has a silver core of size 1 µm × 0.1 µm and it
is surrounded by a homogeneous medium. The waveguide
is considered for the free space wavelength λ = 0.633 µm.
For this wavelength, the dielectric constant of silver is εc =
−19 + 0.53i, and the dielectric constant of the surrounding
medium is assumed to be εt = 4. For the PSMM, we
use the coordinate transform y = y(ξ) as in the previous
two examples. The two sets of interface and end points are
y0 = −0.7 µm, ξ0 = −0.1 µm, y1 = ξ1 = 0, y2 = ξ2 =
0.1 µm, ξ3 = 0.2 µm, y3 = 0.8 µm, and they are related by
S0 = S∗ = 0.6 µm. For Eq. (18), the parameter is ηp = 0.99.
In Table V, we show the numerical results obtained by the
TABLE V
C OMPLEX NORMALIZED PROPAGATION CONSTANTS OF TWO GUIDED
MODES OF A PLASMONIC WAVEGUIDE , OBTAINED BY THE PSMM.
N
120
150
180
210
240
270
300
330
360
390
420
450
480

β1 /k0
2.8395448+3.889923E-2i
2.8415705+3.896168E-2i
2.8415314+3.896016E-2i
2.8415330+3.895969E-2i
2.8415333+3.895931E-2i
2.8415333+3.895900E-2i
2.8415332+3.895875E-2i
2.8415331+3.895856E-2i
2.8415329+3.895839E-2i
2.8415327+3.895825E-2i
2.8415325+3.895814E-2i
2.8415324+3.895804E-2i
2.8415323+3.895795E-2i

β2 /k0
2.3791031+2.788329E-2i
2.3801346+2.796572E-2i
2.3801092+2.796284E-2i
2.3801079+2.796207E-2i
2.3801067+2.796151E-2i
2.3801057+2.796109E-2i
2.3801050+2.796078E-2i
2.3801044+2.796053E-2i
2.3801040+2.796033E-2i
2.3801036+2.796017E-2i
2.3801033+2.796004E-2i
2.3801030+2.795993E-2i
2.3801028+2.795983E-2i

PSMM for two guided modes. For the first mode, we get
β1 /k0 ≈ 2.84153 + i3.896 × 10−2 for N = 180. The second
mode is more difficult to calculate. For N = 330, we obtain
the solution β2 /k0 ≈ 2.38010 + i2.796 × 10−2 . For both
modes, our results agree well with the those of [47].
V. C ONCLUSION
In this paper, the pseudospectral modal method (PSMM),
previously developed for analyzing diffraction gratings, is
reformulated as a full-vectorial optical waveguide mode solver.
The method can be regarded as a numerical variant of the classical mode-matching method [23]–[28]. Since it simply solves
the related 1D modes numerically by the standard Chebyshev
pseudospectral method, the PSMM is easy to implement. The
classical mode-matching method can be difficult to use for
waveguides with lossy components, since it requires a systematic method for locating zeros of transcendental functions in
the complex plane (for analytic solutions of the 1D modes).
We also implement a coordinate transform for the PSMM,
which can be used to increase the density of discretization
points near material interfaces or waveguide corners, and to
expand the domain of truncation without increasing the total
number of points. Numerical examples in Section IV indicate
that the PSMM gives accurate solutions for waveguides with
high index-contrast and right-angle corners.
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