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Abstract
For optical wave-guiding structures composed of uniform segments that are invariant in the longitudinal direction, the Dirichlet-to-Neumann (DtN) map method
is highly competitive. Instead of computing the eigenmodes, it calculates the DtN
operators of the uniform segments using an efficient Chebyshev collocation scheme.
In this paper, a new formulation of the DtN map method is developed for periodic piecewise uniform wave-guiding structures. The method involves a recursive
doubling process, so that the overall required computation time is proportional to
log2 N , where N is the number of periods. We illustrate our method by analyzing the scattering of surface plasmon polaritons due to Bragg gratings on metal
surfaces and thin metal films.

1 Introduction
Wave-guiding structures that are piecewise uniform in the longitudinal direction are
widely used in many optical devices. Numerical simulations are essential to the analysis,
design and optimization of these structures. While the finite-difference time-domain
(FDTD) method is easy to use, frequency-domain methods that take advantage of the
special geometric features of these structures are often more efficient. The most widely
used frequency-domain methods [1, 2, 3, 4, 5, 6, 7] rely on eigenmode expansions in each
longitudinally uniform segment. The eigenmodes can be calculated semi-analytically
[2, 3] for two-dimensional waveguides if the refractive index profile in each segment is
piecewise constant, and they can also be calculated numerically, for example, by the
finite difference method [4], the finite element method [1], Fourier series [6, 7, 8], etc.
An efficient discrete approximation of the continuous spectrum (of the radiation and
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evanescent modes) is possible when the perfectly matched layer (PML) [9, 10] technique
is used [5, 11]. By calculating the eigenmodes in each segment, discretization of the
longitudinal variable is no longer needed.
The bidirectional beam propagation methods (BiBPMs) [12, 13, 14, 15, 16] can also
take advantage of the special geometric features of piecewise uniform wave-guiding structures. While conventional beam propagation methods [17] are designed for one-way
propagation in slowly varying waveguides, the BiBPMs take into account the multiple
reflections at the longitudinal interfaces. In fact, they are extensions of related methods
for waveguide junctions [18, 19, 20, 21, 22]. Rational approximations for square root
operators and their exponentials are used to efficiently march the directional wave field
components in each uniform segment and to analyze the scattering at longitudinal discontinuities. For structures with large longitudinal variations, the non-iterative BiBPMs
[13, 15] are more appropriate, since the iterative BiBPMs [12, 16] may fail to converge.
In a recent work [23], we developed a Dirichlet-to-Neumann (DtN) map method for
piecewise uniform wave-guiding structures. In each uniform segment, we calculate the
DtN operator that maps the wave field at the two ends of the segment to its longitudinal
derivative. If the transverse variable is discretized by K points (or K terms are retained
in Fourier series expansions), the DtN operator can be approximated by a (2K) × (2K)
matrix. To calculate the DtN operator, we used a Chebyshev collocation method for
discretizing the longitudinal variable in the segment. This step requires O(qK 2 ) operations, where q is the number of points used to discretize the longitudinal variable in the
segment. Since the length of a uniform segment is typically smaller than the wavelength,
a small value of q (say q ≤ 20) is sufficient to produce an accurate approximation for
the DtN operator. For the eigenmode expansion methods, the longitudinal variable is
not discretized, but a large number of eigenmodes must be calculated. If the eigenmodes
are calculated numerically [1, 4, 6, 7] and assuming that the transverse operator is discretized by a K × K matrix and all K eigenvectors are needed, then the required number
of operations is O(K 3 ). Here, the hidden constant in O(K 3 ) is quite large. For example,
multiplying two real K × K matrices requires about 2K 3 operations and it takes about
0.4 second for K = 1000 on a computer with a Pentium 4 CPU (3.4GHz) in MATLAB.
On the contrary, finding all eigenvalues and eigenvectors for a 1000 × 1000 real tridiagonal matrix requires 37 seconds in the same environment. When the main diagonal of
the matrix is complex, the required time is further increased to 58 seconds. Due to the
use of PMLs in eigenmode expansion methods [5], the matrix approximating the transverse operator is indeed complex. If the refractive index profile is piecewise constant,
the eigenmodes may be calculated by solving a nonlinear equation [2, 3, 5]. When PMLs
are used, the eigenvalues are in general complex. It is not an easy task to find all the
eigenvalues in a given region of the complex plane from the nonlinear equation. Some
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possible approaches are described in [24, 25, 26, 27]. Furthermore, similar to the eigenmode expansion methods, the DtN map method is efficient for wave-guiding structures
with many identical segments, since these segments share the same DtN operator.
Comparing with the BiBPMs, the DtN map method is more accurate, since analytic
approximations are mostly avoided. The BiBPMs rely on rational approximations to the
square root of the transverse operator and the exponential of this square root operator (the one-way propagator). Standard diagonal Padé approximants (both denominator
and numerator are polynomials of degree p) for the square root operator and the one-way
propagator have exponential convergence for the propagating modes and the radiation
modes. That is, the approximation error decreases exponentially as p is increased. But
these diagonal Padé approximants fail to approximate the evanescent modes completely.
For one-way modeling in slowly varying waveguides, the evanescent modes are not so
important and it is sufficient to suppress them [28, 29]. For wave-guiding structures with
large longitudinal discontinuities, such as deeply etched waveguide gratings, an accurate
modeling of the evanescent modes is necessary. For that purpose, we can use the rotating
branch-cut Padé approximation [30] which, however, has a slow convergence. The DtN
map method is also more efficient than the BiBPM based on scattering operators [14],
since a different and more efficient marching scheme is used. Two operators (approximated by K × K matrices) are marched from one end of the structure to another giving
rise to the solutions of reflected and transmitted waves. If there are m longitudinally
uniform segments, the method requires m steps. Each step corresponds to one segment
and its DtN map is utilized to march these two operators. The method is sequential,
thus the overall computation time is proportional to m.
Piecewise uniform and periodic structures, such as waveguide Bragg gratings, are
particularly important in applications. Although the sequential DtN map method [23]
can take advantage of the many identical segments by calculating their DtN map only
once, it is still not efficient for structures with many periods. In this paper, we develop
a recursive doubling process for the DtN map method. The periodicity is utilized to
significantly reduce the overall computation time, so that it is proportional to log2 m.
Our recursive doubling process is based on the simple idea of merging DtN maps. It is
similar to the recursive doubling process of the scattering operators used in the eigenmode
expansion method [5] and the BiBPM [15]. The method is useful when the number of
periods is moderate. If the structure has a very large number of periods, the FloquetBloch mode expansion technique [4] can be used. For numerical examples, we study a
deeply etched waveguide Bragg grating (a modeling task of project COST 268 [36]) and
two scattering problems for surface plasmon polaritons involving grating structures on
metal surfaces and thin metal films. The surface plasmon polariton problems have been
previously analyzed by the Lippmann-Schwinger integral equation method [31] and the
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finite-difference time-domain method [32].

