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Abstract
For optical waveguides with high index-contrast and sharp corners, existing
full-vectorial mode solvers including those based on boundary integral equations typically have only second or third order of accuracy. In this paper, a
new full-vectorial waveguide mode solver is developed based on a new formulation of boundary integral equations and the so-called Neumann-to-Dirichlet
operators for sub-domains of constant refractive index. The method uses the
normal derivatives of the two transverse magnetic field components as the
basic unknown functions, and it offers higher order of accuracy where the order depends on a parameter used in a graded mesh for handling the corners.
The method relies on a standard Nyström method for discretizing integral
operators and it does not require analytic properties of the electromagnetic
field (which are singular) at the corners.
Keywords: Optical waveguide, waveguide mode solver, boundary integral
equation, Neumann-to-Dirichlet operator.

✩

This research was partially supported by a grant from City University of Hong Kong
(Project No. 7008107).
Email addresses: luwan@mail.ustc.edu.cn (Wangtao Lu), mayylu@cityu.edu.hk
(Ya Yan Lu)

Preprint submitted to Elsevier

October 10, 2011

1. Introduction
Optical waveguides [1, 2, 3] are structures that guide the propagation
of light. They are the fundamental components in communications systems
and integrated optical circuits. In recent years, many optical waveguides
with complicated structures have appeared. For example, photonic crystal
fibers and plasmonic waveguides have been extensively studied due to their
many unique properties which are not available in traditional waveguides.
Although many numerical methods have been developed for analyzing optical waveguides, accurate numerical simulations for some recently developed
optical waveguides remain time consuming.
For a given optical waveguide, the most important mathematical problem
is to calculate its guided modes which propagate along the waveguide axis.
For an optical waveguide with its axis in the z direction, a guided mode is a
special solution of the Maxwell’s equations where the electromagnetic fields
depend on z as eiβz for a real constant β (the so-called propagation constant).
This is an eigenvalue problem formulated on the plane perpendicular to the
waveguide axis (i.e., the xy plane), where β 2 is the eigenvalue. For waveguides with high index-contrast, sharp corners and complex micro-structures,
analytic approximations leading to scalar or semi-vectorial models are no
longer valid, a rigorous full-vectorial analysis based on the Maxwell’s equations is needed. Numerical methods that discretize the cross section of the
waveguide give rise to linear matrix eigenvalue problems. The discretization
can be obtained by the finite difference method [4, 5, 6, 7, 8, 9, 10, 11, 12], the
finite element method [13, 14, 15, 16, 17, 18, 19, 20], the multi-domain pseudospectral method [21, 22, 23], etc. The resulting matrices are often very
large, and the matrix eigenvalue problem can only be solved by iterative
methods and the accuracy may be limited.
A different approach is to formulate a nonlinear eigenvalue problem
F (β)φ = 0

(1)

where F is a much smaller square matrix. The propagation constant β is
determined from the condition that the matrix F (β) is a singular. Numerical methods using this nonlinear approach include the film mode matching
method [24, 25, 26, 27, 28], the multipole method [29, 30, 31, 32, 33, 34]
and the boundary integral equation (BIE) method [35, 36, 37, 38, 39, 40],
etc. The film mode matching is quite successful, but it is only applicable
to waveguides with vertical and horizontal refractive index discontinuities.
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The multipole method is accurate for photonic crystal fibers with circular
inclusions, but it cannot be easily extended to other optical waveguides. The
BIE method is more general. Its only restriction is that the refractive index
has to be piecewise constant.
Dielectric corners are the main source of difficulty for waveguide mode
solvers, since electromagnetic fields can diverge at the corners [41, 42, 43, 44].
For the finite difference method, much effort has been devoted to accurate
discretization at the corners [8, 11]. For the finite element method, careful
mesh refinements near the corners are necessary. For the BIE method, Lu
and Yevick [37, 38] developed boundary element discretizations that take
special care of the corner singularity based on analytic properties of the
electromagnetic fields at the corners, but their numerical results only reveal
a second order of accuracy.
In this paper, we develop a new high order full-vectorial BIE waveguide
mode solver which is relatively simple to implement and gives accurate results. Our method uses BIEs to calculate the so-called Neumann-to-Dirichlet
(NtD) operators for sub-domains of constant refractive index. The integral
operators are discretized by a Nyström method with a graded mesh technique
to take care of the corners. Unlike some BIE formulations, our method is
applicable to optical waveguides in integrated optics where the background
is usually a layered medium.
2. Eigenvalue problem
We consider a dielectric waveguide characterized by a z-independent refractive index function n = n(x, y), where {x, y, z} is a Cartesian coordinate
system, z is the variable along the waveguide axis, x and y are the transverse
variables, and n is real positive and piecewise constant. For time-harmonic
waves that depend on time as exp(−iωt), where ω is the angular frequency,
the governing equations are the following Maxwell’s equations:
∇ × E = ik0 H,

∇ × H = −ik0 ε E.

