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Many photonic crystal (PhC) devices are non-periodic structures due to
the introduced defects in an otherwise perfectly periodic PhC, and they
are often connected by PhC waveguides that serve as input and output
ports. Numerical simulation of a PhC device requires boundary conditions
to terminate PhC waveguides that extend to infinity. The rigorous boundary
condition for terminating a PhC waveguide is a non-local condition that
connects the wave field on the entire surface (or line in two-dimensional
problems) transverse to the waveguide axis, and it is relatively difficult
to use, especially for realistic devices, such as those in PhC slabs. In this
paper, a simple approximate boundary condition involving a few points in
the waveguide axis direction is introduced. The new boundary condition is
used with the Dirichlet-to-Neumann map method to take advantage of the
lattice structures and identical unit cells in PhC devices. Comparisons with
the rigorous non-local boundary condition indicate that the simple boundary
condition gives accurate solutions if the computational domain is enlarged by
a few lattice constants in each direction. c 2012 Optical Society of America
1.

Introduction

Photonic crystals (PhCs) [1, 2] have the potential to provide compact and low-loss components for integrated optical circuits. Efficient numerical methods are needed to find optimal
designs for PhC components and devices, such as waveguides, cavities, power splitters, channel drop filters, interferometers, etc. Although PhCs are periodic, a typical PhC device is a
non-periodic structure due to the various defects that comprise the device. Unlike band structure calculations that are formulated on a unit cell, the numerical simulation of a PhC device
is a boundary value problem that involves many unit cells. In particular, PhC devices are
often connected by PhC waveguides that serve as input and output ports. Practical numerical simulation for such a device can only be performed in a finite computational domain.
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Artificial boundary conditions are needed on the boundary of the computational domain
that terminates the PhC waveguides. These boundary conditions must properly model the
incoming and outgoing waves in the waveguides.
The finite-difference time-domain method (FDTD) [3] is the most widely used method for
simulating light waves in PhC devices, but it requires a small grid size to resolve material
interfaces with high index contrast, and a small time step to maintain numerical stability.
The frequency-domain finite element method (FEM) [4] is another powerful general method,
but it gives rise to large linear systems that are expensive to solve. Both methods also have
difficulties for terminating PhC waveguides that extend to infinity, since the widely used perfectly matched layer (PML) [5,6] technique is not effective for terminating extended periodic
structures. More efficient numerical methods for PhC devices can be developed by taking
advantage of some physical and geometric features. The boundary integral equation (BIE)
method is suitable for structures with piecewise constant refractive index profiles. The multipole method [7–11] is suitable for structures containing circular inclusions (dielectric rods
or air holes). The Dirichlet-to-Neumann (DtN) map method [12, 13] is an efficient numerical
method for two-dimensional (2D) PhC devices. It can take advantage of the identical unit
cells and the lattice structure of a typical PhC device. The DtN map of unit cell is a relation
between a wave field component and its normal derivative on the cell boundary. It is the
same for all identical unit cells even though the wave fields on these cells are different. The
DtN map method solves the wave field on the boundaries of the unit cells only. Unlike the
BIE and multipole methods, the DtN map method gives rise to sparse linear systems that
can be more efficiently solved. Meanwhile, a rigorous boundary condition for terminating
PhC waveguides is available [12]. However, it is a non-local condition, since it connects the
wave field in different unit cells perpendicular to the waveguide axis. For pure 2D structures
that are invariant in one direction, the non-locality is not a serious drawback, but for threedimensional (3D) structures such as PhC slabs, the non-local boundary condition becomes
too expensive to use.
In this paper, we develop a simple boundary condition for terminating PhC waveguides. It
is an approximate boundary condition derived from the asymptotic behavior of waves in the
waveguide. The new boundary condition is presented in Section 2 and validated by numerical
examples in Section 3.
2.

