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An Efficient Numerical Method for Optical
Waveguides with Holes
Lijun Yuan and Ya Yan Lu

Abstract—Optical waveguides with structural variations along
the waveguide axes are useful in many applications. One way to
realize such a variation is to insert a sequence of holes in the
waveguide core. In this paper, an efficient numerical method is
developed for two-dimensional slab waveguides with hole arrays
in the core. The method divides the waveguide into a number
of segments, then jumps over the holes using the Dirichlet-toNeumann maps of the segments.
Index Terms—Optical waveguides,
Dirichlet-to-Neumann map.
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I. I NTRODUCTION
To develop compact waveguide devices for applications in
integrated photonic circuits, different approaches that bring
large structural changes along the waveguide axis have been
explored. A common approach is to change the waveguide
geometry discontinuously, so that the refractive index is piecewise constant with respect to the variable z along the waveguide axis [1]–[3]. Another approach is to insert a sequence of
holes in the waveguide core [4]–[9]. Some of these structural
changes, such as waveguide Bragg gratings, are periodic along
the waveguide axis. When defects are inserted in the otherwise
periodic structure on the waveguide, resonant transmissions
are possible. Such waveguides with embedded microcavities
can be used as filters for wavelength division multiplexing
applications [8], [9].
Numerical methods are essential to the design and analysis
of these waveguiding structures. For a piecewise uniform
waveguide where the refractive index is independent of z in
each uniform segment, a number of numerical methods are
available, including the eigenmode expansion method [10]–
[16], the bidirectional beam propagation method [17]–[21]
and the Dirichlet-to-Neumann (DtN) map method [22], [23].
These methods are specially designed for piecewise uniform
waveguides, and they are more efficient than general purpose
methods such as the finite-difference time-domain (FDTD)
method. For a waveguide with holes in the core, one approach
is to approximate it numerically by a structure with many
small uniform (z-invariant) segments. Clearly, this is not an
efficient process, since the crude “staircase” approximation to
curved dielectric interfaces gives rise to large errors unless
the length of the segments (in the z direction) is sufficiently
small. This problem is particularly serious for structures with
high index contrast and for waves in the transverse magnetic
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(TM) polarization [24]. Many authors used FDTD to analyze
waveguides with holes in the core. However, FDTD requires
even more computer resources and its accuracy can be very
limited if the interfaces between dielectric and air-holes are
not well resolved.
In this paper, we develop an efficient numerical method for
two-dimensional (2D) slab waveguides with a finite number of
holes in the core. The method is a combination of our earlier
technique for photonic crystals [25] and a new technique for
truncating the transverse variable. The waveguide is also divided into segments by lines of constant z, but these segments
now contain the holes and they are no-longer invariant in z.
Like the DtN map method for piecewise uniform waveguides
[22], we march two operators (approximated by matrices) from
one end of the waveguide to another, based on the DtN maps
of the segments. For a segment given by zj−1 < z < zj ,
the DtN map is the operator M (also approximated by a
matrix) that maps the wave field to its z derivative at zj−1
and zj . For a uniform segment, a highly accurate Chebyshev
collocation method was used to calculate the DtN map M [22].
In Section III, we present an efficient method to calculate M
for segments containing holes. This is based on the DtN map
for unit cells of photonic crystals [25] and a new three-edge
DtN map for boundary cells that can simulate the outgoing
radiation condition. In Section IV, we illustrate our method by
a number of numerical examples.
II. O PERATOR MARCHING

SCHEME

For 2D problems in the xz plane where the structure is
invariant in y, the governing Helmholtz equation is




∂ 1 ∂u
∂ 1 ∂u
+ρ
+ k02 n2 u = 0,
(1)
ρ
∂z ρ ∂z
∂x ρ ∂x
where k0 is the wavenumber in vacuum and n = n(x, z) is
the refractive index function. For the transverse electric (TE)
polarization, u is the y-component of the electric field and
ρ = 1. For the TM polarization, u is the y-component of the
magnetic field and ρ = n2 . We consider a slab waveguide
with holes in the core. A simple example involving a periodic
array of holes in a symmetric slab waveguide is shown in
Fig. 1, although our method is applicable to the more general
situation where the holes can be different and the array is not
periodic. We assume that the z-varying part of the waveguide
can be divided into m segments. More precisely, we have z0 <
z1 < z2 < ... < zm , such that the j-th segment is given by
zj−1 < z < zj . Each of these segments may contain one hole
in the waveguide core. For z < z0 and z > zm , the structure
is z-invariant (straight waveguide) and the refractive index is
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2) for j = m, ..., 2, 1,
a) calculate the DtN map M of the j-th segment
satisfying