(2)

In the above, E is the electric field, H is the magnetic field (multiplied by
the free space impedance), k0 = ω/c0 is the free space wavenumber, c0 is the
speed of light in vacuum, and ε = n2 is the relative permittivity or dielectric
function. A waveguide mode is a special solution of (2), such that E and H
depend on z as exp(iβz) for a constant β (the propagation√constant). For a
guided mode, β is real, and E and H tend to zero as r = x2 + y 2 → ∞.
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The Maxwell’s equations give rise to eigenvalue problems for waveguide
modes. If the two transverse components of the magnetic field are used, the
eigenvalue problem is


A11
A21

A12
A22



Hy
Hy
= β2
,
−Hx
−Hx






(3)

where Hx and Hy are the x and y components of H, A11 , A12 , A21 and A22
are differential operators given by
A11 = ε∂x (ε−1 ∂x ·) + ∂y2 + k02 ε,

(4)

2
A21 = ε∂y (ε−1 ∂x ·) − ∂yx
,

(6)

2
A12 = ε∂x (ε−1 ∂y ·) − ∂xy
,
−1

A22 = ε∂y (ε ∂y ·) +

∂x2

+

k02 ε.

(5)
(7)

When the xy plane (perpendicular to the waveguide axis) is properly truncated and discretized, Eq. (3) leads to a linear matrix eigenvalue problem,
where β 2 is the eigenvalue, but the involved matrices are often very large.
The BIE method is applicable to waveguides with piecewise constant
refractive index profiles. Most optical waveguides appeared in applications
indeed have piecewise constant refractive indices, since they are engineered
structures. For a waveguide mode with propagation constant β and in a
domain Ω of constant refractive index n (relative permittivity ε = n2 ), all
six components of the electromagnetic fields satisfy the Helmholtz equation:
∂x2 u + ∂y2 u + η u = 0 for (x, y) ∈ Ω,

(8)

where η = k02 ε − β 2 . Notice that η is positive in the waveguide core, and it
is usually negative outside the core. In the latter case, Eq. (8) becomes the
modified Helmholtz equation. In existing full-vectorial BIE formulations, the
two z components of the electromagnetic fields, Ez and Hz , are used, then
along a dielectric interface Γ, it is necessary to enforce the continuity of
ε
β
∂ν Ez +
∂τ Hz
η
k0 η

and

1
β
∂ν Hz −
∂τ Ez ,
η
k0 η

(9)

where ν = (νx , νy ) is a unit normal vector, τ = (−νy , νx ) is a unit tangential
vector, ∂ν and ∂τ are normal and tangential derivative operators along Γ.
In domain Ω, both Ez and Hz satisfies the Helmholtz equation (8). On
the boundary of domain Ω, denoted as ∂Ω, if we first calculate the Dirichletto-Neumann (DtN) map Λ such that Λu = ∂ν u on ∂Ω for any u satisfying (8),
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then ∂ν Ez and ∂ν Hz can be expressed in terms of Ez and Hz , respectively.
However, for domains with corners, accurate matrix approximations of the
DtN maps are difficult to obtain. Our approach is based on the inverse of
DtN map, namely, the Neumann-to-Dirichlet (NtD) map N . The operator
N satisfies
N ∂ν u = u on ∂Ω,
(10)
where u is any solution of Eq. (8). If we consider ∂ν Ez and ∂ν Hz as the
unknown functions defined on ∂Ω, then Ez = N ∂ν Ez , Hz = N ∂ν Hz , and
the two functions in (9) can also be evaluated if the tangential derivative
operator is approximated.
We prefer to use the normal derivatives of the two transverse magnetic
field components, i.e., φx = ∂ν Hx and φy = ∂ν Hy , as the unknown functions
on ∂Ω, since Hx and Hy are the smoothest functions among the six components [8]. We choose to impose the interface conditions from the continuities
of Hx , Hy , Hz and Ez . The transverse electric field components Ex and Ey
are intentionally avoided, since they always diverge at the corners. If φx and
φy are given, the two transverse magnetic field components can be easily
evaluated by the NtD map:
Hx = N φ x ,

Hy = N φ y .

(11)

The two z components are related to the derivatives of Hx and Hy . Since
the magnetic field H is divergence free, we have
∂x Hx + ∂y Hy + iβHz = 0.

(12)

From the z component of the curl H equation in (2), we obtain
ik0 εEz = ∂y Hx − ∂x Hy .

