
3076 IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT, VOL. 63, NO. 12, DECEMBER 2014

Robust Camera Calibration by Optimal Localization
of Spatial Control Points

Jianyang Liu, Youfu Li, and Shengyong Chen, Senior Member, IEEE

Abstract— This paper proposes a novel method for localization
optimization of control points for robust calibration of a pinhole
model camera. Instead of performing accurate subpixel control
point detection by specialized operators, which are normally
adopted in conventional work, our proposed method concentrates
on estimating the optimal control points in regions of plausibility
determined by distortion bias from perspective distortion, lens
distortion, and localization bias from out-of-focus blurring. With
this method, the two main strict preconditions for camera
calibration in conventional work are relieved. The first one is that
the input images for calibration are assumed to be well focused
and the second one is that the individual control point needs
to be detected with high accuracy. In our work, we formulate
the accurate determination of control points’ localization as an
optimization process. This optimization process takes determined
control points’ uncertainty area as input. A global searching
algorithm combined with Levenberg–Marquardt optimization
algorithm is introduced for searching the optimal control points
and refining camera parameters. Experimental results show
that the proposed method achieves higher accuracy than the
conventional methods.

Index Terms— 2-D control point localization optimization,
camera calibration, out-of-focus blurring, perspective distortion,
points’ uncertainty area (PUA).

I. INTRODUCTION

CAMERA calibration using a specified mathematical
model with [1], [2], [4] or without considering lens

distortion model [7], [8] is an essential step in the optical
measurement. A number of methods have been investigated
in this issue, which can be simply divided into three cate-
gories: 3-D reference-object-based calibration [1], 2-D planar-
based calibration [2], [3], and self-calibration [9]. In the
first category, a well-made 3-D calibration target with known
geometry is needed to establish the 3-D points on the object
and the corresponding 2-D image point on the image plane.
The 2-D planar-based calibration method [2] requires a planar
pattern with a few different orientations for camera calibration.
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Comparing with the 3-D reference-object-based method, it
is more flexible. Moreover, the algorithm has been imple-
mented in many software, such as MATLAB toolbox [10],
OpenCV [11], and so on. The last category is usually called
self-calibration method, which does not need any objects of
specific known dimension, or even without any calibration
objects. In this paper, our method falls into the second cat-
egory, and we take the example on the traditional pinhole
camera model.

In the process of pinhole model camera calibration, the
3-D object points are always assumed to project on the camera
image plane through perspective transformation. The points
on the image plane are called control points or feature points.
Recently, the problem on how to accurately extract the con-
trol points received increasing interest. Pervious contributions
[12], [13] showed that precise location of the control points
in an image is extremely important for camera calibration.
In this paper, the 2-D checkerboard pattern on a calibration
target (LCD panel) is selected for verification. It is worth
to note that, our algorithm implementation is not limited to
the checkerboard pattern, the circle, or the ring pattern can
also be adopted. Considering typical application cases, such
as some 3-D shape measurement system [16]–[19] and robotic
navigation [20], input images for calibration commonly have
various degree of defocus blurring. Moreover, lens focalization
in these kinds of system is a tedious work if a camera is not
equipped with an autofocus device. Even if it could focus
automatic, areas in the computed images still have various
degree of defocus blurring, because some prime lenses have
narrow depth of focus due to its big aperture. Thus, in the out-
of-focus area of the input images, the conventional extraction
methods of control points cannot be directly used any more.
More recently, numbers of control points extraction methods
[13], [14] have been improved and perspective distortion is
considered combining with conventional extraction methods
of control points to get more accurate localization of control
points. However, all these methods normally assume that the
input images captured by camera are in good focus. To the best
of our knowledge, little work is done in considering out-of-
focus blurring influence together with perspective distortion
and lens distortion bias for pinhole camera calibration. The
most-similar one to our work is [21]. However, they proposed
a unified method that just added reprojection blur width error
of control points into the conventional cost function of repro-
jection control point error for camera parameters estimation.
Moreover, the quantitative result of calibration accuracy was
not reported in their work. In this paper, we focus on obtaining
the accurate 2-D control point localization under a small
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amount out-of-focus blurring condition for camera calibration.
When the images for calibration are captured with severe
blurring, even we could get the accurate localization of 2-D
control points, using these estimated control points to obtain
the camera parameters (i.e., the focus length of the system)
would become severe biased or even meaningless.

To handle the problem of how to accurate determine
the localization of control points under a certain degree of
defocus blurring, perspective distortion, and lens distortion,
we propose a novel generic localization optimization method
of 2-D control points for camera’s parameters estimation.
In this method, we first determine the points’ uncertainty area
(PUA) map for potential optimal 2-D control points which
by considering localization bias stem from out-of-focus blur-
ring, distortion bias from perspective transformation, and lens
distortion. Then, an optimal 2-D control points searching algo-
rithm together with Levenberg–Marquardt (L–M) optimization
algorithm are developed to accurately obtain the optimal 2-D
control points meanwhile refining the parameters of a general
pinhole model camera. The rest of the paper is organized as
follows. In Section II, we give a brief review of camera model
and the pinhole camera model with lens distortion is adopted.
Section III introduces the initial parameters estimation of a
pinhole model camera using traditional methods and available
software. Section IV presents the method of PUA determina-
tion by considering localization bias stem from out-of-focus
blurring, distortion bias from perspective transformation, and
lens distortion. Also in this section, we develop the 2-D
optimal control points searching algorithm combined with the
L–M optimization algorithm for accurate determine the spatial
localization of control points meanwhile robustly refining the
camera’s parameters. A summary about the whole procedure
of the proposed method is also given in the end of this section.
Section V lists the evaluation methods of conventional camera
calibration. In Section VI, experimental results that consider
the hypothetic in-focus condition and under a certain different
degree of defocus blurring situations are provided to verify
the calibration accuracy, and we give some discussion in
Section VII and conclude this paper in Section VIII.

