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Abstract: A periodic array of parallel and infinitely long dielectric circular
cylinders surrounded by air can be regarded as a simple two-dimensional
periodic waveguide. For linear cylinders, guided modes exist continuously
below the lightline in various frequency intervals, but standing waves,
which are special guided modes with a zero Bloch wavenumber, could exist
above the lightline at a discrete set of frequencies. In this paper, we consider
a periodic array of nonlinear circular cylinders with a Kerr nonlinearity,
and show numerically that nonlinear standing waves exist continuously
with the frequency and their amplitudes depend on the frequency. The
amplitude-frequency relations are further investigated in a perturbation
analysis.
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1.

Introduction

Dielectric waveguides with a periodicity along the waveguide axis are important for practical
applications and have been studied by many authors [1–5]. A guided mode of a linear lossless
periodic waveguide is a Bloch mode with a real wavenumber and a periodic mode profile that
decays exponentially to zero in the transverse directions. If the waveguide core is surrounded by
a homogeneous medium, guided modes usually exist continuously below the lightline. Above
the lightline, there is a continuum of radiation modes, thus it is difficult to localize the wave field
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around the waveguide core. Nevertheless, guided modes could exist above the lightline under
various conditions [6–18]. In particular, if the periodic waveguide has a reflection symmetry
along its axis, the existence of standing waves (which are special guided modes with a zero
wavenumber) is well known. For two-dimensional (2D) waveguides, it appears that guided
modes above the lightline can only exist at a discrete set of frequencies.
Nonlinear effects due to the Kerr nonlinearity can be useful for applications such as alloptical switching [19, 20] and filtering [21]. Guided modes in nonlinear waveguides have been
studied by many authors [22–32]. Most of these studies [22–27] are concerned with waveguides
that are invariant along their axes. The nonlinear guided modes in these waveguides exist below
the lightline. For photonic crystal waveguides [29–32], nonlinear guided modes are confined
around the waveguide core by the bandgap effect. To the best of our knowledge, for waveguides
with a homogeneous medium surrounding the core, nonlinear guided modes above the lightline
have never been studied.
In this paper, we analyze a very simple nonlinear periodic waveguide: a periodic array of circular cylinders surrounded by air where the cylinders have a Kerr nonlinearity. Using a highly
accurate numerical method, we calculate nonlinear standing waves and show their continuous dependence on the frequency. These standing waves are special guided modes with a zero
wavenumber, are periodic along the array, and decay exponentially to zero in the transverse
direction. Similar to the linear case, the existence of these nonlinear standing modes are protected by a reflection symmetry of the array. The amplitudes of the nonlinear standing waves
depend on the frequency. An explicit and approximate relation between the amplitude and the
frequency is derived by a perturbation method, and it is valid when the amplitude is small and
the frequency is close to that of a linear standing wave. The existence of guided modes above
the lightline is closely related to the non-uniqueness of the related diffraction problem where a
plane incident wave impinges on the waveguide [6]. For linear problems, the diffraction problem has no uniqueness for a discrete set of frequencies. Our numerical results indicate that for
nonlinear problems, the diffraction problem may lose uniqueness for all frequencies within a
relevant interval.
2.

Problem formulation

We consider a periodic array of parallel and infinitely long circular dielectric cylinders surrounded by air as shown in Fig. 1. The period of the array (i.e., the center-to-center distance
y

x

Fig. 1. A periodic array of circular cylinders of radius a with a period L in the y direction.