DtN map method and boundary conditions

We consider devices in a 2D PhC consisting of infinitely long and parallel dielectric rods on
a square lattice and surrounded by a homogeneous medium. Such a PhC is highly idealized,
but it has been used to illustrate many interesting properties and potential applications. For
the E polarization, if the dielectric rods are parallel to the z axis, then the z component of
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the electric field, denoted by u in this paper, satisfies the following Helmholtz equation
∂x2 u + ∂y2 u + k02 n2 (x, y)u = 0,

(1)

where k0 is the free space wavenumber and n(x, y) is the refractive index function. As a
simple example, an un-optimized 90◦ bend is shown in Fig. 1, where the PhC is assumed to

Fig. 1. A 90◦ bend in a 2D photonic crystal and a truncated domain with
11 × 11 unit cells.

be unbounded in the xy plane, and the PhC waveguide, formed by removing a line of rods,
extends to infinity in the negative x and positive y directions. To analyze the 90◦ bend by
a numerical method, it is necessary to truncate the xy plane to a bounded computational
domain, for example, a square with m × m unit cells. A truncated domain with 11 × 11
unit cells is shown in Fig. 1. The unit cells are squares with side length a, where a is the
lattice constant of the PhC. Notice that there are only two different types of unit cells: the
regular unit cell with a rod inside and the “defect” unit cell which is empty. If the lower-left
corner of the truncated domain is (x0 , y0), then the unit cells are Ωjk = {(x, y) | xj−1 < x <
xj , yk−1 < y < yk } for 1 ≤ j, k ≤ m, where xj = x0 + ja and yk = y0 + ka.
For the unit cell Ωjk , we can calculate the DtN operator Λ(jk) that maps u to the normal
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derivative of u on the boundary of Ωjk , i.e.,
∂x vj−1,k
vj−1,k





∂ h
 hj,k−1 
 =  y j,k−1  ,
Λ(jk) 




 ∂x vjk 
 vjk 
∂y hjk
hjk








(2)

where vjk = u(xj , y) for yk−1 < y < yk , hjk = u(x, yk ) for xj−1 < x < xj , ∂x vjk = ∂x u(xj , y)
for yk−1 < y < yk , etc. A method for constructing matrix approximations of Λ(jk) is given in
Refs. [14,15]. It relies on approximating the general solution of Eq. (1) in Ωjk as a sum of 4N
special solutions, and evaluating the general solution and its normal derivative at 4N points
on the boundary of Ωjk , where N is the number of sampling point on each edge of the unit
cell. In that case, Λ(jk) is approximated by a (4N) × (4N) matrix. In the following, we also
need to write Λ(jk) in 4 × 4 blocks where each block is an N × N matrix. Based on the DtN
maps of the unit cells, we can establish an equation for each edge between two neighboring
unit cells by matching the normal derivative of u. For example, the common edge of Ω11 and
Ω21 is the third edge of Ω11 and the first edge of Ω21 following the ordering implicitly defined
in Eq. (2). On that edge, u is denoted as v11 , and its x derivative ∂x v11 can be evaluated by
either Λ(11) or Λ(21) . This leads to
(11)

(11)

(11)

(11)

(21)

(21)

(21)

(21)

Λ31 v01 + Λ32 h10 + Λ33 v11 + Λ34 h11 = Λ11 v11 + Λ12 h20 + Λ13 v21 + Λ13 h21 ,

(3)

(21)

(21)

(11)

(11)

(11)

(21)