 

+
)
∂z u(·, zj−1
uj−1
,
(7)
=
M
uj
∂z u(·, zj− )

Ω7
Ω6
Ω5

b) find Qj−1 and Yj−1 by
a

z0

Ω3

z1

z2

z3

(8)
Z = [ρ(·, zj− )Qj − M22 ]−1 M21 ,
1
(M11 + M12 Z), (9)
Qj−1 =
+
ρ(·, zj−1
)
Yj−1 = Yj Z,
(10)

w

z4

z5

z6

x

Ω2

where M11 , M12 , M21 and M22 are blocks of M ;
3) solve u0 from

z

Ω1

[ρ(·, z0− ) Q0 + iL0 ]u0 = 2iL0 u(i) (·, z0− );

(11)

4) find the reflected and transmitted waves by
Fig. 1. A symmetric slab waveguide with a periodic array of holes in the
core. The vertical dashed lines are used to divide the waveguide into segments.
The first segment (z0 < z < z1 ) is truncated with 3 cells in each side of the
waveguide core.

n = n0 (x) and n = n∞ (x), respectively. For an incident
wave u(i) given in z < z0 , our problem is to calculate the
transmitted wave for z > zm and reflected wave for z < z0 .
To set up proper boundary conditions, we introduce two square
root operators,


1/2

1 ∂
∂
2 2
, l = 0, ∞,
+ k0 nl (x)
L l = ρl
∂x ρl ∂x
where ρ0 and ρ∞ follow the definition of ρ above with the
same subscript of n. Then the boundary conditions are [22],
[23]:
∂u
+ iL0 u = 2iL0 u(i) , z = z0− ,
(2)
∂z
∂u
+
− iL∞ u = 0,
z = zm
.
(3)
∂z
To allow possible material discontinuities at z0 and zm (which
is only relevant to the TM case), the boundary conditions are
+
given at z0− and zm
, respectively.
The DtN map method (or DtN operator marching method)
involves two operators Qj and Yj at zj satisfying
Qj u j =

1 ∂u
ρ ∂z

=
z=zj−

1 ∂u
ρ ∂z

,

(4)

z=zj+

Yj uj = um ,

(5)

where u is any solution satisfying (1) and (2), uj = u(x, zj )
and um = u(x, zm ). These two operators act on functions of x
and they are approximated by matrices when x is discretized.
As presented in [22], [23], [25], the DtN map method involves
the following steps:
1) initialize Qm and Ym as
Qm =

i
+ L∞ ,
ρ(·, zm
)

Ym = I,

(6)

u(r) (·, z0− ) = u0 − u(i) (·, z0− ),
(t)

u (·, zm ) = um = Y0 u0 .

(12)
(13)

Notice that Qm in (6) comes from the boundary condition (3),
the marching formulas (9) and (10) are derived by replacing
the z derivatives in (7), and Eq. (11) is the boundary condition
(2).
III. D T N MAP

OF THE SEGMENTS

In this section, we describe an efficient method for computing the DtN map M for each segment. First, we truncate
the transverse variable x, then partition the segment into a
finite number of rectangular or square cells. A typical example
with seven cells is shown in Fig. 1 for the first segment.
The cell at the center of the segment corresponds to the
waveguide core with a single hole, and the other cells cover
the cladding or substrate. Let us consider the first segment
given by z0 < z < z1 and assume that it has a partition of
p cells separated by the lines x = xk for 0 ≤ k ≤ p. More
precisely, the k-th cell is the rectangle (or square) given by
Ωk = {(x, z) | xk−1 < x < xk , z0 < z < z1 }.
We first calculate DtN maps of the cells, then merge their DtN
maps to find the DtN map M of the segment.
The DtN map of a closed domain Ω is the operator Λ such
that Λu = ∂ν u on ∂Ω for any u satisfying the Helmholtz
equation (1), where ∂Ω is the boundary of Ω and ν is a unit
normal vector of ∂Ω. For the rectangular cell Ωk , we take
the normal derivative to be the x- or z-derivative and avoid
the four corners. To allow possible dielectric interfaces on the
boundary of Ωk , the normal derivative is obtained in a limit
from the inside of Ωk . More precisely, the DtN map Λ(k) of
the cell Ωk for 1 < k < p, satisfies