II. CAMERA MODEL WITH LENS DISTORTION

BRIEF REVIEW

Camera calibration consists in the estimation of a mathe-
matical model for an uncalibrated camera. Dating from 60s of
the last century, numbers of mathematical models for camera
have been presented. According to the optimization algorithm
for obtaining the camera’s parameters, these models can be
roughly divided into three categories. The first model is based
on conventional method in photogrammetry. Faig [6] presented
a mathematical camera model for the imaging process. The
model describes the constraint relationship between the image
and the 3-D object space using at least 17 parameters for each
image view. It is proved to be accurate in 3-D reconstruction
task, but meanwhile, it requires specific professional camera.
The second one is the famous direct linear transformations
model (DLT) which was first presented in [7]. The parameters
are obtained by solving linear equations. Then, the linear

Fig. 1. Mathematical model of a camera.

model without considering lens distortion was proposed in [5].
The advantage of this method is the simplicity of the model
that consists in a simple and rapid calibration. However, its
drawback is that linear techniques are not accurate for lens
distortion modeling and usually calibration result is rough. It is
worthy noticing that an interesting variation of the DLT model
is the double-plane based model, which is presented in [3].
This model involves two parallel control planes and is based
on 2-D DLT model. The last one should be nonlinear models
that consider the lens distortion. These are for more accurate
for some applications where greater precision is needed.
In general, a pinhole camera model is usually assumed in
these nonlinear models at the first stage. Tsai’s [1] well-known
nonlinear model considering the radial lens distortion was
proposed. In his work, a two-step technique is proposed. It first
computes some of the parameters using a linear optimization
algorithm, then in the second step, the rest of camera parame-
ters are computed iteratively. Although all the parameters are
iteratively optimized in the last step, the number of iterations is
remarkably reduced using the calibrating algorithm proposed
in this paper. Tsai’s method makes use of the advantages of the
previously methods, but it assumed that there are some camera
parameters have been known from manufacturers. Zhang [2]
reported a flexible planar-based calibration technique. This
technique also first use a pinhole camera model to obtain the
initial closed-form solution of intrinsic and extrinsic related
matrix, then a two terms of radial distortion is added for further
maximum likelihood estimation of refined parameters.

A. Idea Pinhole Camera Model

Without the loss of generality, the existing widely-used
pinhole camera model presented in [2] is adopted in this paper.
The projection transformation process from a 3-D point in
space to a 2-D image point on the camera image plane is
shown in Fig. 1.

The whole process can be described as follows.
1) Transformation From the 3-D World Reference Frame to

the 3-D Camera Reference Frame:

Mc = RMw + T (1)
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where Mc = (Xc, Yc, Zc)
T and Mw = (Xw, Yw, Zw)T denote

a 3-D point in the camera reference frame and the world
reference frame, respectively. R is a 3 × 3 orthogonal rotation
matrix and T is a 3 × 1 translation vector that represent the
relative rotation and translation between the two reference
frames, respectively.

2) Transformation From the 3-D Coordinate in Camera
Reference Frame to the 2-D Normalized Image Coordinate:

mn = (Xc/Zc, Yc/Zc)
T . (2)

3) Transformation From the 2-D Normalized Image
Coordinate to the 2-D Undistorted Image Coordinate:

sm̃u = Am̃n (3)

where A is the camera’s intrinsic parameters matrix, s is a
nonzero arbitrary scale factor, and mn = (xn, yn)

T is the
previous normalized image point in unit metric. m̃u and m̃n is
the homogeneous coordinates of mu and mn respectively. The
intrinsic parameters matrix A is denoted as

A =
⎡
⎣

fx λ u0
0 fy ν0
0 0 1

⎤
⎦ (4)

where (u0, ν0) is the coordinate of the principle point. fx and
fy are the focal length in pixels of the camera image plane
along u and ν axes, λ denotes the skewness of the two image
axes.

B. Lens Distortion Model

In general, the ideal pinhole model is an approximation of
a real world projection process. Hence, the radial distortion
and tangential distortion models are both considered in this
paper. In addition, we use a distortion model up to fourth-order
component in this paper. By considering the lens distortion,
the nondistorted point mu(xu, yu) is replaced by the corrected
normalized 2-D image point md , which can be described as
follows:

md =(1 + k1r2 + k2r4)

(
xu

yu

)
+

[
2k3xu yu + k4(r2 + 2x2

u)

k3(r2 + 2y2
u) + 2k4xu yu

]

(5)

where r = √
x2

u + y2
u and k = (k1, k2, k3, k4, k5)

T is a vector
that contains both radial and tangential distortion coefficients.

