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Bound states in the continuum (BICs) are trapped or guided modes with their frequencies within the
radiation continuum. On periodic structures, BICs have interesting properties and potentially important
applications. It is known that BICs can exist at the surface of a photonic crystal (PhC), and they are
distinctively different from the well-known surface Bloch modes below the lightline. However, for a
given structure with specific geometric and material parameters, it is difficult to predict whether BICs
exist or not. In this paper, using an efficient computational method, we calculate BICs at the surface of
a two dimensional PhC consisting of dielectric rods, and determine the existence domain in the plane of
the refractive index and the radius of the surface rods. The boundary of the existence domain reveals that
the BICs cease to exist when the bulk PhC can no longer confine light. In addition, the frequency and
wavenumber of the BIC can approach the lightline, leading to bound states on the lightline and special
highly confined surface Bloch modes below the lightline. © 2017 Optical Society of America
OCIS codes:
(240.6690) Surface waves; (050.5298) Photonic crystals; (130.2790) Guided waves; (050.1755) Computational
electromagnetic methods.
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1. INTRODUCTION
Optical bound states in the continuum (BICs) have recently attracted much attention [1]. The concept of BIC was originally
developed in quantum mechanics [2]. For classical waves, a
BIC is a trapped or guided mode with a frequency in the frequency interval where outgoing radiation modes exist. In the
simplest setting, a BIC is trapped mode around a local distortion in a waveguide, and it exists at a frequency for which the
waveguide still has propagating modes [3–8]. A BIC can also
be a special guided mode of a z-invariant waveguide (z is the
waveguide axis), where waves can also propagate away in the
transverse direction through a lateral structure [9–12]. On periodic structures surrounded by homogeneous media, a BIC can
be a standing wave or a propagating Bloch mode with a frequency such that propagating waves with compatible periodicity exist in the surrounding media [13–30]. Some BICs having
incompatible symmetry with the outgoing waves [13–19]. They
are often labeled as symmetry-protected BICs, and their existence can be rigorously proved [6, 13, 17, 19]. There are also
BICs without apparent symmetry incompatibility with the radiation modes [20–30]. Some physical arguments and mathematical models have been used to explain the appearance of these
BICs without symmetry protection [23, 31, 32].

The BICs on periodic structures have interesting properties
and potentially important applications [1]. For incident waves
impinging on a periodic structure with a BIC, the transmission
and reflection coefficients are discontinuous at the frequency
and wavevector of the BIC, and exhibit arbitrarily close total
transmissions and total reflections [33, 34]. For incident waves
of fixed frequency and wavevector, the transmission and reflections coefficients are also discontinuous at the geometric
and material parameters of the BIC [30]. These properties can
be explored in filtering, sensing and switching applications.
The BICs are related to the nonuniqueness of related boundary
value problems with given incident waves [13], and they give
rise to multiple solutions for weak incident waves when the
structure contains nonlinear media [35], and the multiple solutions have potential applications in optical switching. Furthermore, near BICs on periodic structures, there are continuous
families of resonant modes with quality factors approaching infinity. The strong resonances can be used to enhance nonlinear
optical effects [36], quantum optical effects, and other emission
processes. In particular, light confinement related to BICs has
been used to design a compact laser that emits a high-quality
beam [37]. Moreover, some BICs related to separability have
interesting properties that can be used to control the direction
and the dimension of the radiated field [38].
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It is desirable to develop a better understanding for those
BICs without symmetry protection. In many cases [20–22, 24,
25, 28, 30], the periodic structures are sandwiched between two
identical homogeneous media, and are symmetric with respect
to the mid-plane parallel to the periodic directions. The structure studied by Hsu et al. in [23] does not have this reflection
symmetry. A BIC is found along the surface of a semi-infinite
two-dimension (2D) photonic crystal (PhC), where the PhC is a
square lattice of dielectric rods surrounded by air, and the array
at the surface contains rods with a larger radius [23]. Guided
modes at the surface of a PhC are well known [39–41], but they
usually exist below the lightline, i.e., k0 < | β|, where k0 is the
free space wavenumber and β is the Bloch wavenumber of the
mode. In contrast, the BIC is above the lightline, i.e., k0 > | β|.
In [23], a temporal coupled mode model is developed to explain
the appearance of the BIC, but it is still not clear why the BIC
exists for some parameter values and does not exist for other
parameter values.
In this paper, we perform an extensive numerical study for
BICs at the surface of a 2D PhC, and determine the domain of
existence in the plane of two parameters: the radius and dielectric constant of the rods in the surface array. The boundary of
the domain reveals that the BICs cease to exist when the PhC
can no longer confine the wave or when the frequency and
Bloch wavenumber reach the lightline. We also determine a
domain in the frequency and wavenumber plane for the corresponding values of the BICs, and demonstrate a close relation
with the projected band structure of the PhC. Our results are
obtained using a highly efficient special computational method
and an accurate boundary truncation technique that terminates
the semi-infinite PhC. The method works well even when the
wave field decays very slowly in the PhC.