between two nearby cylinders) is L. The refractive index and the radius of the cylinders are n1
and a, respectively, where n1 > 1 and a < L/2. The cylinders are made of a nonlinear material
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with a Kerr nonlinearity. In a Cartesian coordinate system {x, y, z}, we assume the cylinders are
parallel to the z axis, and the centers of the cylinders in the xy plane are located at (0, jL) for all
integers j. The array acts as a 2D periodic waveguide with its axis in the y direction. Since the
origin is located at the center of one cylinder, the structure is symmetric with respect to both x
and y axes.
For the E polarization, the governing equation in the time domain is the following nonlinear
wave equation [33]
∂ 2 Ez ∂ 2 Ez n2 ∂ 2 Ez χ (3) ∂ 2 Ez3
+
− 2
− 2
= 0,
(1)
∂ x2
∂ y2
c ∂ t2
c ∂ t2
where Ez is the z component of the actual real electric field, c is the speed of light in vacuum, n =
n(x, y) is the refractive index function satisfying n = n1 in the cylinders and n = n0 = 1 outside
the cylinders, χ (3) = χ (3) (x, y) is an element of the third order nonlinear susceptibility tensor
and it is zero outside the cylinders. Assuming the wave field is associated with a fundamental
angular frequency ω , we expand Ez in harmonic waves as


(2)
Ez = Re u1 e−iω t + u3 e−3iω t + . . . ,
where u1 and u3 are the complex amplitudes of the first and third order harmonic waves. Substituting Eq. (2) into Eq. (1) and ignoring the high order harmonics, we obtain the following
nonlinear Helmholtz equation for the fundamental frequency wave


∂ 2u ∂ 2u
+ 2 + k02 n2 + γ |u|2 u = 0,
2
∂x
∂y

(3)

where u is used to denote u1 for simplicity, k0 = ω /c is the free space wavenumber, and γ =
3 (3)
is the nonlinear coefficient which vanishes in linear media. In the nonlinear cylinders,
4χ
we assume γ = γ1 > 0. We remark that it is not always possible to ignore the third and higher
hamonics. From related studied on second harmonic generation [34, 35], we expect that third
harmonic generation becomes important when some resonance conditions are satisfied. In that
case, it is necessary to consider a coupled system of nonlinear Helmholtz equations for u1 , u3 ,
etc. Nevertheless, we believe Eq. (3) is valid for the majority of cases where the resonance
conditions are not satisfied.
A nonlinear guided mode of such a periodic waveguide is a solution of Eq. (3) given as
u(x, y) = U(x, y)eiβ y ,

(4)

where U is periodic in y with period L and decays exponentially to zero as |x| → ∞, and β is the
real Bloch wavenumber. Typically, guided modes exist below the lightline, that is, the Bloch
wavenumber satisfies β > k0 n0 . A standing wave is a special guided mode with β = 0. In that
case, u itself is periodic in y with period L, i.e.,
u(x, y + L) = u(x, y)

(5)

and it decays to zero exponentially as |x| → ∞. Clearly, a standing wave (defined using the
minimum period L) is a solution above the lightline.
Since u is periodic in the y direction, it can be expanded in Fourier series as
⎧
+∞
⎪
⎪ ∑ b+ ei(αm x+βm y) ,
x > L/2
⎨
m
(6)
u(x, y) = m=−∞
+∞
⎪
i(−αm x+βm y) , x < −L/2
⎪
e
⎩ ∑ b−
m
m=−∞
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where βm = 2π m/L and αm = k02 n20 − βm2 . The x dependence in the above expansion is chosen
so that each term is either outgoing or exponentially decaying as |x| → ∞. If the frequency ω
satisfies ω L/(2π c) < 1, then α0 > 0 and all other αm for m = 0 are pure imaginary. In that case,
to ensure that u decays to zero as |x| → ∞, we only need the condition b±
0 = 0. Notice that if u
is an odd function of y, i.e. u(x, y) = −u(x, −y), then this condition is automatically satisfied.
We restrict our study to frequencies satisfying ω L/(2π c) < 1 and consider odd solutions. This
allows us to reduce the computation domain to half a period, i.e. for 0 < y < L/2, with zero
boundary conditions u = 0 at y = 0 and y = L/2. Since the structure is also symmetric with
respect to the y axis, i.e. n(x, y) = n(−x, y), we can separately consider solutions that are even
or odd in the x direction. Therefore, the computation domain can be further reduced to one
quarter of the period, i.e, for x > 0 and 0 < y < L/2. At x = 0, the boundary conditions for the
even and odd solutions are ∂x u = 0 and u = 0, respectively.
The problem formulated above for nonlinear standing waves on the array of cylinders is an
eigenvalue problem, where u is the eigenfunction and k02 (or k0 , related to the frequency ω ) is
the eigenvalue. Notice that a trivial solution is u ≡ 0 and we are looking for non-trivial solutions.
However, this is a nonlinear eigenvalue problem. While the related linear eigenvalue problem
for γ = 0 has a discrete set of eigenvalues and the corresponding eigenfunctions have arbitrary
amplitudes, the nonlinear eigenvalue problem seems to have continuous eigenvalues and the
amplitude of an eigenfunction depends on the eigenvalue.
A solution of the nonlinear Helmholtz Eq. (3) is in general a complex-valued function. This
is necessary to represent propagating waves with the time dependence e−iω t . Since the standing
waves are non-propagating, it is possible to have real solutions. Besides, since the nonlinear
eigenvalue problem is homogeneous, if u is a solution, then u multiplies any complex number
with unit magnitude is also a solution. For simplicity, we restrict ourself to real solutions.
3.