 
∂z u+
u0k
0k
vk−1  ∂x v + 
k−1 
 
Λ(k) 
(14)
 u1k  =  ∂z u−  ,
1k
−
vk
∂x vk
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DtN map for Ω1 involving only three edges, that is, without
the edge at x = x0 . We have

  
∂z u+
u01
01

(17)
Λ(1) u11  = ∂z u−
11 .
v1
∂x v1−

where
+
u0k = u(x, z0 ), ∂z u+
0k = ∂z u(x, z0 ),
−
u1k = u(x, z1 ), ∂z u−
1k = ∂z u(x, z1 ),

for xk−1 < x < xk , and

(1)

vk−1 = u(xk−1 , z), ∂x vk− = ∂x u(x−
k , z),
vk = u(xk , z),

+
∂x vk−1
= ∂x u(x+
k−1 , z)

for z0 < z < z1 . In practice, Λ(k) is approximated by a
matrix in connection with a discretization of x and z. If we
(k)
use Nz sampling points for z ∈ (z0 , z1 ) and Nx points for
x ∈ (xk−1 , xk ), the total number of sampling points on the
(k)
boundary of Ωk is J = 2(Nz + Nx ), the operator Λ(k) is
then approximated by a J ×J matrix. As described in [25], the
matrix Λ(k) is obtained by assuming that the general solution
of Helmholtz equation (1) in Ωk can be approximated by a
sum of J special solutions. That is,
u(x) ≈

J
X

cl φl (x),

l=1

x = (x, z) ∈ Ωk ,

where φ1 , φ2 , ..., are the special solutions of (1). If we order
the J sampling points on the boundary of Ωk as xs for s =
1, 2, ..., J, and evaluate φl and the normal derivative of φl
at these points, we obtain two matrices Λ1 and Λ2 whose
(s, l) entries are φl (xs ) and ∂ν φl (xs ) respectively, where ∂ν
is either ∂x or ∂z . The DtN map of Ωk is then obtained as
Λ(k) = Λ2 Λ−1
1 . For cells containing a circular hole and empty
cells of a homogeneous medium, we use cylindrical waves as
the special solutions. If the hole has a more general shape,
a boundary integral equation method can be used to find the
special solutions [26].
The first cell Ω1 and the last cell Ωp require special
treatment. Since x is truncated to x0 < x < xp , we should
impose outgoing radiation conditions at x0 and xp . If the
medium is homogeneous in the half plane x < x1 , the wave
field there is a linear combination of plane waves propagating
towards x = −∞ and evanescent plane waves that decay
exponentially as x → −∞. That is
Z ∞
u(x, z) =
A(β)ei(−αx+βz) dβ for x < x1 , (15)
−∞

p
p
where α = k02 n2 − β 2 (which becomes α = i β 2 − k02 n2
if |β| > k0 n), n is the constant refractive index for x < x1
and A is the unknown amplitude depending on β. Therefore,
we can choose some discrete values for β and approximate
the wave field in Ω1 by a finite sum of (both propagating and
evanescent) plane waves:
u(x, z) ≈

J
X
l=1

cl ei(−αl x+βl z)

for (x, z) ∈ Ω1 .

(16)

p
In the above, βl is real, αl = k02 n2 − βl2 can be real or
imaginary and J is the number of plane waves. Typically, we
choose βl uniformly in the interval (−γk0 n, γk0 n) where γ
is a parameter, e.g. γ = 2. Since we attempt to approximate
the outgoing radiation condition at x = x0 , we construct a

Using Nz sampling points for z ∈ (z0 , z1 ), Nx sampling
(1)
points for x ∈ (x0 , x1 ) and J = Nz + 2Nx plane waves
in (16), we approximate Λ(1) by a J × J matrix. Similarly,
the DtN map for Ωp is constructed from plane waves that
propagate towards x = +∞ or evanescent waves that decay
as x is increased, and it involves only three edges (without the
edge at x = xp ). We have