2. FORMULATION AND COMPUTATION METHOD
In Fig. 1, we show a 2D semi-infinite PhC structure consisting of
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The rods in the surface array (with their centers located on the
y axis) have radius rs and dielectric constant ǫs which in general
are different from r1 and ǫ1 . Clearly, the structure is invariant
in z and periodic in y with period a.
For the E-polarization, the governing equation is the
Helmholtz equation
∂2 u
∂2 u
+ 2 + k20 ǫ u = 0,
2
∂x
∂y

(1)

where u is the z component of the electric field, k0 = ω/c is
the free space wavenumber, ω is the angular frequency, c is the
speed of light in vacuum, and ǫ = ǫ( x, y) is the real dielectric
function. A Bloch surface mode on this structure is a non-zero
solution of Eq. (1) given by
u( x, y) = φ( x, y)eiβy ,

(2)

where β is the real Bloch wavenumber, φ is periodic in y with
period a, and u → 0 as x → ±∞. This surface mode is a BIC
when k0 and β satisfy the condition k0 > | β|.
The above gives rise to an eigenvalue problem defined on
one period of the structure, i.e., the 2D domain given by −∞ <
x < ∞ and − a/2 < y < a/2. Since two parameters ω and β are
involved, one of them can be specified and the other can be determined as the eigenvalue. This approach is inefficient, since
the differential equation must be discretized on the 2D domain
and either ω or β must be continuously scanned. In the following, we present an efficient method that reformulates the eigenvalue problem on two line segments of length a, and further
approximates the problem by a system of two real equations
for ω and β. The system can be solved by standard root-finding
methods.
To reformulate the eigenvalue problem on two line segments, we need to define three basic operators P , L and Λ.
They depend on ω and β, and can be approximated by small
matrices when ω and β are given. The operator P satisfies
∂u
= Pu
∂x

at

x=

a
,
2

(3)

and it can be use to get rid of the free space in the right from
the computation domain. This operator appears in the rigorous
mathematical formulation of diffraction grating problems. It is
well-known that for x > rs , u can be expanded in propagating
and evanescent plane waves:
∞

u( x, y) =

∑

c m e i ( β m y + γm x ) ,

x > rs ,

(4)

m=−∞

Fig. 1. A 2D semi-infinite PhC structure consisting of dielectric

rods on a square lattice. The rods are parallel to the z axis and
surrounded by air. The array along the y axis corresponds to
the surface of the structure.
circular dielectric rods on a square lattice with lattice constant
a. The dielectric rods are infinitely long, surrounded by air, and
parallel to the z axis, where { x, y, z} is a Cartesian coordinate
system. The regular rods with their centers located in the left
half of the xy plane, have radius r1 and dielectric constant ǫ1 .

where β m = β + 2πm/a, γm = (k20 − β2m )1/2 , and cm are expansion coefficients. The operator P is defined as a linear operator
satisfying

P eiβ m y = iγm eiβ m y ,

m = 0, ±1, ±2, ...

(5)

By comparing u and ∂u/∂x at x = a/2 and using the linearity
of P , Eq. (3) can be obtained.
Similarly, the operator L allows us to remove the bulk PhC
in the left from the computation domain. It satisfies
∂u
= Lu
∂x

at

a
x=− .
2

(6)
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∞

u( x, y) =

a
x<− ,
2

∑ bj ψj ( x, y)ei(βy−α x) ,
j

j =1

(7)

where ψj is periodic in both x and y with period a, and b j is
the expansion coefficient. The Bloch wavenumber α j is complex with a positive imaginary part, so that u → 0 as x → −∞.
Equation (6) is derived from the above expansion following a
procedure developed in our earlier work for truncating PhC
waveguides [42]. A brief summary is given in Appendix A.
The operator Λ is the so-called Dirichlet-to-Neumann (DtN)
map for Helmholtz equation (1) on square Ωs given by | x | <
a/2 and |y| < a/2, and shown in Fig. 1. To simplify the notations, we let x j = (1/2 − j) a and yk = (1/2 − k) a, denote
u and ∂ x u on vertical edges at x j by u j and ∂ x u j , respectively;
and denote u and ∂y u on horizontal edges at yk by vk and ∂y vk ,
respectively. For any u satisfying Eq. (1) in Ωs , the operator Λ
gives