2 A DtN operator marching method
For a transverse magnetic (TM) wave propagating in the xz plane, the y-component of
the magnetic field, denoted by u here, satisfies
∂
∂z

!

!

∂
1 ∂u
+
ε ∂z
∂x

1 ∂u
+ k02 u = 0,
ε ∂x

(1)

where k0 is the free space wavenumber and ε = ε(x, z) is the dielectric function. The
time dependence is assumed to be e−iωt , where ω is the angular frequency. We consider
a piecewise z-invariant structure where the longitudinal discontinuities {zj } satisfy z0 <
z1 < ... < zm . The dielectric function satisfies ε = εj (x) for zj−1 < z < zj and 0 ≤ j ≤
m+1, where z−1 = −∞ and zm+1 = ∞. For such a structure, we assume that an incident
wave is given for z < z0 and there are only outgoing waves for z > zm . Our objective is
to calculate the reflected wave for z < z0 and the transmitted wave for z > zm .
Using square root operators, we can write down the boundary conditions at z = z0−
+
and z = zm
. In the segment (zj−1 , zj ), we define a square root operator
Lj =

q

2
εj ∂x (ε−1
j ∂x ) + εj k0

(2)

2
based on the eigenmodes of the transverse differential operator εj ∂x (ε−1
j ∂x ) + εj k0 , such
that the forward and backward wave field components in the segment are governed by
one-way equations involving Lj . In particular, for z < z0 , the incident wave u(i) and the
reflected wave u(r) satisfy the following one-way equations

∂z u(i) = iL0 u(i) ,

∂z u(r) = −iL0 u(r) .

If we take the z-derivative of the total field u = u(i) + u(r) and eliminate u(r) , we obtain
the following boundary condition
∂z u + iL0 u = 2iL0 u(i) |z=z − ,
0

z = z0− .