III. INITIAL CAMERA PARAMETERS ESTIMATION STAGE

A. Initial Localization of Control Points Estimation

In the last decade, several subpixel corner extraction
algorithms have been implemented. The MATLAB tool-
box [10] provided requires user to identify the four outbound
corners of the checkerboard in each image by manually
clicking on them. After that, the approximate locations of
the corners include preclicked corner are estimated by a
simply interpolation method and a Harris corner finder [15]
and gradient-based approach searching is then employed to
refine the corner to subpixel level. It is worthy noticing
that Harris corner finder is not suitable anymore for corner

Fig. 2. Corner extraction result on a 10 × 8 checkerboard pattern image.
One of the partial enlarged view of the extracted corner is on the bottom right
of the figure, the blue cross indicates the extracted control point.

extraction when the input images are captured under some
degree of out-of-focusing. Similar to BouguetJY’s toolbox, the
algorithm presented in [22] and [23] is designed for fisheye
and omnidirectional camera system calibration, respectively.
In a fisheye or omnidirectional camera system, a checkerboard
pattern imaged by either of them is severe blurred and dis-
torted. Thus, it looks like the algorithm of corner extraction
used in these two toolboxes can cope with the out-of-focus
problem. However, we applied the corner extraction algorithm
in these two toolboxes on the input images captured by a
common camera (pinhole model) system, but the result is
hardly satisfying. Hence, it is necessary to propose a new
localization of spatial control point algorithm for handling out-
of-focus blurring case. In the first initial camera’s parameters
estimation stage, a latest developed precise camera calibration
algorithm presented in [24] is adopted to accomplish the task.
Fig. 2 shows a sampled corner extraction result. It is worthy
noticing that, the precise requirement for corner extraction
algorithm is not so strict at this stage. For instance, any other
corner extraction methods which satisfy the following demand
are enough at this initial stage: 1) they can extract corners
for captured out-of-focus blurred checkerboard pattern without
ambiguity and 2) they can get subpixel level precision.

B. Initial Estimation of Camera Parameters

Given the estimated 2-D control points on each calibration
plane with different orientation, the geometric relationship
between the detected 2-D control points and their correspond-
ing known 3-D control points can be obtained. The whole
calibration process can be divided into two stages. First,
a linear approximation is adopted to obtain an initial guess.
Then, a L–M optimized algorithm is used to refine the initial
guess of parameters iteratively. Generally, the global cost
function may stuck in a local minimum caused by a high-
order nonlinear lens distortion. However, the global optimal
still can be reliably achieved by given a good initial input
with the limited fourth-order distortion model. It is worth
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Fig. 3. Sample of nonfronto-parallel distorted image.

noticing that, after initialization calibration, each view with
different orientation has different extrinsic parameters yet
shares the same intrinsic parameters (Ri , Ti ), as we mentioned
in Section II-A. More details can be found in [2].

IV. LOCALIZATION OPTIMIZATION OF CONTROL POINTS

A. Perspective Distortion and Lens Distortion
Bias Map Estimation

The main difficulty of obtaining accurate 2-D control points
on calibration plane is directly dealing with the nonfronto-
parallel distorted images (shown in Fig. 3). We can see from
the figure that if the world coordinate system (XW OW YW )
is coplanar with the LCD panel plane, the image plane
(XC OC YC ) forms an angle α with the LCD panel plane.
Namely, we can say the bigger of the angle α, the more
nonfronto-parallel image is distorted.

Hence, in this case, it is inherently biased to apply the corner
extraction algorithm directly to determine the localization of
control points [13]. Meanwhile, it is also difficult to distinguish
the bias between the distortion from perspective effects and
distortion from lens nonlinear distortion itself. To cope with
such a problem, the intuitive method uses an iterative refine-
ment approach for localizing the control points by iteratively
undistorting and adjusting the input images to the canonical
fronto-parallel image [as shown in Fig. 4(a)], which is then
used to precisely localize the control points and reestimate
the camera parameters. The whole procedure is performed
in an iterative manner until convergence. However, as pre-
viously mentioned, these methods still assume the captured
input images are well focused. Furthermore, the bias from
perspective distortion and real lens nonlinear distortion has to
be estimated and updated at each iterative process.

In this paper, we propose a more generic method to perform
a once for all perspective distortion and lens distortion map
estimation for each control point. Suppose we are given
captured checkerboard images with different orientations that
consist of numbers of target corners. The perspective distor-
tion and lens distortion map is obtained using the following

Fig. 4. (a) Corrected canonical fronto-parallel image. (b) Partial view of
perspective distortion and lens distortion bias map on input calibration image,
one of enlarged view of perspective distortion, and lens distortion bias at the
interest control point, the green cross indicates the initial extracted control
point, the red circle denotes the estimated perspective distortion, and lens
distortion bias area of this specific point.

steps. First, a specific method (i.e., Harris corner extraction
algorithm) is adopted for the corner extraction task, and the
corners’ coordinates in its corresponding image coordinate
system are initially obtained. After that, the initial camera
parameters are estimated according to Section III-B. Thus,
a reverse perspective distortion and lens distortion adjustment
can be carried out to rectify the current nonfronto-parallel
image to a canonical fronto-parallel one. Then the same
corner extraction method is repeated to obtain the corners’
coordinates on the canonical fronto-parallel one once again.
The Euclidean distance in pixel between the corner point
extracted at the first time and the second time is defined
as perspective distortion and lens distortion bias. All the
distortion bias corresponding to the original input image makes
a bias map, which is shown in Fig. 4(b). A partial enlarged
view of a sample control point in the perspective distortion
map is also shown in the bottom right corner of Fig. 4(b).