Numerical method

To systematically find the nonlinear standing waves, an efficient and highly accurate numerical
method is needed. To take advantage of the circular geometry of the cylinders, we develop a
special numerical method that reduces the computation domain to the disk D corresponding
to the cross section of a cylinder and solves the nonlinear Helmholtz equation on D. More
precisely, our numerical method involves four steps: 1) reduce the computation domain to a
square Ω; 2) further reduce the computation domain to the disk D; 3) discretize the nonlinear Helmholtz equation by a mixed Chebyshev-Fourier pseudospectral method; 4) solve the
discretized nonlinear system of equations by an iterative method. In the above, the square
Ω = {(x, y) : |x| < L/2, |y| < L/2} corresponds to one period in the y direction and a truncation of length L in the x direction. The disk D is given by r < a, where r is the radial variable
of the polar coordinate system.
Since u is periodic in y, we can obviously reduce the problem to one period, i.e., the trip
given by −L/2 < y < L/2 and −∞ < x < ∞. The periodic boundary condition Eq. (5) gives rise
to
u(x, −L/2) = u(x, L/2),
∂u
∂u
(x, −L/2) =
(x, L/2).
∂y
∂y

(7)
(8)

To truncate the x variable, we make use of the Fourier series given in Eq. (6). Although the
coefficients b±
m are unknown, if we define a linear operator T satisfying
Teiβm y = iαm eiβm y
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then

∂u
= ±Tu at x = ±L/2.
(10)
∂x
Notice that the operator T depends on k0 . With the boundary conditions Eqs. (7), (8) and (10),
we only need to solve Eq. (3) in the square Ω. If each edge of Ω is discretized by N points, then
T can be approximated by an N × N matrix.
It is useful to further reduce the computation domain to the disk D which corresponds the
cross section of the nonlinear cylinder in Ω. Equation (3) is a nonlinear partial differential
equation, but it is only nonlinear in D. Due to the nonlinearity, Eq. (3) can only be solved by
an iterative method. As shown in our previous works on optical bistability [36] and symmetry
breaking [37], when the computation domain is reduced, the iterations can be performed more
efficiently, and it is also easier to achieve a convergence. To reduce the computation domain
from Ω to D, we consider the domain outside D and inside Ω, i.e. Q = Ω\D̄, where Eq. (3)
becomes linear. Using the cylindrical wave expansion of u in Q, we can find an operator Λ, the
so-called Dirichlet-to-Neumann (DtN) map, such that
⎤ ⎡
⎤
⎡
∂y u(x, L/2)
u(x, L/2)
⎢u(x, −L/2)⎥ ⎢∂y u(x, −L/2)⎥
⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
(11)
Λ⎢
⎢ u(L/2, y) ⎥ = ⎢ ∂x u(L/2, y) ⎥ ,
⎣u(−L/2, y)⎦ ⎣∂x u(−L/2, y)⎦
∂r u|∂ D
u|∂ D
where ∂ D is the boundary of D, i.e., the circle r = a. Notice that the boundary of Q consists of
four edges of Ω and the circle ∂ D. The operator Λ maps u to the normal derivative of u on the
boundary of Q. If we can discretize each edge of Ω by N points and discretize the circle ∂ D
by 4N points, then Λ can be approximated by a (8N) × (8N) matrix. Combining the boundary
conditions Eqs. (7), (8), (10) with Eq. (11), we can find a boundary condition on ∂ D:

∂u
= B(k0 )u at r = a,
∂r

(12)

where B is an operator and it depends on k0 . Using the same discretization, B is approximated
by a (4N) × (4N) matrix. Therefore, we only need to solve the nonlinear Helmholtz Eq. (3) in
D together with the boundary condition Eq. (12). Furthermore, as discussed in section 2, u is
an odd function of y, and it is either even or odd in x. Using these symmetries, we can reduce
the computation domain to one quarter of D.
Since the nonlinear standing waves seem to exist for all frequencies satisfying ω L/(2π c) < 1,
we calculate u for each given k0 . It is useful to introduce the amplitude A of a standing wave,
such that
u(x, y) = Aw(x, y)
(13)
with |w(x, y)| ≤ 1 for all (x, y) and max w(x, y) = 1. In disk D, Eq. (3) is then written as


∂ 2w ∂ 2w
+ 2 + k02 n2 + γ1 A2 w2 w = 0.
∂ x2
∂y

(14)

In the above, we have replaced |w|2 by w2 , because we assume u is real. Equation (14) can
be discretized by a mixed Chebyshev-Fourier pseudospectral method [38]. If we use 4N and
M points to discretize the angular and radial variables of D, respectively, then Eq. (14) and
boundary condition Eq. (12) are approximated by the following system of nonlinear algebra
equations
w + k02 γ1 A2 w 3 = 0 ,
(15)
N(k0 )w
#241448
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where N is a (4NM) × (4NM) matrix related to the differential operator ∂x2 + ∂y2 + k02 n2 and
boundary condition Eq. (12), w is a column vector for w at the 4NM grid points, w 3 is the
element-wise cubic power of w . More details on the mixed Chebyshev-Fourier pseudospectral
method can be found in [38] and [39]. Notice that the matrix N depends on k0 .
Equation (15) can be solved by Newton’s method. If w j and A j are the given jth iteration,
we first calculate w j+1 from



N(k0 ) + 3k02 γ1 A2j w2j w j+1 = 2k02 γ1 A2j w3j ,

(16)

then re-normalize w j+1 such that max w j+1 = 1. The squared amplitude of the ( j +1)st iteration
is then given by
A2j+1 =

w j+1
wTj+1 N(k0 )w
−w
k02 γ1 w Tj+1 w 3j+1

,

(17)

where the superscript “T” denotes the transpose operation. To start the iterative process, initial
values for w 0 and A0 are needed.
4.

Results

We consider a periodic array of nonlinear circular cylinders with radius a = 0.3L, refractive
index n1 = 2.5, and a third order nonlinear coefficient χ (3) = (8/3) × 10−12 m2 /V2 , i.e. γ1 =
2 × 10−12 m2 /V2 . The nonlinear cylinders are surrounded by air. The case for a linear array
of circular cylinders has been systematically studied in [18]. There are two linear standing
waves at frequencies ω L/(2π c) ≈ 0.5502 and 0.7800, and their wave field patterns are shown
in Fig. 2.
b)
0.5

0

0

−0.5
−0.5

y

y

a)
0.5

0
x

0.5

−0.5
−0.5

0
x

0.5

Fig. 2. Electric field patterns of the two linear standing waves for a periodic array of
circular cylinders with radius a = 0.3L and refractive index n1 = 2.5. a) for frequency
(ω L)/(2π c) ≈ 0.5502; b) for frequency (ω L)/(2π c) ≈ 0.7800.