(3)

For z > zm , the transmitted wave is the total wave field. This gives rise to the boundary
condition:
+
∂z u = iLm+1 u, z = zm
.
(4)
Since the longitudinal length scale is typically much larger than the wavelength,
a number of techniques have been developed to rigorously reduce the boundary value
problem (1,3,4) to initial value problems in z using a pair of operators. One approach
[33, 34, 23] is to use the operators Q and Y defined at a fixed z by
Q(z)u = ε−1 ∂z u,

Y (z) u(·, z) = u(·, zm ),
4

(5)

where u is an arbitrary solution of (1) and (4). Notice that the operator Q is well defined
even at a longitudinal discontinuity zj . From (4) and the definition of Y , we have
Q(zm ) = i ε−1
m+1 Lm+1 ,

Y (zm ) = I,

(6)

where I is the identity operator. The operators Q and Y satisfy some first order differential equations in z [33]. If they are solved from z = zm to z = z0 , we can then find the
reflected and transmitted waves. From (3), we can solve the total field at z0 :
[ε0 Q(z0 ) + iL0 ] u(x, z0 ) = 2iL0 u(i) (x, z0− ).

(7)

The reflected wave is obtained by subtracting u(i) from u. From the definition of Y , we
can calculate the transmitted wave by
u(x, zm ) = Y (z0 ) u(x, z0 ).

(8)

For a piecewise uniform wave-guiding structure, Q and Y can be efficiently marched
from zm to z0 using DtN maps of the uniform segments [23]. For the segment given by
zj−1 < z < zj , the DtN map M satisfies
"

#

"

M11
u(·, zj−1)
=
M
M21
u(·, zj )

M12
M22

#"

+
∂z u(·, zj−1
)
u(·, zj−1)
=
−
∂z u(·, zj )
u(·, zj )

#

"

#

(9)

for any solution of (1). Here, the DtN map M has been partitioned as 2 × 2 blocks. Due
to a reflection symmetry, we have M12 = −M21 and M22 = −M11 . From the continuity
conditions of u and ε−1 ∂z u, we can derive the following marching formulas:
Z = [εj Q(zj ) − M22 ]−1 M21 ,

(10)

Q(zj−1 ) = ε−1
j (M11 + M12 Z),

(11)

Y (zj−1 ) = Y (zj )Z.

(12)

When x is discretized by K points, the operators Mij , Q and Y are approximated by
K × K matrices, εj and ε−1
j are approximated by diagonal matrices. This step calculates
Q and Y at zj−1 from those at zj . The required number of operations is about (20/3)K 3 .
The matrix Z can be obtained in (8/3)K 3 operations including (2/3)K 3 operations for LU
decomposition of the matrix εj Q(zj ) − M22 and 2K 3 operations for solving the columns
of Z from the triangular linear systems. Formulas (11) and (12) involve two matrix
multiplications that require 4K 3 operations.
In [23], we developed an efficient Chebyshev collocation method for computing the
DtN map M in O(qK 2 ) operations, where q is the number of points for discretizing
(zj−1 , zj ) and it is much smaller than K. The method involves the following steps.
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1. Discretize z for zj−1 ≤ z ≤ zj by
"

kπ
zj − zj−1
1 − cos
ξk = zj−1 +
2
q

!#

,

k = 0, 1, ..., q.

2. Evaluate the differentiation matrix C. The (k, l) entry (for k, l = 0, ..., q) of C is

ckl = −
where

2
zj − zj−1


(2q 2 + 1)/6




 −(2q 2 + 1)/6

if k = l = 0,
if k = l = q,
×
2

−0.5τk /(1 − τk )
if 0 < k = l < q,




−1
k+l
(−1) σk σl /(τk − τl ) otherwise,
!

kπ
τk = cos
,
q

σk =

(

2 if k = 0, q
1 if 0 < k < q.

3. Re-write C and C 2 as
c00
 .
.
C=
 .


cq0

c̃0
..
.

c0q
.. 
. ,


c̃q

cqq







d00

2

C =  dˆ0
dq0

· · · d0q

D̂ dˆq 
,
· · · dqq

where c̃0 and c̃q are row vectors, dˆ0 and dˆq are column vectors, and D̂ is a square
matrix.
4. Diagonalize the matrix D̂ as

D̂ =






R





µ1
µ2

..

.
µq−1



 −1
R .