(13)

Re-writing the partial derivatives with respect to x and y as linear combinations of the normal and tangential derivatives, we have
ik0 εEz = νy ∂ν Hx + νx ∂τ Hx − νx ∂ν Hy + νy ∂τ Hy ,
−iβHz = νx ∂ν Hx − νy ∂τ Hx + νy ∂ν Hy + νx ∂τ Hy ,

(14)
(15)

where νx and νy are the components of the unit normal vector. We introduce a
matrix operator M (the magnetic transverse-to-longitudinal (TtL) operator)
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that maps the transverse magnetic field components to the two z components
(the longitudinal components), that is,


Ez
φ
=M x .
Hz
φy






(16)

From Eqs. (14) and (15), we obtain
M=



ik0 ε
−iβ

−1 

νy + νx D, −νx + νy D
,
νx − νy D, νy + νx D


(17)

where D = ∂τ ◦ N is the composition of the NtD map with the tangential
derivative operator. Clearly, if the tangential derivative operator is approximated, M can be easily evaluated.
To establish a nonlinear eigenvalue problem, we divide the xy plane
(which may be truncated) into domains of constant refractive index, assuming that the boundaries of these domains are piecewise smooth. The
simplest kind of optical waveguides consists of a high-index core embedded
in a low-index surrounding medium. For such a waveguide, the xy plane is
divided into two domains: a bounded domain for the waveguide core and
an unbounded domain for the surrounding medium. An example involving
a trapezoidal core is shown in Fig. 1(a). For waveguides with a layered sur-

Figure 1: Optical waveguides with a waveguide core surrounded by a homogeneous medium
(a) or a layered medium (b).

rounding medium, the xy plane is first truncated and then divided into a
number of domains. As an example, a rectangular waveguide on top of one
medium and covered by a different medium is shown in Fig. 1(b). In that
case, the xy plane is truncated and divided into three domains. The boundaries of all these domains consist of a few smooth segments. The trapezoidal
waveguide shown in Fig. 1(a) has four boundary segments. The truncated
6

domain for the rectangular waveguide shown in Fig. 1(b) has six interior
boundary segments and two exterior boundary segments. The six interior
boundary segments consist of four segements for the boundary of the rectangular core, and two segments for the horizontal interface between the top and
bottom media of refactive indices n2 and n3 . Notice that the entire horizontal
interface on top of the n3 medium is broken into three segments. The two
exterior segments are the boundary segements in the upper and lower planes
for the domains with refractive indices n2 and n3 , respectively. For truncating the xy plane, the exterior boundary segments should be sufficiently far
away from the waveguide core, so that both φx and φy can be approximated
by zero. Each interior boundary segment is shared by two neighboring domains. Since φx and φy are usually not continuous on dielectric interfaces,
+
−
−
we have four unknown functions φ+
x , φy , φx and φy on an interior segment,
where the superscripts denote one-sided limits. On each interior boundary
segment, we establish four equations based on the continuity of Hx , Hy , Hz
and Ez using the NtD and magnetic TtL operators of the two neighboring
domains. All these equations give rise to the system (1), where φ denotes
−
−
+
φ+
x , φy , φx and φy on all interior boundary segments.
In our actual numerical implementation, the procedure given above is
slightly modified to produce a more stable method. The details are given in
Section 5.
3. Neumann-to-Dirichlet map
For a domain Ω with a constant refractive index n and a piecewise smooth
boundary ∂Ω, an accurate numerical method is available for computing its
NtD map N [45]. The method uses a boundary integral equation, discretizes
the integral operators by a Nyström method and works on a graded mesh
when Ω has corners. We summarize the key steps of this method in this
section.
If u satisfies the Helmholtz equation (8) in Ω and if the boundary ∂Ω is
smooth, then u and ∂ν u satisfy the following boundary integral equation
(1 + K)u = S ∂ν u on ∂Ω,

(18)

where ν is an outward normal vector of ∂Ω, S and K are boundary integral
operators defined as
(Sψ)(r) = 2

Z

∂Ω

G(r, r̃)ψ(r̃) ds(r̃),
7

r ∈ ∂Ω,

(19)

(Kψ)(r) = 2

Z

∂Ω

∂G(r, r̃)
ψ(r̃) ds(r̃),
∂ν(r̃)

r ∈ ∂Ω,

(20)

G is the Green’s function of the Helmholtz equation
i (1) √
G(r, r̃) = H0 ( η|r − r̃|),
4

r 6= r̃,

(21)

(1)