For the nonlinear case, using the numerical method presented in the previous section, we
found many nonlinear standing waves for frequencies satisfying ω L/(2π c) < 1. In Fig. 3, we
show the amplitude-frequency relations for the first seven standing waves, where the vertical
√
axis is the scaled amplitude |A| γ1 . In general, the amplitude of a nonlinear standing wave increases as the frequency is decreased. When the frequency approaches zero, the amplitude must
tend to infinity, because otherwise the solution will satisfy the Laplace equation (∂x2 u+ ∂y2 u = 0)
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Fig. 3. Amplitude-frequency relations of seven nonlinear standing waves on a periodic
array of circular nonlinear cylinders.

which has only a zero solution for the given boundary conditions. Notice that the two lowest curves (i.e. the curves with points marked A and B) are connected to the frequencies of
the two linear standing waves, as the amplitude tends to zero. All other curves disappear at
ω L/(2π c) = 1. This is because when ω L/(2π c) > 1, α1 in Eq. (6) is positive, but the coefficients b±
1 in the Fourier expansions are nonzero in general. We also note that the two highest
curves (i.e. the curves with points marked F and G) intersect at frequency ω L/(2π c) ≈ 0.82.
However, the two nonlinear standing waves at this intersection are completely different, and
they just have the same amplitudes.
In Fig. 4, we shown the electric field patterns of the seven nonlinear standing waves at
ω L/(2π c) = 0.5, corresponding to points A to G in Fig. 3. The first two field patterns (for
points A and B, respectively) are very similar to those of the linear standing waves shown in
Fig. 2. This is as expected, because they are on the two lowest curves that connect to the linear standing waves. The symmetries of these nonlinear standing waves can be easily observed
from the plots. We can see that u is anti-symmetric along the vertical direction, i.e. u is an odd
function of y. In fact, we have u = 0 on horizontal lines at y = 0 and y = ±L/2. As a result, the
zeroth order coefficients b±
0 in the Fourier expansion Eq. (6) are zero. Thus, the wave field truly
decays to zero exponentially, as |x| → ∞. With respect to the x direction, a nonlinear standing
wave is either symmetric (an even function of x) or anti-symmetric (an odd function of x).
Although only seven nonlinear standing waves are shown, we believe there are infinite number of them for any frequency satisfying ω L/(2π c) < 1. For the linear array with a fixed radius
a and refractive index n1 , there are a finite number of standing waves, but that number increases
as n1 is increased [18]. In fact, the number of standing waves tends to infinity as n1 → ∞ [10].
For the nonlinear case, the term γ1 |u|2 effectively increases the dielectric constant of the cylinders. Therefore, it is possible to have an infinite sequence of nonlinear standing waves with
increasing amplitudes.
For the results shown in Figs. 3 and 4, we use N = 13 points to discretize each edge of the
square Ω, 4N = 52 points to discretize the circle ∂ D (i.e. r = a), and M = 50 points to discretize
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Fig. 4. Electric field patterns of the nonlinear standing wave fields corresponding to points
A to G in Fig. 3.

the radial variable in the disk D. The symmetry properties with respect to x and y axes are also
used to reduce the computation efforts.
5.

Perturbation analysis

As we have seen in the previous section, for the array of cylinders being studied, two nonlinear
standing waves are connected to the linear ones as the amplitude tends to zero. From Fig. 3,
we observe that the relevant nonlinear standing wave only exists when ω < ω∗ , where ω∗ is
the angular frequency
of a linear standing wave. Furthermore, it appears that the amplitude A is
√
proportional to ω∗ − ω . In this section, we perform a perturbation analysis to confirm these
observations and to provide a quantitative amplitude-frequency relation when the amplitude is
small.
A linear standing wave is solution of the linear Helmholtz equation

∂ 2φ ∂ 2φ
+ 2 + k02 n2 φ = 0,
∂ x2
∂y

(18)

subject to the periodic boundary condition in the y direction and the condition that φ decays
to zero as |x| → ∞. This is an eigenvalue problem, where k0 (or k02 ) is the eigenvalue. Linear
standing waves only exist at a discrete set of frequencies. Let φ0 be a linear standing wave
with the corresponding frequency ω∗ (free space wavenumber k∗ = ω∗ /c). The function φ0 can
be scaled by any constant. Without loss of generality, we assume φ0 is real. To carry out a
#241448
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perturbation analysis, we first write the nonlinear Helmholtz equation for a real u as