  
∂ y v0
v0

  

  
 u1   ∂ x u1 
,
=
(8)
Λ

  
 u0   ∂ x u0 

  
∂ y v1
v1

where u0 , u1 , v0 and v1 and their derivatives are restricted to
the boundary of Ωs , i.e., for | x | < a/2 or |y| < a/2 only. Notice
that Λ maps u to its normal derivative on the boundary of Ωs .
The DtN maps are useful for analyzing periodic structures such
as PhCs, since they are identical for all unit cells with the same
dielectric function, and they can be used to avoid duplicated
calculations. For unit cells with circular cylinders, Λ can be approximated by a small matrix based on expansions in cylindrical waves [42–44].
Since we are looking for a Bloch mode given in Eq. (2), u
satisfies the following quasi-periodic conditions
v0 = v1 eiβa ,

∂y v0 = ∂y v1 eiβa .

(9)

From Eqs. (8) and (9), we can eliminate v0 , v1 and their derivatives, and find the operator M satisfying


M

u1
u0





=

M11

M12

M21

M22




u1
u0

where M is also given in 2 × 2 blocks.
From Eqs. (3), (6) and (10), we obtain


A

u1
u0





=

A11

A12

A21

A22








=

u1
u0



∂ x u1
∂ x u0

 = 0,



,

3. RESULTS
Using the method presented in the previous section, we search
BICs for the PhC structure shown in Fig. 1. As in [23], the radius
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Fig. 2. Existence domain in the ns rs plane for a BIC propagat-

ing along the surface of the 2D PhC structure shown in Fig. 1,
where ns and rs are the refractive index and radius of the surface rods.
and dielectric constant of the regular rods are chosen to be r1 =
0.2a and ǫ1 = 8.9, but the radius and refractive index of the
surface rods are allowed to vary within the bounds given by
√
rs ≤ 0.48a and ns = ǫs ≤ 4. We obtain a family of BICs that
continuously depends on rs and ns . Its domain of existence is
shown in Fig. 2. Hsu et al. [23] first found the BIC for rs =
0.33a and ǫs = 8.9, which corresponds to the intersection point
of the two dashed lines in Fig. 2. At this point, the frequency
and Bloch wavenumber of the BIC are ωa/(2πc) = 0.3810 and
βa/(2π ) = 0.2768, respectively. The electric field pattern (real
part of u) is shown in Fig. 3.

(10)

(11)

where A11 = M11 − L, A12 = M12 , A21 = M21 and A22 =
M22 − P . Notice that Λ depends on ω, M, L, P and A depend
on both ω and β. Using N sampling points on each edge of
Ωs , u0 and u1 are approximated by column vectors of length N,
and A is approximated by a (2N ) × (2N ) matrix. A nonzero
solution is only possible when A is singular. This leads to
λ1 (A(ω, β)) = 0,

where λ1 is the eigenvalue of A with the smallest magnitude.
Since the real and imaginary parts of λ1 must vanish simultaneously, the above gives two real equations for the two real unknowns ω and β. When A is singular, u0 and u1 can be solved
as the eigenvector corresponding to the eigenvalue λ1 = 0.
From these two vectors, it is possible to determine u anywhere
in the xy plane [42–44].

rs/a

Unfortunately, L can not be explicitly written down. Instead
of the simple plane wave expansion (4), in the PhC, u can be
expanded in Bloch modes, that is

3

(12)

Fig. 3. Electric field pattern (real part of u) of a BIC for the PhC
structure shown in Fig. 1 with rs = 0.33a and ǫs = 8.9.

The vertical dashed line shown in Fig. 2 is for ǫs = 8.9 and
0.2074 < rs /a < 0.4646. Therefore, there is no BIC if the surface
rods are identical to the regular ones. Interestingly, the BIC also
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ceases to exist if the radius rs is too large. In Figs. 4(a) and 4(b),
we show the frequency and wavenumber of the BIC along the
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before, Im(α1 ) tends to zero at the two end points. Notice that
there is a discontinuity in Re(α1 ) and in the derivative of Im(α1 ).
This is caused by two Bloch modes that depend on ns smoothly
and have the same Im(α j ) at the discontinuity. The definition
of our α1 follows these two different modes in the two sides of
the discontinuity, respectively.
It should be emphasized that the domain of existence in
Fig. 2 is only for a family of BICs with frequencies between the
first and second bands of the bulk PhC. We cannot rule out the
possible existence of other BICs inside or outside this domain
of existence. For each point in the domain of existence, there is
a BIC with a frequency ω and a Bloch wavenumber β. Consequently, there is also a domain in the βω plane corresponding
to the one shown in Fig. 2, and it is the green region shown
in Fig. 6. In both Fig. 2 and Fig. 6, we have highlighted seven