H0 is a Hankel function, r = (x, y) and r̃ = (x̃, ỹ). From (18), we can
calculate the NtD map by N = (1 + K)−1 S.
The integral operators S and K can be discretized by a Nyström method
as described in [46]. If ∂Ω has parametric representation
0 ≤ γ ≤ L,

r(γ) = [x(γ), y(γ)],

(22)

then Eq. (18) can be transformed to
u(γ) +

Z

L
0

K(γ, γ̃)u(γ̃)dγ̃ =

Z

L

0

S(γ, γ̃)∂ν u(γ̃)dγ̃,

(23)

for two kernel functions K and S, where u(γ) and ∂ν u(γ) denote u(r(γ))
and ∂ν u(r(γ)), respectively. To discretize Eq. (23), we split each kernel as
the sum of a smooth part and a part with a simpler logarithmic singularity, then evaluate them by the trapezoidal rule and the quadrature formula
of Martensen and Kussmaul [46, 47, 48] respectively, based on a uniform
discretization of γ. This leads to matrix approximations for S and K, and
therefore N . When Ω is not the waveguide core and η in Eq. (8) is negative, it is necessary to modify the above kernel-splitting technique to avoid
numerical instabilities caused by some exponentially growing terms [35].
If ∂Ω is piecewise smooth, then Eq. (18) should be revised as
(θ/π + K)u = S ∂ν u on ∂Ω,

(24)

where θ = θ(r) is the interior angle of Ω at r ∈ ∂Ω. If ∂Ω has a few corners,
then θ(r) 6= π only at these corners. To avoid the discontinuous function
θ(r), we follow [46, 49], consider the Laplace equation ∂x2 u0 + ∂y2 u0 = 0 and
the related boundary integral equation
(θ/π + K0 )u0 = S0 ∂ν u0

on ∂Ω,

(25)

where S0 and K0 are defined as S and K with G replaced by
G0 (r, r̃) =

−1
ln |r − r̃|,
2π
8

r 6= r̃.

(26)

In particular, if we choose u0 = 1, then
θ/π + K0 1 = 0 on ∂Ω,

(27)

where K0 1 is a function defined on ∂Ω and it is obtained by applying K0 on
the constant function 1. Replacing θ/π by −K0 1 in Eq. (24), we obtain
(K − K0 1)u = S∂ν u on ∂Ω.

(28)

Therefore, the NtD map is given by N = (K − K0 1)−1 S. If Ω is the exterior
of a bounded domain, we need to re-write the boundary integral equation of
the Laplace equation for a domain between ∂Ω and a large circle. This leads
to
(K − K0 1 − 2)u = S∂ν u on ∂Ω.
(29)
In that case, the NtD map is given by N = (K − K0 1 − 2)−1 S.
One way to take care of the singularities at the corners is to use a graded
mesh such that the new integrands are smooth up to certain order, and
then apply the same Nyström method and quadrature formulae [46, 49, 50].
The graded mesh corresponds to a scaling function γ = w(ζ) and a uniform
discretization in ζ, where γ is the original parameter in the parametric representation (22). Let the corners be given by rj = r(γj ) for 0 ≤ j ≤ j∗ , where
γ0 = 0 and γj∗ = L correspond to the same corner, then the scaling function
is
w(ζ) =

γj+1w1p + γj w2p
w1p + w2p

for ζ (j) ≤ ζ ≤ ζ (j+1),

j = 0, 1, ..., j∗ − 1,

where ζ (j) corresponds to a corner point, i.e., γj = w(ζ (j)), and
w1 =

!

1 1 3 ξ 1
ξ + + ,
−
2 p
p 2

w 2 = 1 − ω1 ,

ξ=

2ζ − [ζ (j) + ζ (j+1) ]
.
ζ (j+1) − ζ (j)

The integer p is the graded mesh order. The derivatives of w up to order p−1
vanish at the corner points. When ζ is uniformly discretized on the interval
[ζ (j), ζ (j+1) ], the corresponding points of γ are densely distributed near γj and
γj+1. However, the maximum derivative of w is just 2(γj+1 − γj )/[ζ (j+1) −
ζ (j)], which is obtained at the midpoint [ζ (j) + ζ (j+1) ]/2. Therefore, the
discretization points of γ will not be widely separated even when p is large.
Assuming that ζ (0) = 0 and ζ (j∗ ) = L̃, the parameter ζ is then discretized
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uniformly as ζk = k L̃/N for an integer N and 0 ≤ k ≤ N. In particular, we
assume that all corner points, ζ (j) for 0 ≤ j < j∗ , are discretization points of
ζ. Based on the graded mesh and the Nyström method, we can approximate
S, K and K0 by matrices and then find the NtD map N . Notice that K0 1 in
Eq. (29) corresponds to a diagonal matrix where the diagonal elements are
the row sums of the matrix K0 .
4. Tangential derivative
In section 2, we introduced an operator M that links the normal derivatives of transverse magnetic field components and the z components, and it
depends on the NtD map N and the tangential derivative operator ∂τ . Let
u(r) be a function defined on ∂Ω, for the original parametric representation
(22) and if r(γ) is not a corner point, the tangential derivative is given by
∂τ u(r(γ)) =