B. Defocus Blurring Bias Map Estimation

We estimate the defocus blurring radius at each control point
locations. Given a calibration target that is with a certain out-
of-focus blurring, the light rays taht is reflected from the target
and captured by the lens system (suppose it obeys the thin lens
model) cannot converge into a single point. Instead, they are
distributed in a small area (Fig. 5), which are usually called
circle-of-confusion (COC). The diameter c of COC can be
written as follows [25]:

c =
∣∣d − d f

∣∣
d

f0

D(d f − f0)
(6)

where f0 and D are the focal length and the aperture of the
camera, respectively. d and d f are the distance from the object
plane to the lens plane and the focal plane to lens plane in a
fixed lens system, respectively.

The defocus blurring radius of an image depends on both
the size of the COC as well as the light distribution profile
within it. In addition, the light distribution profile is typically
called point-spread-function (PSF). In general, the imaging
intensity of an object can be treated as a convolution of the
true object and the PSF [26]. The PSF is determined by many
factors such as aperture size and other nonlinear character-
istics. The ideal pinhole model assumes an infinite depth of
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Fig. 5. Focus and defocus phenomenon in a camera with thin lens model.

field (DOF), which does not exist in practice. Therefore, the
camera has to be refined into focus during the imaging process.
Actually, the defocus problem still exists because the aperture
of camera cannot be made infinite small. The PSF can be
modeled as a 2-D circular Gaussian form [26]

G(x, y, δ) = 1

2πδ2 exp

(
− x2 + y2

2δ2

)
(7)

where δ = κc denotes the standard deviation of the Gaussian
distribution and it determines the blurring radius or blurring
degree. The intensity of the defocus image can be expressed
as the result of a convolution

Ib(x, y) = α Iu(x, y) ⊗ G(x, y) (8)

where ⊗ denotes the convolution operator, α ∈ [0, 1] is the
reflectivity of a target object. Iu and Ib is the nonblurred
images and the captured blurred images, respectively. It is
worthy noticing that the inaccurate target is one of the main
reasons for calibration precision degenerate [27]. Thus, the
checkerboard pattern displaying on calibration plane (LCD
panel) with different orientations is adopted in our paper.
Compared with printed checkerboard on a paper, LCD panel’s
planarity is of industrial grade and is thus far more dependable,
even consumer-level LCD panels have the assurance that the
substrate glass surface of the panel has a planarity deviation of
no more than 0.05 um [28]. Therefore, the corners of checker-
board pattern are the target control points to be optimized and
all the control points can be regarded as ideally coplanar in real
world coordinate system. Furthermore, the dimension of every
pixel on LCD panel is precisely known, so we can obtain the
real scale length of arbitrary point pair easily, which will also
be used as ground truth in the latter experiments. Suppose the
blurring radius of different control points on each calibration
plane are not the same because of the limited DOF of camera.
In this case, we should analyze the blur radius map for all the
control points on the captured image. Blur radius estimation
method from [25] is adopted in this paper. For convenience,
we first derive the blurring radius along one axis of orientation,
then, extend it to the practical 2-D case.

When the LCD panel is switched off, the captured image
[Fig. 6 (a)] can be represented as

I0(x) = (A + n(x)) ⊗ G(x, δx). (9)

The image has an unknown offset A, which is actually the
amount of reflection property of the LCD panel’s surface with

Fig. 6. LCD panel displaying different patterns. (a) Displaying a black
pattern. (b) Displaying a white pattern. (c) Displaying a checkerboard pattern.

ambient light illumination. In addition, the noise n(x), which is
modeled as a stationary, additive, and zero-mean white noise,
is added to this reference image.

Then, the LCD panel is turned ON with a white pattern
[Fig. 6(b)], the captured image is assumed to be equal to
the summation of the value from previous state (LCD panel
is OFF) and background light illumination with unknown
amplitude B , which is from the intensity of LCD panel’s
illumination itself. Thus, the intensity of the image can be
denoted as

I1(x) = (B + A + n(x)) ⊗ G(x, δx). (10)

Finally, the LCD panel is turned ON with a checkerboard
pattern [Fig. 6(c)], the captured image is clearly blurred
because the aperture of the camera cannot be infinite small
and DOF of the camera is limited. The blurred edge can be
modeled as the summation of the first state (LCD panel is
OFF) and the real-object’s intensity

Ib(x) = (Iu(x) + A + n(x)) ⊗ G(x, δx). (11)

To remove the influence of noise and reflectivity of the
LCD panel’s surface, the blurred image can be normalized
as follows according to (9)–(11):

Inb(x)=
(

Ib(x) − I0(x)

I1(x) − I0(x)

)
⊗ G(x, δ)= Iu(x)

B
⊗ G(x, δx). (12)

The gradient of reblurred image is denoted as

∇ I ′
nb(x) = ∇(Inb(x) ⊗ G(x, δ0)) (13)

where ∇ denotes the gradient operator. δ0 is the know standard
deviation of Gaussian kernel.

Combining (12) and (13), we have the following equation:

∇ I ′
nb(x) = ∇ Iu(x)

B
⊗ G

(
x,

√
δ2

x + δ2
0

)
. (14)

Normally, the edge of the checkerboard pattern in-focus is
assumed as a step-edge. The magnitude of gradient ratio
between the first blurred image and the reblurred image can
be described as

∣∣∣∣
∇ I ′

nb(x)

∇ Inb(x)

∣∣∣∣
x=0

=
√

δ2
x

δ2
x + δ2

0

. (15)

Assuming the magnitude along with x-axis is denoted by 1/Rx

1

Rx
=

√
δ2

x

δ2
x + δ2

0

. (16)
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Fig. 7. (a) Synthetic image is blurred with increasing blur radius from
5.2 to 10, from left to right. (b) Standard deviation diagram for a Gaussian
distribution.