 

∂z u+
u0p
0p
+ 
Λ(p) vp−1  = ∂x vp−1
.
(18)
u1p
∂z u−
1p
If J is relatively large, it may be difficult to construct the
DtN map Λ(1) from the plane waves in (16) directly, since the
vectors obtained by evaluating the plane waves at the sampling
points on the boundary may lose linear independence. In that
case, we divide Ω1 into four sub-cells, then use the plane
waves to construct the DtN maps of the two sub-cells near the
boundary at x0 and cylindrical waves for the other two subcells. The DtN maps of the four sub-cells are then combined to
obtain the DtN map of Ω1 . We can also include the perfectly
matched layer (PML) technique [27] in the construction of
boundary DtN maps. To set up boundary conditions at z0−
+
, we need PMLs to terminate the x axis. To avoid
and zm
inconsistency at z0 and zm , we use PMLs for the entire
structure. This can be easily done based on the complex
coordinate stretching formulation [28] of PML. In that case,
the transverse variable x is replaced by a complex x̂ and we
simply replace x by x̂ in Eq. (16).
With the DtN maps of the cells, we can calculate the DtN
map of the segment by a merging process described in [29].
Let us introduce three vectors


 
 
v1
u01
u11
 v2 
u02 
u12 


 
 
v =  .  , u0 =  .  , u1 =  .  .
(19)
 .. 
 .. 
 .. 
vp−1

u0p

u1p

The merging process is given in the following steps:
1) set up a linear system for v, u0 and u1 ;
2) solve v in terms of u0 and u1 ;
3) express ∂z u0 and ∂z u1 by u0 , u1 and v,
4) eliminate v to obtain M .
In Step 1, an equation for vk = u(xk , z) (1 ≤ k < p) can
be established from the continuity of ρ−1 ∂x u at x = xk and
evaluating ∂x vk± using the DtN maps of Ωk and Ωk−1 . Step
−
3 is simply a re-arrangement of ∂z u+
0k and ∂z u1k given in the
definition of the DtN maps Λ(k) for 1 ≤ k ≤ p. More details
of the merging process can be found in [29].
IV. N UMERICAL

EXAMPLES

In this section, we illustrate our method by a few examples.
The first example involves a periodic array of holes as shown
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in Fig. 1. We have a symmetric slab waveguide with air
claddings. The width and the refractive
√ index of the waveguide
core are w = 0.47 µm and n = 10.1, respectively. In the
waveguide core, we have a periodic array of 8 air-holes with
the radius r = 0.15 µm, and the period is a = 0.42 µm. The
centers of these holes are located on the central line of the
waveguide core.
In our numerical implementation, the structure is divided
into m = 8 segments by the vertical lines z = zj for
0 ≤ j ≤ m, where zj − zj−1 = a. Each segment contains
exactly one air-hole in the waveguide core. The vertical
lines are chosen so that the center of the air-hole in the
segment given by zj−1 < z < zj is located at the midpoint
(zj−1 + zj )/2. The waveguide core (with an air-hole inside) is
a rectangular cell of the segment. We truncate the x variable so
that the segment contains p = 11 cells (five cells on each side
of the waveguide core) and assume that all cells have the same
size: length a in the z direction and width w in the x direction.
For this example, we can use a small number of cells on
each side of the waveguide core, since the propagating mode
of the slab waveguide (without holes) decays rapidly in the
transverse direction and our special boundary cell can approximate outgoing radiation waves accurately. For discretization,
we use Nz = Nx = 10 points to sample the horizontal and
vertical edges of each cell. The total number of sampling
points in the x direction is thus p × Nx = 110. Therefore, the
operators Qj and Yj are approximated by 110 × 110 matrices.
To initialize Qm in the DtN operator marching scheme and
to solve u at z0 once Q0 is obtained, we need the square
root operator (L0 = L∞ here). For that purpose, we use a
fourth order finite difference method [30] to approximate the
transverse differential operator by a matrix based on the same
set of sampling points of x, then calculate the square root
of the matrix using its eigenvalue decomposition. To reduce
reflections due to the truncation of the x variable, we use
a perfectly matched layer (PML) [27] of 0.47 µm at each
end of the x interval. The parameters used in the PML are
chosen following the procedure in [31]. In Fig. 2, we show
1

|T|2,|R|2

0.8
0.6

|T|2
|R|2

0.4
0.2
0
1.5

1.55

1.6
1.65
λ[µm]