1
|r ′ (γ)|

du(r(γ))
,
dγ

(30)

q

where |r ′ (γ)| = [x′ (γ)]2 + [y ′ (γ)]2 . When the graded mesh is used through
the substitution γ = w(ζ), the tangential derivative is given by
∂τ u(r(w(ζ)) =

1
|r ′ (w(ζ))| w ′(ζ)

du(r(w(ζ)))
.
dζ

(31)

To simplify the notations, we denote u(r(w(ζ))) by u(ζ). Since u(ζ) is
periodic in ζ and we are given u(ζk ) for 0 ≤ k < N based on a uniform discretization of ζ, we can approximate du/dζ through an approximate Fourier
series of u(ζ). More specifically, if N is an even integer, we have
N/2−1

u(ζ) ≈

X

ûl exp(i2πlζ/L̃),

(32)

l=−N/2

where the coefficients are calculated from the discrete Fourier transform
ûl =

−1
1 NX
u(ζk ) exp(−i2πlk/N),
N k=0

−

N
N
≤l< .
2
2

(33)

Therefore, we can evaluate du/dζ at the N points by
N/2−1
X i2πl
du
(ζk ) ≈
ûl exp(i2πlk/N),
dζ
l=−N/2 L̃
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k = 0, 1, ..., N − 1.

(34)

This leads to a differentiation matrix Dζ , such that
du
≈ Dζ u,
dζ

(35)

where u is a column vector of length N for u(ζk ), 0 ≤ k < N. The case for
an odd integer N is similar.
At a corner, the tangential derivative does not exist. This is reflected
by the fact that w ′ = 0 and du/dζ = 0 at the corner, thus formula (31) is
no longer applicable. Meanwhile, some points in the graded mesh are very
close to the corners, and w ′ for these points are extremely small. Formula
(31) for the tangential derivative involves a division by w ′ (ζ) which amplifies
round-off error and induces numerical instability. We propose an alternative
formulation in the next section.
5. Improved formulation
To develop a numerically more stable method, we replace the two basic
functions φx and φy (the normal derivatives of Hx and Hy ) by
φ̃x = w ′∂ν Hx ,

φ̃x = w ′ ∂ν Hy ,

(36)

where w(ζ) is the scaling function used to define the graded mesh. On
interfaces between different domains of constant refractive index, we impose
the continuity of Hx , Hy , w ′ Ez and w ′Hz . Therefore, we need to revise the
NtD map N and the magnetic TtL operator M.
For the integral operator S given in (19), when the parametric representation (22) and the scaling γ = w(ζ) is used, we have
ds(r) = |r ′(γ)| dγ = |r ′ (w(ζ))|w ′(ζ) dζ.
Therefore, there is an operator S̃, such that Sψ = S̃(w ′ψ). If we use this
relation in boundary integral equation (29), we obtain a modified NtD map
Ñ , such that Ñ (w ′∂ν u) = u. Therefore for Hx and Hy , we have
Hx = Ñ φ̃x ,

Hy = Ñ φ̃y .

(37)

For the tangential derivative, we multiply w ′ to both sides of (31) and
obtain
w ′ ∂τ u = |r ′|−1 ∂ζ u.
(38)
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This leads to
w ′ ∂τ Hx = D̃φ̃x ,

w ′ ∂τ Hy = D̃ φ̃y ,

(39)

where D̃ = |r ′ |−1 ∂ζ ◦ Ñ . Meanwhile, multiplying w ′ to Eqs. (14) and (15),
we obtain
 ′



w Ez
φ̃x
= M̃
,
(40)
w ′ Hz
φ̃y
where
M̃ =



ik0 ε
−iβ

−1 

νy + νx D̃, −νx + νy D̃
.
νx − νy D̃, νy + νx D̃


(41)