(13)

~ and row vectors ~γ and ~δ by
5. Evaluate column vectors α
~ and β,
α
~ = R−1 dˆ0 ,

β~ = R−1 dˆq ,

~γ = c̃0 R,

~δ = c̃q R.

6. For k = 1, 2, ..., q − 1, solve wk (x) from
d
εj
dx

1 dwk
εj dx

!

+ (k02 εj + µk )wk = −αk u(x, zj−1 ) − βk u(x, zj ).

(14)

+
7. Evaluate ∂z u at zj−1
and zj− by
+
∂z u(x, zj−1
) = c00 u(x, zj−1) +

∂z u(x, zj− ) = cq0 u(x, zj−1 ) +

q−1
X

k=1
q−1
X

k=1

6

γk wk (x) + c0q u(x, zj ),

(15)

δk wk (x) + cqq u(x, zj ).

(16)

The first five steps above are preprocessing steps involving the Chebyshev differentiation
matrix C [35] and its square. If v is a differentiable function of z for zj−1 ≤ z ≤ zj , then












v(ξ0 )
v ′ (ξ0 )



 ′
 v(ξ1 ) 
 v (ξ1 ) 




 .  ≈ C  . ,
 .. 
 .. 


v ′ (ξq )

v(ξq )



where {ξk } for 0 ≤ k ≤ q is a discretization of z and v ′ is the derivative of v. The
most expensive part of these prepossessing steps is the diagonalization of the matrix D̂
which requires O(q 3) operations. In the segment (zj−1 , zj ), the Helmholtz equation (1)
is reduced to
!
∂2u
∂
1 ∂u
+ k02 εj u = 0.
(17)
+ εj
∂z 2
∂x εj ∂x
Using C 2 to approximate the second order derivative in z, we require that (17) is valid
at ξk for 1 ≤ k ≤ q − 1. When D̂ is diagonalized, these equations are transformed to
q − 1 separate ordinary differential equations given in (14), where








w1 (x)
w2 (x)
..
.
wq−1 (x)









=






R−1 



u(x, ξ1 )
u(x, ξ2 )
..
.
u(x, ξq−1)






.



+
In steps 6 and 7, we calculate ∂z u at zj−1
and zj− assuming that u is given at zj−1 and
zj . If a finite difference or finite element method is used to discretize x with K points,
Eq. (14) for a single wk can be solved in O(K) operations. Therefore, O(qK) operations
are required for step 6. Clearly, step 7 also requires O(qK) operations. To calculate the
DtN map M, steps 6 and 7 must be repeated for K times. From the definition of M
given in (9), we observe that a column of M can be obtained if u(x, zj−1 ) and u(x, zj )
(discretized as column vectors) are taken as a column vector of the (2K) × (2K) identity
matrix. Due to the reflection symmetry, we only have to go through the first K columns
of the (2K) × (2K) identity matrix. Therefore, the DtN map M can be found in O(qK 2 )
operations. Since Eq. (14) is solved repeatedly for K different right hand sides, additional
saving is possible by calculating the LU decomposition of the matrix (approximating the
differential operator at the left hand side of (14)) only once. Overall, computing the DtN
map M is much easier than computing the eigenvalue decomposition of the transverse
operator.

3 A recursive doubling process
Instead of marching two operators Q and Y , an alternative approach is to find the DtN
map G of the entire non-uniform part of the structure given by z0 < z < zm . The
7

−
operator G maps u at z0 and zm to ∂z u at z0+ and zm
. Once G is obtained, it is easy
to find the reflected and transmitted waves. In fact, using the boundary conditions (3)
and (4) and writing down the operator G in a 2 × 2 block matrix form, we obtain the
following system for the wave field at z0 and zm :

"

G11 + iρ−1
0 L0
G21

G12
G22 − iρm Lm+1

#"

−
(i)
2iρ−1
u(·, z0 )
0 L0 u (·, z0 )
,
=
0
u(·, zm )

#

"

#

(18)

where ρ0 = ε0 /ε1 and ρm = εm /εm+1 . The two square root operators L0 and Lm+1 can
be approximated using a rotating branch-cut Padé approximant [30] as in the BiBPMs
[13, 15].
To find the global DtN map G, we need a merging process that computes the DtN
map of the segment a < z < c from the DtN maps of the segments a < z < b and
b < z < c. Let us denote the DtN maps of these segments by U, V and W , respectively.
The operator U satisfies an equation as (9), but with zj−1 and zj replaced by a and b,
respectively. The equations for V and W are similar. With U and V partitioned as 2 × 2
blocks and using the continuities of u and ε−1 ∂z u at z = b, we can eliminate u(·, b) and
obtain
[K1 , K2 ] = (U22 − ρV11 )−1 [U21 , ρV12 ],
#
"
U11 − U12 K1
U12 K2
,
W =
−V21 K1
V21 K2 + V22