(11)

where Λ31 , Λ32 , Λ33 and Λ34 are blocks of Λ(11) in the third row, and Λ11 , Λ12 , Λ13
(21)
and Λ14 are the blocks of Λ(21) in the first row. Putting all equations like the one above
together, we obtain a linear system for u on the edges of the unit cells only. This linear
system is sparse, since Eq. (3) is only related to the seven edges of the two unit cells. But to
complete the problem, we need boundary conditions.
If the frequency is in a bandgap of the PhC, light decays exponentially away from the
waveguide core. Therefore, we can use the approximate boundary condition u = 0 on the
lower and right sides of the truncated domain in Fig. 1. On the top and left sides, artificial
boundary conditions are needed to model the incoming and outgoing waves in the semiinfinite waveguides. A rigorous boundary condition [12, 16, 17] for the left side is given as
∂x u = L− u + (L+ − L− )u(inc) ,

x = x0 ,

(4)

where u(inc) is the incoming wave (from x = −∞) in the horizontal waveguide, L+ and L− are
operators that act on functions of y. These operators can be written down if we decompose
the wave field in the left waveguide as u = u(inc) + u− where u− is the unknown outgoing
wave, and expand u− in Bloch modes of the PhC waveguide [12]. Note that the expansion
should include both propagating and evanescent modes, where the propagating modes must
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be outgoing (i.e. carry power to x = −∞) and the evanescent modes decay as x → −∞.
When y is discretized, the operators L± are approximated by (mN) × (mN) matrices, where
m and N are integers given above. Notice that the boundary condition (4) is non-local, since
it connects u for all y (y0 < y < ym ) together.
A much simpler but approximate boundary condition can be derived, if we assume that
the left side x = x0 is sufficiently far away from the center of the bend, so that the evanescent
Bloch modes are small enough at x0 and the field in the horizontal waveguide for x ≤ x0 can
be approximated by propagating Bloch modes only. That is
u ≈ u(inc) +

l∗
X

−iβl x
bl φ−
,
l (x, y)e

(5)

l=1

where l∗ is the total number of propagating Bloch mode of the horizontal waveguide,
−iβl x
φ−
is an outgoing propagating Bloch mode that propagates to x = −∞, φ−
l (x, y)e
l is periodic in x with period a, βl is the real propagation constant and bl is an unknown coefficient.
iβ1 x
Typically, u(inc) consists of only one incoming Bloch mode, that is, u(inc) = φ+
. No1 (x, y)e
+
−
tice that φl and φl are the periodic envelopes of the incoming and outgoing Bloch modes
with the same propagation constant βl .
The simple boundary condition is derived by eliminating the unknown coefficients {bl :
1 ≤ l ≤ l∗ }. Consider the following polynomial of ξ,
l∗
Y

(1 − ξeiβl a ) = 1 + B1 ξ + B2 ξ 2 + ... + Bl∗ ξ l∗ .

l=1
−iβl x
If w(x, y) = φ−
is an outgoing propagating Bloch mode, then
l (x, y)e

wj = w(xj , y) = e−iβl ja w(x0 , y) = (e−iβl a )j w0 .
Since e−iβl a is a zero of the above polynomial, we have
w0 + B1 w1 + B2 w2 + ... + Bl∗ wl∗ = 0.
This leads to the following boundary condition
(inc)

u0 + B1 u1 + ... + Bl∗ ul∗ = u0

(inc)

+ B1 u1

(inc)

+ ... + Bl∗ ul∗

,

(6)

(inc)

where uj and uj
denote u(xj , y) and u(inc) (xj , y), respectively. If there is no incoming
wave in the horizontal waveguide, then Eq. (6) has a zero right hand side. If the horizontal
waveguide has only one propagating Bloch mode, then Eq. (6) is reduced to
(inc)

u0 − eiβ1 a u1 = u0

(inc)

− eiβ1 a u1

.

(7)

Notice that Eq. (6) is a relation for u at a few points and it is independent of y. Since a
typical PhC waveguide has only a small number of propagating Bloch modes, the boundary
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condition (6) it is much easier to use than the non-local boundary condition (4). Of course,
it is still necessary to calculate the propagating modes of the PhC waveguide. This can be
done efficiently using the DtN formalism [18, 19], even for 3D waveguides [20]. Besides, the
boundary condition (6) involves only the propagation constants of these modes.
3.