G A

0.5

B

Fig. 4. (a) and (b): Frequency and wavenumber of the BIC as

vertical dashed line as functions of rs . Figure 4(c) and 4(d) show
the real and imaginary parts of α1 as functions of rs . Recall that
the field of a BIC in the PhC (i.e., for x < − a/2) is expanded in
Bloch modes as in Eq. (7), where α j is a wavevector component
of the jth Bloch mode, and it is complex with a positive imaginary part. We order the Bloch modes according to the imaginary parts of α j , with α1 having the smallest imaginary part. It
is clear that Im(α1 ) tends to zero at the two end points of the
vertical dashed line, indicating that the field no longer decays
in the negative x direction at these two points.
The horizontal dashed line corresponds to rs = 0.33a and
ns > 2.003. In Figs. 5(a) and 5(b), we show the frequency and

C

0.4
ωa/(2πc)

functions of rs for ǫs = 8.9. (c) and (d): Real and imaginary
parts of α1 , corresponding to the Bloch mode in the bulk PhC
with the slowest decay rate in x.
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Fig. 6. Projected band structure (yellow regions) of the bulk

PhC with rod radius r1 = 0.2a and dielectric constant ǫ1 = 8.9,
and frequency-wavenumber domain (green region) of the BICs
for rs and ǫs shown in Fig. 2.
boundary points by A, B, ..., G. The details of these points are
listed in Table 1. In Fig. 6, we also show the projected band
point

ns

rs /a

βa/(2π )

ωa/(2πc)

A

3.1710

0.1930

0.2888

0.4988

B

1.4720

0.4530

0.4475

0.4476

C

1.4820

0.4800

0.4433

0.4433

D

2.3200

0.4800

0.3444

0.3444

E

2.8060

0.4710

0.3042

0.3049

F

4.0000

0.4032

0.1266

0.2811

G

4.0000

0.1600

0.2620

0.4901

Fig. 5. (a) and (b): Frequency and wavenumber of the BIC as

functions of ǫs for rs = 0.33a. (c) and (d): Real and imaginary
parts of α1 corresponding to the Bloch mode in the bulk PhC
with the slowest decay rate.
wavenumber of the BIC as functions of refractive index ns . The
real and imaginary parts α1 are shown in Figs. 5(c) and 5(d). As

Table 1. Refractive index, radius, Bloch wavenumber and frequency of the seven boundary points A, B, ..., G.

structure of the 2D PhC consisting of the regular rods with radius r1 and dielectric constant ǫ1 . Bloch waves that propagate
in the perfectly periodic PhC are described by their dispersion
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surfaces given by ω = ω j (α, β), j = 1, 2, ..., where (α, β) is the
real Bloch wavevector [40]. The two yellow regions are the projections of the first and second dispersion surfaces on the βω
plane, and their boundaries are the extrema of ω1 and ω2 with
respect to α. It turns out that the minimum and maximum of
ω1 are obtained at α = 0 and α = π/a, respectively. Therefore, the lower and upper boundaries of the first band are given
by ω = ω1 (0, β) and ω = ω1 (π/a, β), respectively. The lower
boundary of the second band consists of two pieces separated
by point A as shown in Fig. 6, and it is given by
(
ω2 (π/a, β), 0 ≤ β ≤ β A ,
ω = min ω2 (α, β) =
α
ω2 (0, β),
β A < β ≤ π/a,
where β A is the value of β for point A given in Table 1, i.e., β A =
0.2888(2π/a). From Fig. 2 and Fig. 6, it is clear that the existence
domain in Fig. 2 is bounded by curves (from A to B, from A to
G, and from E to F) related to the band structure of the PhC,
and curves (from B to C and from D to E) corresponding to the
lightline (k0 = β).
As given in Eq. (4), a BIC can be expanded in plane waves
with wavevectors (γm , β m ) for x > rs . Since the frequency
and wavenumber of a BIC are given in the existence domain
of Fig. 6, it is clear that γ0 = (k20 − β20 )1/2 is positive, and for
m 6= 0, γm = i ( β2m − k20 )1/2 is pure imaginary. Since u must decay to zero as x tends to infinity, the coefficient c0 must vanish.
The boundary curves from B to C and from D to E correspond to
the lightline k0 = β. The BICs can be extended to these boundary curves and the condition c0 = 0 remains valid. In Fig. 7, we

Fig. 7. Electric field pattern (real part of u) of the bound state
on the lightline at point D.

show the electric field pattern of the bound state on the lightline
at point D.
The above results are obtained with N = 15, where N is
the number of sampling points on each edge of length a. The
operators P and L are approximated by 15 × 15 matrices, Λ is
approximated by a 60 × 60 matrix, and M and A are approximated by 30 × 30 matrices.