From Eqs. (37) and (40), we can express Hx , Hy , w ′Ez and w ′ Hz in terms
of φ̃x and φ̃y on the boundary of the domain Ω. When the transverse plane
of the optical waveguide is divided into a number of domains with constant
refractive index, we set up four equations on each interior boundary segment
that separates two domains. These four equations come from the continuity
of Hx , Hy , w ′Ez and w ′ Hz , and they are related to φ̃x and φ̃y of these two
domains. Since φ̃x and φ̃y are usually not continuous across a dielectric
±
interface, we have four unknown functions φ̃±
x and φ̃y on each boundary
segments, where the superscripts represent one-sided limits from the two
domains in different sides of the segment. All these equations give rise to the
±
system (1), where φ represents φ̃±
x and φ̃y on all interior boundary segments.
In the fully discrete case, ∂Ω is sampled at N points corresponding to a
uniform discretization of ζ, that is, ζk for 0 ≤ k < N. The modified NtD
map Ñ is represented by an N × N matrix. Notice that these N points
in the graded mesh include a total of j∗ corners points where w ′ = 0. For
(37), if we remove the corner points, φ̃x , φ̃y , Hx and Hy become column
vectors of length N − j∗ and Ñ becomes an (N − j∗ ) × (N − j∗ ) matrix.
The case for (40) and (41) is similar. Before the removal of corner points,
D̃ is the product of three N × N matrices: the diagonal matrix with entries
1/|r ′(w(ζk ))|, the differentiation matrix Dζ given in Section 4, and the matrix
form of the modified NtD map Ñ . After the corner points are removed, w ′ Ez
and w ′ Hz are represented by column vectors of length N − j∗ , D̃ becomes an
(N −j∗ )×(N −j∗ ) matrix and M becomes a 2(N −j∗ )×2(N −j∗ ) matrix. In
(41), νx and νy are represented by diagonal matrices of size (N −j∗ )×(N −j∗ ),
ik0 ε and −iβ should each multiply an (N − j∗ ) × (N − j∗ ) identity matrix.
To solve the nonlinear eigenvalue problem (1), we search the propagation
constant β from
σ1 (F (β)) = 0,
(42)
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where σ1 is the smallest singular value of the matrix F (β). If an good initial
guess for β is not known, a searching method developed by Hochman and
Leviatan [51] can be used. The method involves the generalized singular value
decomposition for a pair of matrices F (β) and F̃ (β), where F̃ (β) is obtained
from F (β) and its effect is to make the physically correct waveguide mode
more dominant.
6. Numerical Examples
In this section, we illustrate our method by a few numerical examples.
First, we consider a bounded waveguide previously analyzed by a number of
authors [8, 11, 23]. The waveguide cross section is a 1µm × 1µm square shown
in Fig. 2(a), where the refractive indices of the lower left corner (a 0.5µm

Figure 2: (a) A bounded waveguide, (b) an open square waveguide, (c) an open waveguide
with a drop-shaped core.

× 0.5µm square) and the other region are n1 √
and n2 = 1, respectively. We
consider two cases: (1) n1 = 1.5, and (2) n1 = 8. The boundary conditions
are Hx = 0 and ∂ν Hy = 0, and they correspond to perfectly electric conductor
vertical boundaries and perfectly magnetic conductor horizontal boundaries.
For the two domains Ω1 and Ω2 with indices n1 and n2 respectively, we
calculate their modified NtD map Ñ and modified magnetic TtL operator
±
M̃, then establish the nonlinear equation (1), where φ represents φ̃±
x and φ̃y
on the two line segments (of length 0.5µm) separating Ω1 and Ω2 , and φ̃x on
the boundary of the waveguide.
At the frequency corresponding to a free space wavelength λ = 2π/k0 =
1.5µm, we calculate the propagation constant β for a few values of the
graded mesh order p and for different number of discretization points. For
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the first case (n1 = 1.5), Chiang et al. [23] obtained an accurate solution β/k0 = 1.27627403771648 based on a Legendre pseudospectral penalty
method. Using p = 8 and NF = 1946, where NF is the size (row or column
numbers) of the square matrix F as in the nonlinear eigenvalue problem (1),
we obtain a reference solution β/k0 = 1.2762740378358. Notice that first
ten digits of these two solutions are identical. Using our reference solution,
we calculate the absolute errors for other numerical solutions obtained using
smaller values of p and NF . The results are shown in Fig. 3 in a logarithmic
−4

10

−5

10

p=5
p=6
p=7

−6

10

−7

10

−8

10
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10

−10

10

−3
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Figure 3: Dependence of the absolute error on the inverse of the matrix size of F for the
bounded waveguide shown in Fig. 2(a) and n1 = 1.5.

scale, where the vertical axis is the absolute error and the horizontal axis is
NF−1 . To estimate the order of accuracy of our numerical method, we calculate local slopes based on two nearby solutions for each curve in Fig. 3. The
results are given in Table 1 (columns 2-4). For this case, our method appears
√
to have at least a (p−1)-th order of accuracy. For the second case (n1 = 8),
we obtain a reference solution β/k0 = 2.65679692423851 using p = 8 and
NF = 1946 and it agrees with Hadley’s result β/k0 = 2.65679692 ± 10−8
given in [8]. In Fig. 4, we show the absolute errors for numerical solutions
corresponding to small values of p and NF . Approximate orders of accuracy
are given in Table 1 (columns 5-7). Apparently, the orders are lower than
14