(19)
(20)

where ρ(x) = ε(x, b− )/ε(x, b+ ). For a general piecewise uniform structure, we can start
a recursion for j = 2, 3, ..., m. For the j-th step, we use the above merging formulas to
find the DtN map of the segment (z0 , zj ) from the DtN maps of segments (z0 , zj−1 ) and
(zj−1 , zj ). After the recursion is completed, we obtain the global DtN map G.
If the structure is periodic, G can be more efficiently calculated. Starting from the
DtN map for one period, we use the merging formulas recursively to find the DtN maps
for 2 periods, 4 periods, etc. In general, we calculate the DtN map for 2l+1 periods from
the DtN map for 2l periods. If the structure contains N periods, we expand the integer N
in its binary form, say (rk ...r2 r1 r0 )2 , then merge the DtN map for 2l period if rl = 1. For
example, the binary form of 22 is (10110)2, then the DtN map for 22 periods is obtained
from merging the DtN maps of 2 periods, 4 periods and 16 periods. Clearly, the required
number of operations is proportional to log2 N.
Next, we consider a periodic piecewise uniform structure obtained by modifying a
straight waveguide. The dielectric function profile of the original waveguide is ε0 . The
structure has N modified segments each having a length l1 and a dielectric function
profile ε1 . Between the modified segments, there are N − 1 segments of length l0 corresponding to the original waveguide. The structure has 2N longitudinal discontinuities
{z0 , z1 , ..., z2N −1 } satisfying
z2j = z0 + j(l0 + l1 ),

z2j+1 = z2j + l1
8

for j = 0, 1, ..., N − 1.

The dielectric functions of the uniform segments satisfy ε2j = ε0 and ε2j+1 = ε1 . This
structure is (partially) periodic with period l0 + l1 . For convenience, we let m = 2N and
introduce an extra point zm such that z0 < z < zm contains exactly N periods. Since zm
is not a longitudinal discontinuity, we have εm+1 = ε2N +1 = ε0 . For this structure, there
are two DtN maps M (0) and M (1) corresponding to the uniform segments with dielectric
functions ε0 and ε1 , respectively. There two DtN maps are merged to obtain the DtN
map for one period, such as (z0 , z2 ). The recursive doubling process is then used to find
the global DtN map G for the entire structure (i.e. z0 < z < zm ).