4. CONCLUSION
Lightwaves propagating along the surface of a PhC usually exist below the lightline, so that the wave fields are guaranteed to
decay in the neighboring free space. Hsu et al. [23] first found
a propagating Bloch mode above the lightline (i.e. a BIC) on
the surface of a 2D PhC consisting of dielectric rods on a square
lattice and an array of larger rods at the surface. Unlike the
many so-called symmetry-protected BICs, the surface mode of
[23] does not have incompatible symmetry with the radiation
waves. Although physical arguments and coupled mode models are used to explain the appearance of this and other BICs

Journal of the Optical Society of America B

5

without symmetry protection [23, 24, 31, 32], it is still not clear
why they exist for some values of the structure parameters and
do not exist for other values.
In this work, we performed an extensive calculation for BICs
at the surface of a 2D PhC. The results reveal that the BICs cease
to exist mainly because the bulk PhC can no longer confine light,
that is, the frequency and wavenumber of the BIC have reached
the boundary of a projected band of the PhC. The other possibility is that the frequency and the wavenumber have reached the
lightline. In that case, the BIC ceases to exist only because of its
definition. The surface Bloch mode with the key property of the
BIC, i.e., c0 = 0 in Eq. (4), exists on and below the lightline. Notice that below the lightline, surface modes exist continuously
with respect to the frequency or the wavenumber, but the particular mode with c0 = 0 decays most rapidly in the neighboring
free space. Our work is restricted to a particular PhC, but it
provides a useful guidance and the necessary background for
further studies that may lead to valuable applications.
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APPENDIX A
To derive Eq. (6), we start with the DtN map Λ1 for unit cell Ω1
shown in Fig. 1. Let x j = (1/2 − j) a, u j (y) = u( x j , y), v0 ( x ) =
u( x, a/2), v1 ( x ) = u( x, − a/2), then Λ1 satisfies

  
∂ v
v
 0  y 0

  
 u2   ∂ x u2 

=
Λ1 

  
 u1   ∂ x u1 

  
∂ y v1
v1

for −3a/2 < x < − a/2 and − a/2 < y < a/2, where ∂y v0
denotes ∂y u( x, a/2), etc. Since we are concerned with a BIC
with Bloch wavenumber β, the quasi-periodic conditions (9) are
valid. Therefore, we can eliminate v0 , v1 and their derivatives,
and obtain the operator M1 satisfying

  
  
∂ x u2
M11 M12
u2
u2
.
  = 
(13)
M1   = 
∂ x u1
u1
M21 M22
u1
For simplicity, we use the same notations for the blocks of M1
as those for M in section 2.
In order to have the expansion (7), we need to solve an
eigenvalue problem for the Bloch modes of the bulk PhC. Let
w = ψ( x, y)ei( βy−αx) be such a mode, where ψ is periodic in
both x and y with period a, then
w( x2 , y) = ηw( x1 , y),

∂ x w( x2 , y) = η∂ x w( x1 , y)

(14)

where η = eiαa . Equation (13) remains valid when u is replaced
by w. From Eqs. (13) and (14), we obtain






w ( x1 , y )
−M11 I
w ( x1 , y )
M12 0


 = η


−M21 0 ∂ x w( x1 , y)
∂ x w ( x1 , y )
M22 − I

where I is the identity operator. Solving the above eigenvalue
problem, we obtain αk and wk ( x1 , y) for k = 1, 2, 3, ... Since the
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eigenvalues appear in pairs, we choose the ones with Im(αk ) >
0. This leads to the Bloch mode expansion (7). If we further
define an operator T such that

T wk ( x1 , y) = eiαk a wk ( x1 , y),

k = 1, 2, 3, · · ·

then T u1 = u2 . Therefore, from Eq. (13), we have
∂ x u1 = [M22 + M21 T ]u1 .
In other words, L = M22 + M21 T .
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Andrews, W. Schrenk, F. Capasso, M. Lončar, and G. Strasser, “Measurement of bound states in the continuum by a detector embedded in
a photonic crystal,” Light: Science & Applications 5, e16147 (2016).
29. X. Gao, C. W. Hsu, B. Zhen, X. Lin, J. D. Joannopoulos, M. Soljačić,
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