Matrix size
NF
546, 686
686, 826
826, 966
966, 1106
1106, 1246
1246, 1386
1386, 1526

p=5
4.05
4.09
4.11
4.13
4.15
4.17
4.19

n1 = 1.5
p=6
4.75
4.84
4.90
4.96
5.01
5.06
5.13

p=7
5.46
5.62
5.74
5.85
5.96
6.12
6.36

p=5
3.37
3.42
3.44
3.46
3.48
3.50
3.52

√
n1 = 8
p=6
4.75
4.11
4.15
4.18
4.22
4.27
4.32

p=7
5.05
5.10
5.15
5.23
5.34
5.52
5.83

Table 1: Approximate orders of accuracy for the waveguide shown in Fig. 2(a), estimated
from two solutions of different matrix size NF and a reference solution.

those of the first case. Even for a fixed p, the order of our method may depend on the regularity of the electromagnetic field at the corners. The higher
index-contrast of the second case gives rise to stronger corner singularities
which could reduce the order of our method.
Next, we consider three open waveguides each consisting of a high-index
core and a homogeneous surrounding medium. These waveguides have a
square core, an isosceles trapezoidal core and a drop-shaped core as shown
in Fig. 2(b), Fig. 1(a) and Fig. 2(c), respectively. The square waveguide was
previously analyzed by Hadley [8] and by Lu and Yevick [38]. The
√ size of
the square core is 1µm × 1µm and its refractive index is n1 = 8. The
trapezoidal waveguide is another example considered by Lu and Yevick [38].
The height and the length of the top edge of the isosceles trapezoidal core
√
are both 1µm, its base angle is 80◦ and its refractive index is n1 = 8.
The boundary of the drop-shaped core is given by the following parametric
representation
r(γ) =

√

γ 1
3 sin , − sin γ ,
2 2


0 ≤ γ ≤ 2π,

where the unit is µm, and it refractive index is n1 = 3.4. For all three
waveguides, the medium surrounding the core is air (n2 = 1). We calculate
the propagation constant β at a frequency with a corresponding free space
wavelength λ = 1.5µm. Using p = 8 and NF = 2224, two reference solutions β/k0 = 2.65679553054187 and β/k0 = 2.68364294770014 are obtained
for the square and trapezoidal waveguides, respectively. Up to the first six
digits, our result for the square waveguide agrees with the result of Hadley
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Figure 4: Dependence of the absolute error on the
√ inverse of the matrix size of F for the
bounded waveguide shown in Fig. 2(a) and n1 = 8.

[8] (2.6567969) and the result of Lu and Yevick [38] (2.6567937). For the
trapezoidal waveguide, Lu and Yevick [38] used a small computational window of 2 µm×2 µm, and their result (2.6254) does not agree with ours. Using
these two reference solutions, we calculate the absolute errors of other numerical solutions corresdponding to small values of p and NF . The results are
shown in Fig. 5 and Fig. 6 for the square and trapezoidal waveguides, respectively. In Table 2, we show the approximate orders of accuracy for these two
waveguides. For the drop-shaped waveguide shown in Fig. 2(c), we obtain a
reference solution β/k0 = 3.273944841352 using p = 7 and NF = 1996. The
absolute errors of other numerical solutions for this waveguide are shown in
Fig. 7. The approximate orders of accuracy for this waveguide is given in
Table 3 (columns 1-4).
Finally, we consider a rectangular waveguide where the background is a
layered medium as shown in Fig. 1(b). The waveguide has a 0.5µm × 0.22µm
rectangular core with a refractive index n1 = 3.5 and a two-layer background
with refractive indices n2 = 1 and n3 = 1.45. It corresponds to a silicon
wire on a SiO2 substrate. This waveguide is a related to a structure studied
by a number of groups in [52]. Their structure has a finite SiO2 layer (of
16
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Figure 5: Dependence of the absolute error on the inverse of the matrix size of F for the
square waveguide shown in Fig. 2(b).
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Figure 6: Dependence of the absolute error on the inverse of the matrix size of F for the
trapezoidal waveguide shown in Fig. 1(a).
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Matrix size
NF
624, 784
784, 944
944, 1104
1104, 1264
1264, 1424
1424, 1584
1584, 1744

Square waveguide
p=5 p=6 p=7
3.45
4.00
3.25
3.48
4.07
4.14
3.50
4.12
4.54
3.51
4.17
4.83
3.53
4.21
5.12
3.54
4.23
5.53
3.56
4.32
6.07