Numerical examples

In this section, we illustrate the simple boundary condition (6) by a few numerical examples.
First, we consider the un-optimized 90◦ waveguide bend as shown in Fig. 1. The background
PhC is a square lattice of dielectric rods surrounded by air, where the dielectric constant and
the radius of the rods are ε = 11.56 and r = 0.18a, respectively. For the E polarization, the
PhC has a band gap given by 0.302 < ωa/(2πc) < 0.443. The waveguide formed by removing
a line of rods has a single propagating mode for 0.312 < ωa/(2πc) < 0.443. The structure has
been analyzed previously by a number of authors using FDTD [21], FEM [22], the multiple
multipole method [23] and the DtN map method with non-local boundary conditions [12].
In particular, the results given in [12, 22, 23] agree well with each other and are believed to
be accurate.
We use this example to validate the new boundary condition. For that purpose, we take
ωa/(2πc) = 0.34, and calculate the transmission coefficient for a given incident wave (an
incoming propagating mode) in the horizontal waveguide. To find an accurate reference
solution, we repeat the calculation using the DtN map method with the non-local boundary
condition for different values of m and N, where m is the size of the truncated domain (a
square with m × m unit cells) and N is the number of discretization points on each edge of
the unit cells. For m = 11 and N = 9, the transmission coefficient is T = 0.9931. The results
for larger m and/or N have the same four significant digits. Using the same N and the new
boundary condition, we obtain T = 0.9941, T = 0.9933 and T = 0.9931 for m = 11, 13 and
15, respectively. Therefore, with m = 15 and the new boundary condition, we are able to
reproduce the solution correct to four digits. To obtain three correct digits, i.e., T = 0.993,
we need only N = 5. In that case, the DtN map method requires m = 11 and m = 13 for
the non-local and new boundary conditions, respectively.
To test the simple boundary condition for multi-mode waveguides, we consider the 90◦
bend in a different PhC, where the dielectric constant and the radius of the rods are ε = 10
and r = 0.375a, respectively. At ωa/(2πc) = 0.785, the waveguide in this PhC (obtained by
removing one row of rods) has one even mode and one odd mode [18,24]. The scaled propagation constants of these two modes are β1 a/(2πc) = −0.3019 and β2 a/(2πc) = 0.1210, respectively. Although these two modes have different symmetries, the bend causes mode coupling.
As in the first example, we calculate the transmission coefficient for the un-optimized 90◦
bend with an even incoming mode in the horizontal waveguide. With the non-local boundary
6

condition, a solution with four correct digits T = 0.5460 can be obtained with m = 11 and
N = 18. Here T is the total transmitted power carried by the two modes assuming that the
incident wave has unit power. In fact, the transmitted powers carried by the even and odd
modes are T1 = 0.4294 and T2 = 0.1166, respectively. The total reflected power R = 0.4540
is similarly distributed to the two modes. Using the same N and the simple boundary condition, we obtain T = 0.5351, 0.5429, 0.5452, 0.5458 and 0.5460 for m = 11, 13, 15, 17 and
19, respectively. Therefore, the new boundary condition gives the correct four digits with
m = 19. For three correct digits, i.e., T = 0.546, we only need N = 13. In that case, the
non-local and new boundary conditions require m = 11 and m = 17, respectively.
Finally, we consider T-junctions in a square lattice PhC where the dielectric constant and
the radius of the rods are ε = 11.56 and r = 0.2a. Fan et al. [25] proposed a T-junction
with two small extra rods (marked in red) of radius rt as in Fig. 2(a), where the horizontal

Fig. 2. T-junctions in a PhC with a square lattice of rods. (a) a T-junction of
Fan et al. [25], (b) an optimized T-junction for high transmission in a large
frequency range.