4 Numerical examples
In this section, we consider three examples. The first example is a modeling task of the
COST 268 project [36] and it is used to validate the recursive doubling DtN map method
developed in this paper. The other two examples [31, 32] are Bragg gratings of surface
plasmon polariton (SPP) waveguides. SSPs are being extensively studied due to their
potential applications in sub-wavelength photonic devices.
The structure considered by the COST 268 project [36] is a deeply etched short Bragg
grating in a high contrast optical waveguide. The waveguide is formed by a 0.5 µm Si3 N4
layer on a SiO2 substrate. Refractive indices of the waveguide core and the substrate
are given in [36]. For the TM polarization, we follow Čtyroký [7] and consider a 20
period grating formed by grooves with a pitch of 0.23 µm and a duty cycle of 1 : 1 (i.e.,
l0 = l1 = 0.23 µm) deeply etched into the guiding layer with the etching depth 0.75 µm.
For the x variable, we use a computation window of 5.5 µm (3 µm for the substrate and
2 µm for the air cladding), and discretize it by 441 points. PMLs of 20 grid points are used
at both ends of the x interval. The DtN maps of each uniform segments are calculated
with 20 points in the z direction. In Fig. 1, we show the transmittance and reflectance of
the fundamental TM mode of the original straight waveguide. For comparison, we also
show the results of Čtyroký [7] obtained using an eigenmode expansion method based on
Fourier sine series. It is clear that the two methods are in good agreement.
Next, we use this example to study the accuracy of the DtN map method and the
BiBPM [15]. For simplicity, this is considered only at a fixed free space wavelength
λ = 1.25 µm. A reference solution is obtained by a finite difference eigenmode expansion
method (FD-EEM) [4]. Assuming that these three methods use the same finite difference
scheme to discretize the transverse operator, the FD-EEM is the most accurate, since it
rigorously computes the forward and backward wave field components based on eigenvalue
decompositions. The BiBPM introduces errors due to rational approximations to the
square root operator Lj given in (2) and its exponential Pj = exp[i(zj − zj−1 )Lj ] for
each segment. The DtN map method requires only approximations to L0 and Lm+1 in
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Figure 1: Reflectance and transmittance of the fundamental TM mode for a deeply etched
optical waveguide grating with 20 periods. The solid lines and the small circles are the
results of the DtN map method and the eigenmode expansion method based on Fourier
sine series [7].
the boundary conditions (3) and (4), but it also introduces additional errors when the
longitudinal variable z is discretized by the Chebyshev collocation method. For a square
root operator, we use the [p/p] Padé approximant with the branch-cut rotated by an
angle θ. A rational approximation of Pj is obtained by first inserting the approximation
of Lj and then applying the [r/r] Padé approximation of the exponential function. We fix
θ = π/6, r = 2 and consider p = 4 and p = 5. Using a small grid size ∆x = 0.00625 µm
and a total of 881 grid points for the x variable, we obtain approximate values of the
reflection coefficient Rf , Rd and Rb by the FD-EEM method, the DtN map method and
the BiBPM, respectively. In particular, FD-EEM gives a reflectance of |Rf |2 = 0.62171.
Another calculation with an even smaller grid size indicates that Rf is accurate to 3 or 4
digits. To analyze the additional errors of the DtN map method and the BiBPM, we use
Rf as the reference solution and calculate the relative errors of |Rd |2 and |Rb |2 , defined
as REd = ||Rd |2 − |Rf |2 |/|Rf |2 and REb = ||Rb |2 − |Rf |2 |/|Rf |2 . The results are given in
Table 1. We observe that the DtN map method is more accurate than the BiBPM.
p
REb
4 1.5 × 10−3
5 3.2 × 10−3

REd
1.5 × 10−4
9.0 × 10−5

Table 1: Relative errors of |R|2 for the BiBPM and DtN map method.
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The second example has been analyzed earlier by Søndergaard et al. [31]. The
structure, as shown in Fig. 2, is a thin gold film with gold ridges surrounded by a polymer

Figure 2: Schematic view of a long range SPP waveguide Bragg grating structure.
with refractive index 1.543. The thickness of the gold film is d0 = 15 nm. The ridges
appear in both sides of the thin film and they have a height of h = 10 nm and a length of
l1 = 230 nm. The segments between the ridges have a constant length of l0 = 270 nm. The
grating period is thus l0 + l1 = 500 nm. In the following, we calculate the reflection and
transmission spectra for three cases corresponding to N = 80, 160 and 320, where N is the
number of ridges. The incident field is the fundamental mode of the plasmon waveguide
with the 15 nm gold core. We calculate the reflection and transmission coefficients, R and
T , defined as the coefficients of the fundamental mode when the reflected and transmitted
fields are expanded. If we assume that the fundamental mode of the SPP waveguide has
unit power at the left side of the first ridge (i.e. z = 0), then |T |2 represents the power
carried by the same mode at the right side of the last ridge (i.e. z = Nl1 + (N − 1)l0 ).
For simplicity, we assume a constant refractive index n = 0.559 + 9.81i for gold. This
is a reasonable approximation for wavelength from 1.52 µm to 1.58 µm [37]. Our results,
as well as those reported in [31], are shown in Fig. 3. In fact, Søndergaard et al. [31]
evaluated the transmittance at z = N(l0 +l1 )+5µm. This partially explains the difference
between the transmittance results in Fig. 3. In our calculations, we have used a second
order finite difference scheme to approximate the transverse operator. The x variable is
discretized by 647 points using a non-uniform mesh where the grid size varies from 2.5 nm
to 97 nm. The computation window is about 51 µm including a PML of 20 grid points
in each side of the structure. The DtN maps of the two distinct uniform segments are
calculated by the Chebyshev collocation method using only 10 points in the z direction.
The square root operators L0 and Lm+1 in the boundary conditions (3) and (4) are
approximated by a rotating branch-cut Padé approximation with p = 7 and θ = π/6.
As the third example, we consider the metal-insulator-metal Bragg grating structure
proposed and analyzed by Han et al. [32]. As shown in Fig. 4, the original straight
SPP waveguide is an air gap of width d0 = 100 nm between two silver layers. A grating
structure is created by introducing N identical segments where the width of the air gap is
symmetrically increased to d1 = 150 nm. Between these N segments with wider air gaps,
there are N − 1 segments identical to the original waveguide. The lengths of segments
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Figure 3: Reflectance |R|2 and transmittance |T |2 for a surface plasmon polariton Bragg
grating with a 15 nm gold film and N symmetric gold ridges of height h = 10 nm. The
solid and dashed lines correspond to the DtN map method and the integral equation
method [31], respectively.