Fig. 8. Estimated blur radius (blue color line) and the actual blurring radius
(red color line) along the edge using proposed method.

Thus, given the magnitude of the gradient ratio, the blur radius
along x-axis can be obtained as

δx = 1√
R2

x − 1
δ0. (17)

In (17), it is worth noticing that the estimated blur radius is
not affected by the unknown offset A and the edge amplitude
B , which represent the ambient light reflection property and
illumination intensity of object itself, respectively. Hence, in
the practical 2-D case, the blurring estimation is a similar
process and the magnitude of gradient in 2-D space can be
written as

∇ I ′
nb(x, y) =

√
∇2 Inb(x) + ∇2 Inb(y) ⊗ G(x, y, δ0) (18)

where ∇ Inb(x)and ∇ Inb(y) are the gradients along x- and
y-directions, respectively. To simply verify the algorithm per-
formance for blur radius estimation, we synthesize a horizontal
stripe image, which is shown in Fig. 7(a). The blur radius
amount of the edge increases linearly in stepped appearance
from 5.2 to 10. Fig. 8 shows that the result that indicates the
method from [25] can handle this problem well.

In this paper, we set the blur radius double the estimated
standard deviation of the Gaussian distribution. Because from
the view of statistics, according to the three-sigma rule or

Fig. 9. Holistic estimated defocus blurring radius map, the red circle denotes
the defocus blurring radius, and the image in the top-right corner is the partial
enlarged view of the estimated defocus blur radius map.

empirical rule, the values which lie within triple deviations
of the mean in the Gaussian distribution covers over 99% of
whole distribution [as Fig. 7(b) shows]. However, in practical
for our case, we find double deviation of blurring radius is
enough for PUA estimation, which contains most possible
potential control points. This will be discussed and verified
by the experiment in Section VI. Fig. 9 shows the real blur
radius estimation result of one of the practical input images
for calibration. The radius red circle represents the blurring
degree.

C. Control PUA Map Determination

Although the control points are extracted at subpixel level
in the previous initial corner extraction process, the inherent
biases of corner localization still exists due to the defocus
blurring influence, perspective distortion, and lens nonlinear
distortion. The biases, although small, have a significant effect
on the estimated camera parameters [13], [27]. Hence, the
localization of extracted control points still has to be refined
for camera parameters determination. To overcome this kind of
problem in a more generic way, we propose to estimate control
PUA map for refining the optimal control points. Similarly
like the intuitive method in [29], the control PUA is defined
as a circle-like area that takes the initial refined control point
through perspective distortion and lens distortion adjustment
as the circle center and the perspective distortion and lens
distortion radius (γ ), as the circle radius. Hence, it can be
denoted as

D̄i j,1 = {
(i, γi )|i ∈ N j

}
(19)

where N j is the j th input image for calibration, D̄i j,1 is one
of the control PUA for perspective distortion bias and lens
distortion bias. i is the index number of control point in each
input image. Similarly, the second uncertainty area can be
described using defocus blur radius (δ), as the circle radius,
the initial estimated control point as the circle center. Let’s
denote it as

D̄i j,2 = {
(i, δi )|i ∈ N j

}
(20)

where N j is the j th input image for calibration, D̄i j,2 is one
of the control PUA for defocus blurring radius. i is the index
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Fig. 10. Uncertainty area determination scheme of a sample control point,
the red solid circle denotes the uncertainty area from defocus blurring and
the blue solid circle implies the uncertainty area from perspective distortion
and lens distortion.

number of control point in each input image. Combine the
uncertainty area D̄i j,1 and the uncertainty area D̄i j,2, we get
the final control PUA, which is denoted as

PUA = {
mi, j

∣∣mi, j ∈ D̄i j , D̄i j = D̄i j,1 ∪ D̄i j,2
}

(21)

where ∪ means getting the union uncertainty area between
uncertainty area D̄i j,1 and uncertainty area D̄i j,2. Hence, the
area for searching optimal control points can be restricted
to a small region around the estimated coordinates, and this
restriction reduces the searching computational time. The
whole process can be described as shown in Fig. 10.

D. Localization Optimization of 2-D Control Points
for Camera’s Parameters Further Refinement

Given the PUA that contains potential target control points,
the optimal solution of control points’ localization can be
obtained by utilizing a 2-D control points searching algorithm
in PUA meanwhile with using L–M optimization algorithm to
update and refine the camera’s parameters by minimizing the
cost function. Suppose, we are given n input images and each
image has m control points data sets for searching, the cost
function can be defined as follows:

F
(
mi, j

) =
n∑

i=1

m∑
j=1

∥∥mi, j − m̂(A, K , Ri , Ti , Mi, j )
∥∥2

s.t.

{
mi, j ∈ PU A∥∥Mi, j − Mi+1, j

∥∥ − D < ε

(22)

where mi, j is the observed control point on the image plane.
Mi, j is the corresponding point of the observed control point
on target plane in 3-D space. m̂(A, K , Ri , Ti , Mi, j ) is the
reprojection point of 3-D position point Mi, j on image plane
according to (1)–(4), followed and refined by (5). PUA is the
control, points including preestimated control point, potential
optimal control point, and other uncertain control points. D is
the real Euclidean distance, which is between the adjacent
corner on the checkerboard pattern. ε is a given threshold
value, it can be set depending on the required measurement
accuracy. In this paper, we set ε = 0.2. It is obviously
that the smaller value of it, higher measurement accuracy
can be achieved, but meanwhile with more time-consuming.