1.7

1.75

Fig. 2. The transmission and reflection spectra of a symmetric slab waveguide
with 8 holes in the core. T and R are the normalized amplitudes of the
fundamental mode in the transmitted and reflected waves.

the transmission and reflection spectra for the TE polarization,
where the incident wave is the fundamental mode of the zinvariant waveguide without the holes. The results in Fig. 2
are confirmed by additional calculations using more cells in
each segment and more sampling points on each edge of the
cells.
Next, we consider some examples originally analyzed in [8].
Three structures are shown in Fig. 3 and they are formed by
x
z
a

(a)
z0

z1

d
z2

z3 z4

w
z5

z6

z7

x
z
d

a

(b)

d

w

x
z
(c)

a

d

d

w

Fig. 3. Waveguide structures with air-holes in the core originally analyzed in
[8]. Microcavities are created by increasing the distance between neighboring
air-holes from a to d.

embedding a series of air-holes in a symmetric slab waveguide
with air claddings. The refractive index and the width of
waveguide core are n = 3.3 and w = 0.26 µm, respectively,
and the radius of the air-holes is r = 0.067 µm. The airholes are arranged along the central line of the waveguide
core. The normal distance between two nearby air-holes is
a = 0.215 µm. However, the distance may be increased
to d = 0.26 µm to create a microcavity in the waveguide.
Structure (a) has 6 air-holes and one microcavity at the center.
Both structures (b) and (c) have two microcavities, and they
have 8 and 11 air-holes, respectively.
To use the DtN map method developed in Sections II and
III, we divide each structure into m segments, where m is
the number of holes plus the number of microcavities. There
are only two different types of segments, namely, the segments
containing air-holes in the middle and the z-invariant segments
of the microcavities. The lengths (in the z-direction) of these
two types of segments are a and d − a, respectively. The
transverse variable x is truncated to cover 9 cells of the same
size in each segment or 4 cells in each side of the waveguide
core. In the fully discrete case, each vertical edge of length
w is sampled by Nx = 8 points, while a horizontal edge
is sampled by Nz = 8 points for segments with holes and
Nz = 3 points for segments of the microcavities. Therefore,
the total number of discrete points in the x direction is 72.
As before, for boundary conditions at z0 and zm , we use a
fourth order finite difference scheme [30] and PMLs of width
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w to discretize the transverse operator based on the same set
of points for x. In Fig. 4, we show the transmission spectra

|T2|

1
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0
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0.86

1
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0.5
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0.8
0.82
Wavelength (µm)

0.84
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Fig. 4. Transmission spectra for structures (a), (b) and (c) shown in Fig. 3,
where T is the amplitude of the fundamental TM mode of the transmitted
wave.

of these three structures for the TM polarization, where the
incident wave is the fundamental mode of the slab waveguide
without holes. For the first two structures, our results agree
reasonably well with the FDTD results reported in [8]. For
structure (c), the transmission spectra we obtained does not
have a flat top. We have validated the results in Fig. 4
by separate calculations based on the eigenmode expansion
method using up to 200 z-invariant segments for each hole.
V. C ONCLUSION
In this paper, we developed a DtN map method for 2D slab
waveguides with an array of holes in the waveguide core. The
2D structures we studied can be regarded as models for true
three dimensional waveguide structures reported in [5], [7]–
[9]. The DtN map method was previously used to study finite
photonic crystals in [25] and piecewise uniform waveguides in
[22], [23]. The segments used in this paper are different, since
they are unbounded in the transverse direction and contain
holes. To find the DtN map for such a segment, we divide it
into a number of cells and merge the DtN maps of these cells.
A special construction for boundary cells was developed to
simulate the outgoing radiation condition. Although we have
to manipulate a pair of operators Qj and Yj , they can be
approximated by matrices of relatively small sizes. Existing
numerical methods for piecewise uniform waveguides are not
very efficient if a large number of z-invariant segments with
different refractive index profiles are involved. In particular,
the eigenmode expansion method would require the solution
of eigenmodes for all different profiles. Overall, our method
is efficient because it jumps over the holes, instead of approximating each hole by many small z-invariant segments.
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