semi-infinite waveguide is the input waveguide, and the two vertical semi-infinite waveguides
are the output waveguides. They conclude that this T-junction has high transmission in a
small frequency range if rt = 0.07a and acceptable transmission in a large frequency range if
rt = 0.03a. We consider the T-junction shown in Fig. 2(b), where the five rods (marked in red)
are allowed to have different radii (but the same dielectric constant and fixed locations), and
optimize this structure for broadband operation by maximizing the minimum transmission
over a given frequency range. Due to the symmetry between the two output waveguides, the
two lower red rods are identical to the two upper red rods. This leads to an optimization
problem with three free parameters (the radii of three distinct red rods). The optimization is
7

carried out by the popular BFGS quasi-Newton method [26]. The DtN map method is used
to compute the transmission coefficients in each iteration. We consider two cases using two
different frequency intervals. For the frequency range 0.37 ≤ ωa/(2πc) ≤ 0.42, the radii of
the three red rods of the optimized T-junction are 0.1684a, 0.2251a and 0.0818a, respectively.
The transmission spectra (for each output waveguide) is shown in Fig. 3(a). For comparison,

Transmission
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0.4
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0.5
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Topt
rt=0.03a

0.4
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ωa/2πc
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Fig. 3. (a) Transmission spectra of the first optimized T-junction (Topt ) and
the T-junction in [25] with rt = 0.07a. (b) Transmission spectra of the second
optimized T-junction (Topt ) and the T-junction in [25] with rt = 0.03a.

we also show the transmission spectrum for the T-junction of Fan et al. [25] with rt = 0.07a.
The second case is concerned with a wider frequency interval ωa/(2πc) ∈ [0.32, 0.42]. The
optimized T-junction is shown in Fig. 2(b), where the radii of the three red rods are 0.2224a,
0.2350a and 0.1196a, respectively. In Fig. 3(b), we show the transmission spectra of our
T-junction as well as the one given in [25] for rt = 0.03a. To illustrate the operation of our
T-junction, we show the electric field patterns at selected frequencies in Fig. 4.
Both non-local and simple boundary conditions are used to compute the transmission
8

Fig. 4. Electric field patterns for the second optimized T-junction. Panels (a),
(b), (c) and (d) correspond to ωa/(2πc) = 0.33, 0.35, 0.38 and 0.41, respectively.

coefficients of the optimized T-junctions. For example, if ωa/(2πc) = 0.38, the transmission
coefficient for each output waveguide is T = 0.4785. This result can be obtained with N = 11,
and m = 11 or m = 13 for the non-local and simple boundary conditions, respectively.
4.

Conclusion

Numerical simulations are essential in the design and optimization of PhC devices. For both
general numerical methods such as the FDTD and the FEM, and more special methods such
as the multipole method and the Dirichlet-to-Neumann map method, boundary conditions
are needed to terminate PhC waveguides that serve as input and output ports of the device.
These boundary conditions must properly model the incoming and outgoing Bloch modes in
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the PhC waveguide. The PML is a popular method for terminating homogeneous or layered
media, but it does not work for PhC waveguides. In fact, a PML corresponds to a complex
coordinate transform that amplifies (damps) the incoming (outgoing) plane waves exponentially, but it cannot separate incoming and outgoing Bloch modes. A rigorous boundary
condition for terminating PhC waveguides was established in earlier works [12, 16, 17], but
it is a non-local condition that partially destroys the sparsity of the final linear system, and
it is expensive to use for 3D structures in PhC slabs [27]. A simple boundary condition for
terminating PhC waveguides is developed and validated in this paper, in connection with
the DtN map method that solves only the wave field on the boundaries of the unit cells.
The new boundary condition is very simple to implement and it preserves the sparsity of
the final linear system. The drawback is that it is only an approximate condition. It requires
larger computational domains than the rigorous non-local condition, since it assume that the
evanescent Bloch modes in the PhC waveguide can be ignored. Although the new boundary condition is developed for PhC waveguides, it may find applications in other periodic
media [28]. Overall, the new boundary condition is a simple alternative that is useful in
modeling complex PhC devices.
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