Similar to the cost function in [2], (22) is a constrained
nonlinear minimization function. An initial localization guess
of control points mi, j are obtained from the corner extraction
process, as described in Section III-A. Meanwhile, an initial
guess of A, K , Ri , Ti , M j are given from the camera’s initial
calibration. In this paper, the target parameters are not only the
parameters A, K , Ri , Ti , M j , which are to be estimated, the
final optimal control points mi, j are also the target parameter.
It is worthy noticing that, this is different from the method
used for minimizing the cost function in [2]. In our problem,
we are given n × m control points to be refined. Even the
2-D searching area is restricted in obtained PUA, the searching
dimension is still very large and the optimal control points
searching for nonlinear cost function is very complicated.
To alleviate the problem of searching results stuck into a
local optimal solution, we explore a strategy based on genetic
algorithms (GAs) and L–M optimization algorithm. The GAs
is introduced to solve for this complicated problem because of
it offers the good characteristic of efficiently searching a large,
nonlinear spaces. It has been widely applied in solving difficult
search and optimization problems including camera calibration
[31], [32], instrument and model calibration [33], and other
optimization problem [34]. In addition, the L–M optimiza-
tion algorithm is adopted for seeking the minimum of cost
function meanwhile updating the camera’s parameters. Hence,
by performing numbers of 2-D searching in the obtained
PUA with a minimum value of cost function (F

(
mi, j

)
min)

under additional constraint, the optimal 2-D control points are
obtained. Meanwhile, the fine camera’s parameters are also
determined from L–M optimization process. A flow chart of
the proposed localization optimization method of 2-D control
points for camera calibration algorithm is shown in Fig. 11.

V. EVALUATION

It is difficult to judge whether the localization of control
points are accurate using the image coordinate data of control
points. Based on the fact that the more accurate localization of
control points, the smaller the errors of the camera parameters,
the proposed method is indirect evaluated by two assessment
criterions. One is the traditional root mean square reprojection
error E1, which is usually for evaluate the camera calibration
accuracy. It is computed by the Euclidean distance between
the extracted 2-D control points (xd,i , yd,i) on the image and
the reprojected point (x̃d,i , ỹd,i) from the corresponding point
Mc,i in 3-D space which projected onto the image plane
through a calibrated camera model with lens distortion. The
root mean square reprojection error E1 can be defined as
follows:

E1 = 1

N

N∑
i=1

√
(xd,i − x̃d,i)2 + (yd,i − ỹd,i)2. (23)

The second assessment criterion is the adjacent control points’
distance deviation on the calibration plane. Once the camera
has been calibrated, the 3-D position of the target plane
can be obtained using calibrated parameters. Then, a 3-D
projected point Mc,i = (Xd,i , Yd,i , Zd,i) can be determined
by projecting the optical ray from the projection optical



LIU et al.: ROBUST CAMERA CALIBRATION BY OPTIMAL LOCALIZATION OF SPATIAL CONTROL POINTS 3083

Fig. 11. Proposed localization optimization algorithm of 2-D control point
for camera calibration.

center through the estimated control point intersecting with
the known target plane. The assessment standard used in [30]
is directly calculating the distance deviation between the
observed 3-D test point test point Mc,i and the projected point
M̃c,i , which is the interSection point on the target plane in
3-D space. However, comparing with obtaining the observed
single testing point, it is much easier and more accurate to
determine the relative distance in 3-D space. Therefore, in
this paper, to assess the measurement result more accurately,
we calculate two relative distances deviation on the real
target plane between two adjacent 3-D points along with
x-directional and y-directional, respectively, which are shown
in Fig. 12. Given a N1 × N2 checkerboard pattern image and
the baseline value of the relative distance D1 and D2, which
is the Euclidean distance of two adjacent 3-D spatial control
points shown in Fig.12, the distance deviation E2x and E2y

are given as follows:

E2x = 1

N1 ∗ (N2 + 1)

N1∑
i=1

×
N2+1∑
j=1

√(∥∥∥M̃c,i, j − M̃c,(i+1), j

∥∥∥ − D1

)2
(24)

E2y = 1

(N1 + 1) ∗ N2

N1+1∑
i=1

×
N2∑
j=1

√(∥∥∥M̃c,i, j − M̃c,i,( j+1)

∥∥∥ − D2

)2
. (25)

VI. EXPERIMENTAL RESULTS

The proposed method is tested on the real-world and arti-
ficial scenarios. We conducted several experiments to assess
the proposed method by evaluating the camera calibration

Fig. 12. Example (3×3 checkerboard pattern) of baseline Euclidean distance
on target plane. (a) D1. (b) D2.

Fig. 13. (a) Experimental setup. (b) Sample image used for calibration.

accuracy and measurement accuracy. Fig. 13(a) shows the
experimental setup in our work. A charge-coupled device
camera (PointGray FL3-U3-13S2M-CS) is adopted for the
experiments. It has the resolution of 1280 × 960 pixels.

The calibration target is a planar checkerboard pattern with
9 × 7 corner points (control points) evenly distributed on a
LCD panel. The size of the pattern is 25 × 25 mm2 and the
benchmark distance between the adjacent points is 25 mm
in both horizontal and vertical directions (in other words,
D1 = D2 = 25 mm). One of the input images is shown in
Fig. 13(b). We conduct three sets of experiments. In the first set
of experiment, we intend to just simply demonstrate the out-
of-focus blurring bias will decreases the camera calibration
accuracy. And our proposed method and the conventional
method implemented in [10] have been conducted to compare
the calibration performance. To further compare the algorithm
performance in calibration and measurement accuracy, real
data with intentionally set defocus blurring and well-focused
real data will be chosen in the second and the third set
of experiment, respectively. It is worthy noticing that the
assessment standard of calibration accuracy and measurement
accuracy presented in Section V are used to evaluate the
algorithm performance. In addition, variances of intrinsic
parameters are also introduced to assess the results just in
the first set of experiment.