Figure 4: Schematic view of a metal-insulator-metal SPP Bragg grating structure.
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Figure 5: Transmission and reflection spectra of a metal-insulator-metal waveguide Bragg
grating with N = 14 periods. The dashed line is the magnitude of the scaled transmission
coefficient (i.e., |Ts |) of Han et a. [32]. The solid and dash-dot lines are the magnitudes
of the scaled transmission and reflection coefficients (i.e. |Ts | and |R|) calculated by the
DtN map method. For λ = 1.75 µm, a more accurate solution is shown as the little circle.
with wide and narrow air gaps are l1 = 292 nm and l0 = 368 nm, respectively. The
grating period is thus 660 nm. As in [32], we use a simple Drude model for the dielectric
function of silver and consider two cases for N = 14 and N = 17. Using the fundamental
mode of the original straight waveguide as the incident field, we obtain the transmission
and reflection spectra in Fig. 5 and Fig. 6 for N = 14 and N = 17, respectively. The
scaled transmission coefficient Ts is defined as Ts = T exp[σ1 Nl1 + σ0 (N − 1)l0 ], where
σj (for j = 0 or 1) is the imaginary part of the propagation constant of the fundamental
mode in the segment with the air gap width dj . The FDTD results [32] for the scaled
transmission coefficient are also shown in Fig. 5 and Fig. 6, as the dashed lines. As far as
the main features are concerned, our results agree with those of Han et al. [32]. However,
the two solutions do not agree so well for large wavelengths. Our results are obtained
using a computation window of 1 µm and 201 discrete points in the transverse direction.
The DtN maps of the two uniform segments are calculated by the Chebyshev collocation
method using 15 points in the z direction. The square root operators L0 and Lm+1 in
the boundary conditions (3) and (4) are approximated by a rotating branch-cut Padé
approximation with p = 7 and θ = π/6. To validate our result, we fix the wavelength at
λ = 1.75 µm and the number of period at N = 14, increase the computation window to
2 µm and decrease the grid size in the x direction by one half, so that the total number of
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Figure 6: Same as Fig. 5, except that the number of period is N = 17.
points in the x direction is now 801. The transmission coefficient is then calculated by the
finite difference eigenmode expansion method. We obtain |Ts | ≈ 0.1082 for λ = 1.75µm.
As indicated by the little circle in Fig. 5, this accurate result agrees with our earlier
result based on the recursive doubling DtN map method, a coarser grid and a smaller
computation window.

5 Conclusion
We have developed a recursive doubling Dirichlet-to-Neumann (DtN) map method for
piecewise uniform and periodic wave-guiding structures. The method makes use of the
DtN operators of the uniform segments. These operators can be efficiently calculated
by a Chebyshev collocation method. The recursive doubling process is based on the
merging of DtN maps and it allows us to reduce the computation time from proportional
to N to proportional to log2 N, where N is the number of periods. Compared with the
eigenmode expansion method [5] and the BiBPM [15], where a recursive doubling process
for the scattering operators is used, the DtN map method is highly competitive, because
we do not need the time-consuming step of calculating the eigenmodes and analytic
approximations used in BiBPMs are mostly avoided. The method is developed for twodimensional waveguide structures. We believe it is possible to extend the method to threedimensional piecewise uniform structures. For that, we need a high order discretization
of the transverse operator and to take care of the full vector nature.
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Our method is used to compute the transmission and reflection spectra for a deeply
etched waveguide Bragg grating (a modeling task of COST 268 project) and two surface
plasmon polariton waveguide Bragg grating structures. Numerical results for the first
example are in good agreement with those reported in [7]. For the two SPP waveguide
grating structures, our numerical results are quite close to the earlier FDTD [32] and
integral equation [31] results.
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