Trapezoidal waveguide
p=5 p=6 p=7
3.69
5.09
4.78
3.63
4.66
4.80
3.61
4.53
4.89
3.60
4.48
4.97
3.59
4.47
5.07
3.59
4.47
5.20
3.59
4.49
5.41

Table 2: Approximate orders of accuracy estimated from two solutions of different matrix
size NF and a reference solution, for the square and trapzoidal waveguides shown in
Fig. 2(b) and Fig. 1(a), respectively.
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Figure 7: Dependence of the absolute error on the inverse of the matrix size of F for the
drop-shaped waveguide shown in Fig. 2(c).
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Drop-shaped waveguide
NF
p=4 p=5 p=6
636, 796
2.53
3.06
3.62
796, 956
2.54
3.12
3.77
956, 1116
2.54
3.13
3.92
1116, 1276 2.54
3.07
3.12
1276, 1436 2.39
3.10
3.60
1436, 1596 2.81
3.09
4.56

Rectangular waveguide
NF
p=4 p=5 p=6
1320, 1512 1.30
4.06
5.85
1512, 1704 1.66
3.87
6.14
1704, 1896 1.86
3.70
6.45
1896, 2088 1.98
3.57
6.80
2088, 2280 2.06
3.46
7.18
2280, 2472 2.12
3.38
7.63

Table 3: Approximate orders of accuracy estimated from two solutions of different matrix
size NF and a reference solution, for the drop-shaped waveguide shown in Fig. 2(c) and
rectangular waveguide shown in Fig. 1(b).

thickness 1µm) and a lower silicon substrate with the same refractive index
as the core. It is a leaky waveguide for which the propagation constant β is
complex. However, the real part of their β should be quite close to our β.
We calculate the guided mode of this rectangular waveguide for free space
wavelength λ = 1.55µm. To formulate the nonlinear eigenvalue problem (1),
we need to calculate the relevant operators for the three domains Ω1 , Ω2 and
Ω3 corresponding to the refractive indices n1 , n2 and n3 , where Ω2 and Ω3 are
unbounded. Since the interface between the two background media extends
to infinity, it is necessary to truncate Ω2 and Ω3 . On the external boundaries
of the truncated domains in the upper and lower half-planes, we assume that
∂ν Hx and ∂ν Hy are zero. Of course, the numerical solutions now depend
on the size of the truncated domains. Since the electromagnetic field of a
guided mode decays exponentially away from the core, the above truncation
process is feasible in practice. For a truncated domain corresponding to
|x| < 1.45µm on the x-axis, we calculate the propagation constant for 4 ≤
p ≤ 7 and for different values of NF . These numerical solutions converge to
β/k0 = 2.41237200. This agrees with the best result (2.412372) given in [52].
In Fig. 8, we show the dependence of the absolute errors of the numerical
solutions on the size of the matrix F . In Table 3 (columns 5-8), we show the
estimated orders of accuracy. The size of the truncated domain appears to
be sufficiently large. In fact, on a smaller truncated domain corresponding to
|x| < 1.05µm, we obtain solutions with the same first 7 digits (i.e., 2.412372).
It is relatively difficult to obtain an accurate solution for this waveguide, since
we need six interior segments to formulate the nonlinear eigenvalue problem
and the size of matrix F increases rapidly as the number of points on each
19
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Figure 8: Dependence of the absolute error on the inverse of the matrix size of F for the
rectangular waveguide with a layered background shown in Fig. 1(b).

segment is increased. When NF is large, the problem becomes ill-conditioned,
in the sense that the matrix F is nearly singular even if β is not close to a
propagation constant. In that case, the round-off errors set a limit on the
obtainable accuracy of the numerical solutions.
7. Conclusion
In this paper, we developed a new full-vectorial boundary integral equation method for computing guided modes of optical waveguides. The method
is applicable to waveguides with high index-contrast, sharp corners and layered background. The integral equations are used to compute the Neumannto-Dirichlet operators for sub-domains of constant refractive index on the
transverse plane of the waveguide, and they are discretized by a Nyström
method with a graded mesh for handling the corners. Unlike previous fullvectorial boundary integral equation formulations based on the two longitudinal components, we use the normal derivatives of the two transverse components of the magnetic field as the basic unknown functions. For waveguides
with corners, general mode solvers with high order of accuracy are difficult to
20

find, since the electromagnetic fields diverge at the corners. The performance
of our method depends on the graded mesh order p and also on the problem,
possibly due to the different field singularities at different corners. In general,
a larger p gives a higher order of accuracy. For the examples studied in this
paper, we have obtained sufficiently accurate solutions for 4 ≤ p ≤ 8.
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