A. Images With Artificial Blurring

In this experiment, we verify two important points. The
first one is the fact that out-of-focus blurring decreases the
camera calibration accuracy. In other word, the more out-of-
focus blurring, the big error with control point’s localization,
thus less accuracy of camera’s parameters. The second one
is our proposed method is more robust than conventional
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Fig. 14. (a) Relative variance of focal length ( fx , f y) and principle
point (u0, v0) using conventional method as blurring degree increases using
conventional method. (b) Relative variance of focal length ( fx , f y) and
principle point (u0, v0) with the use of our proposed method as blurring
degree increases using our proposed method.

method [10] even under the condition of out-of-focus blurring.
A total of 18 images with different orientation are carefully
taken for input data. It means that all the captured images of
checkerboard pattern should be or can be supposed in-focus
captured. After that, Gaussian kernels with different standard
deviation (δ = 1, 1.5, 2, 2.5, 3, 3.5, 4) are utilized to blur all
precaptured in-focused images. Then, these blurred images are
treated as input data for testing. As Fig. 14 shows, in general,
with the defocus blurring becoming severer, the bigger relative
variance of focal length and principle point increases with
respect to the conventional method and the proposed method.

However, in Fig. 14(a), when using the conventional
method, at the blur degree point where standard deviation of
the Gaussian blurring kernel starts from 3, the relative variance
of focal length becomes larger than using our proposed method
which is shown in Fig. 14(b). Similarly, we can get the start
point where blurring kernel equals 3.5, the relative coordi-
nate variance of principle point using conventional method
increases more sharply than using our proposed method.
To further demonstrate the robustness in calibration accuracy
when using our proposed method, we take another comparison
analysis. In this comparison, one group of the most blurred
previous captured image series data set is selected, which is
the group with the biggest standard deviation of Gaussian blur
kernel (δ = 4). After corner extraction using conventional
method and our proposed method, we obtain the calibrated
parameters. The root mean square reprojection error with using
of proposed method is 0.79659, while it is 1.398 with the
use of conventional method. This result indicates that our
proposed method outperforms than conventional method in
the comparison of root mean square reprojection error. Hence,
from the view of both the reprojection error and the relative
variance of intrinsic parameters ( fx , fy , u0, v0), our proposed
method is more robust than the conventional method when
a certain degree of out-of-focus blurring is introduced in the
captured target images.

Fig. 15. Two sample images used for experiments. (a) Sample well-
focused image for experiment 6.3. (b) Sample out-of-focused image for
experiment 6.2.

Fig. 16. Reprojection error analysis between four methods (unit:pixel).
(a) Conventional method 1. (b) Conventional method 2. (c) Conventional
method 3. (d) Our proposed method.

B. Real Data With Defocus Blurring

In this set of experiment, all the images are captured with
intentionally out of focus setting to make the target plane
with a certain degree of defocus. A total of 15 out-of-focus
images were captured with different orientations. One of them
is shown in Fig. 15(b).

Similar to the testing method in [30], 10 images are
selected for calibration accuracy evaluation and five images
are for measurement accuracy evaluation. The conventional
method [10], which is selected as conventional method in
Section VI-A, is denoted as method 1. More conventional
methods, such as perspective distortion adjustment algo-
rithm [24], a recently proposed corner extraction algorithm
for camera calibration in [35], are additional adopted. They
are denoted as method 2 and method 3, respectively. The
quantitative results of reprojection error are given in Fig. 16.
It is obvious that our proposed method shown in Fig. 16(d)
presents a smaller reprojection error than the other three
conventional methods. The quantitative calibrated accuracy
results and the measurement accuracy results are also given
in Tables I and II, respectively.
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TABLE I

COMPARATIVE RESULTS OF CAMERA PARAMETERS

AND CALIBRATION ACCURACY

TABLE II

COMPARATIVE RESULTS OF MEASUREMENT ACCURACY

Fig. 17. Comparative results of measurement accuracy with respect to image
index number. (a) E2x . (b) E2y .

As Table I shows, our proposed method outperforms than
the method 1 with an impressive result about 62% less repro-
jection error, and meanwhile gives a less reprojection error
comparing with conventional methods 2 and 3. The method 2,
which uses perspective distortion adjustment, also presents a
good performance on corner extraction accuracy even under
some degree of defocus. The performance of method 3 is not
so satisfactory due to its algorithm’s presupposition is based
on that the input images should be in-focus captured. However,
it is still better than conventional method 1. Table II shows the
comparative results of measurement accuracy. We can see that
the average measurement error of five test images using our
proposed method is E2x = 0. 0251 mm and E2y = 0.0229 mm.
It is the least measurement error comparing with the use of
other three methods. For better observation of measurement
accuracy, the measurement deviations (E2x and E2y) with
respect to different test image (from image No. 1 to image
No. 5) are shown in Fig. 17. We can clearly see that the
proposed method outperforms than other three conventional
methods with less measurement errors.