∂ 2u ∂ 2u
+
+ k02 n2 + γ1 Fu2 u = 0,
∂ x2 ∂ y2

(19)

where F = F(x, y) is a function such that F = 1 in the nonlinear cylinders and F = 0 otherwise.
√
This allows us to get rid of the small parameter γ1 by considering γ1 u as the unknown function. We also need a small parameter proportional to (ω∗ − ω )1/2 . For convenience, we use the
small parameter δ satisfying
δ 2 = k∗2 − k02 .
(20)
The nonlinear standing wave for a frequency slightly smaller than ω∗ can be expanded in an
odd power series of δ with the first term proportional to φ0 . That is,

Cδ 
u = √ φ0 + δ 2 φ1 + O(δ 4 ) ,
γ1

(21)

where C is a constant to be determined.
Substituting expansion Eq. (21) into Eq. (19) and comparing the coefficients of δ 3 terms, we
obtain the following equation for φ1 :

∂ 2 φ1 ∂ 2 φ1
+
+ k∗2 n2 φ1 = n2 φ0 −C2 k∗2 F φ03 .
∂ x2
∂ y2

(22)

Notice that φ1 must satisfy the same periodic condition in y and must decay exponentially to
zero as |x| → ∞. To find the constant C, we multiply both sides of Eq. (22) by φ0 and integrate
on one period of the waveguide, i.e.,
S = {(x, y) : −∞ < x < +∞, |y| ≤ L/2} .

(23)

The left hand side gives a zero. Therefore,


C =

n2 φ02 dxdy

S

2

k∗2

D

φ04 dxdy

.

(24)

In the above, we have used the property of F to reduce the integral in the denominator to an
integral on disk D. The leading term of Eq. (21) gives

1
u≈ √
γ1

1−



ω
ω∗

2

⎛
⎜ S
⎝

n2 φ02 dxdy

D

φ04 dxdy

⎞1/2
⎟
⎠

φ0 .

(25)

Notice that a scaling
√ of φ0 by any real number does not change the above result, and u is indeed
proportional to ω∗ − ω , since


 2
√
ω
2
1−
≈ ω∗ − ω
.
ω∗
ω∗
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6.

Conclusion

In this paper, nonlinear standing waves on a periodic array of circular cylinders with a Kerr
nonlinearity are studied by a specially developed numerical method and a perturbation analysis. The standing waves are special nonlinear guided modes with a zero Bloch wavenumber
and they exist above the lightline. While the linear standing waves only exist at a few distinct
frequencies, the nonlinear standing waves exist for all frequencies in a given interval, and their
amplitudes continuously depend on the frequency and blow up as the frequency approaches
zero. It appears that for each frequency, there are infinite number of nonlinear standing waves.
For a nonlinear standing wave connected to a linear one, a perturbation analysis provides an
approximate amplitude-frequency relation when the amplitude is small.
Although we have only studied the E polarization for a special 2D structure with circular cylinders, we expect the conclusions are applicable to more general periodic waveguides,
probably any 2D lossless periodic waveguide with a homogeneous surrounding medium and a
reflection symmetry along the waveguide axis. Notice that the reflection symmetry guarantees
the existence of linear standing waves [6, 10, 18]. The case of the H polarization is similar,
because the only difference is a scaling of the boundary condition Eq. (12) by a constant.
To the best of our knowledge, it is the first time nonlinear standing waves are found on a
periodic waveguide. Our study is based on the assumption that third (or higher) harmonic generation can be ignored. Similar to the studies on second harmonic generation [34, 35], the third
harmonic may become important when some geometric conditions are satisfied. We believe it
is worthwhile to further investigate the nonlinear solutions in a coupled system of equations for
the fundamental frequency and third harmonic waves, to study the stability of these solutions
and their nonlinear interactions with incident waves, and to explore their potential applications.
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