C. Practical and Generic Case

In this set of experiment, all the images are captured
with carefully setting the target plane in-focus, which is

Fig. 18. Reprojection error analysis between four methods (unit:pixel).
(a) Conventional method 1. (b) Conventional method 2. (c) Conventional
method 3. (d) Our proposed method.

TABLE III

COMPARATIVE RESULTS OF CAMERA PARAMETERS AND

CALIBRATION ACCURACY

the same as most of traditional work assumes. A total of
15 in-focus images were captured with different orientations.
One of them is shown in Fig. 15(a). Similarly, we still use
10 images for calibration accuracy evaluation and five images
for measurement accuracy evaluation. In this set of experiment,
for better persuasive, method 1, method 2, and method 3 are
still the same as in the previous experiment. The reprojection
error figures are presented in Fig. 18.

The detailed quantitative calibrated parameters and calibra-
tion accuracy results using different methods are given in
Table III. The reprojection errors are 0.1581, 0.1560, and
0.1083 for conventional method 1, conventional method 2,
and conventional method 3, respectively. It is worthy noticing
that comparing with method 1, method 2 that uses perspec-
tive distortion adjustment based corner extraction algorithm,
cannot improve the localization accuracy of control points
much more when the input images are in-focus captured. And
in these three conventional methods, the recently proposed
conventional method 3 performs better than other two conven-
tional methods. However, our proposed method outperforms
than method 1, method 2, and method 3 with less reprojection
error about 37%, 36%, and 8%, respectively. In the case of
well-focused input images, our proposed optimal control point
localization algorithm still gives the best calibration accuracy
performance from the reprojection error perspective.
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TABLE IV

COMPARATIVE RESULTS OF MEASUREMENT ACCURACY

Fig. 19. Comparative results of measurement accuracy with respect to image
index number. (a) E2x . (b) E2y .

To further demonstrate the robustness and outperformance
of our proposed method, the detailed quantitative measurement
accuracy results using four different techniques are given in
Table IV. We can get the average measurement error using our
proposed method is E2x = 0. 0092 and E2y = 0. 0106 mm.
For better observation of measurement error, the measurement
deviations (E2x and E2y) with respect to different test image
(from image No. 1 to image No. 5) are shown in Fig. 19. Our
proposed method outperforms than conventional method 1 and
method 2 in measurement accuracy. We can clearly get that our
proposed method outperforms than other three conventional
methods with less measurement errors.

VII. DISCUSSION

Camera calibration plays an important role for many
applications not only because it is indispensable for 3-D recon-
struction and 3-D measurement in a stereovision system but
also it reveals the properties of camera itself for manufacturing
precise assessment. The motivation of this paper is to develop
a generic method of 2-D control points’ spatial localization
optimization for robust and accurate camera calibration when
the target plane is not in good focus condition. Our proposed
alleviates the heavy dependence on subpixel corner extrac-
tion algorithm that is utilized for accurate control points’
localization extraction. Once the optimal control points have
been obtained, with existing camera model, the corresponding
precise parameters can be easily determined. The proposed
method is different from other control points determination
methods from the latter, which are either by utilizing varies of
complex corner extraction method or by iteratively perspective
distortion correction, in that the latter needs more complicated
algorithm or repetitive process to determine the precise local-
ization of control point, yet may not be the ideal solution.

1) Control PUA Estimation: From the experiments, it is
observed that the method of uncertainty area deter-
mination by introduce localization bias from defocus
blurring, perspective distortion, and lens distortion is
effective and valid. One could also simply take the
whole blurring area for defocus blurring radius in PUA
determination process. Some other factors, such as shad-
owing, uneven illumination, and other noises in input
images could also be considered in the process of
PUA determination. Theoretically, the more uncertainty
control points contained in a PUA, the bigger chances
of obtaining the optimal control points’ localization.
However, more uncertainty also means more complexity
and time burden for searching the optimal solution will
be heavier. Therefore, a balance has to be made for
PUA determination. For a generic and practical case,
taking control points’ localization bias from defocus
blurring, perspective distortion, and lens distortion using
the proposed method in this paper is satisfactory.

2) If Not Using Checkerboard Pattern: In this paper,
although we choose LCD panel displaying checker-
board pattern as calibration target, methods can also be
developed in a similar way for treating other kinds of
pattern when it is imaged under some degree of out of
focus blurring. For example, in the case of circle array
pattern or ring array pattern, the perspective distortion,
and lens distortion bias map estimation can be easily
performed in the same way. The uncertainty map from
defocus blurring for circle center or the ring center can
still be estimated using other image processing method.
Hence, we then can determine the PUAs. Thus, in a
similar way, the optimal localization for control points
meanwhile with fine camera parameters can be obtained
by searching the PUA.

VIII. CONCLUSION

This paper proposed a novel generic method of 2-D control
point’s spatial localization optimization for robust camera
calibration. In the method, the optimal spatial localization of
control points are estimated by searching the obtained PUAs,
which are determined from defocusing blurring bias, perspec-
tive distortion, and lens distortion estimation. In the process of
searching optimal control points, the final intrinsic parameters
of camera are obtained by L–M optimization method at the
same time. The GA for multivariables 2-D searching under
constrain function of measurement accuracy enables high pre-
cision in the control points determination, thus further ensures
camera calibration accuracy. The effectiveness and accuracy
of the proposed method are verified through experiments
using synthesized data and real images. In the future, we
will apply the proposed method in a short baseline stereo
system calibration to cope with the short baseline problem
which actually is a bottleneck for short baseline stereovision
systems. We will also apply it to the case of structured light
system calibration under more practical conditions considering
out-of-focus blurring.
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