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a b s t r a c t

Multi-target visual tracking is a challenge because of data association and mutual occlusion in the

interacting targets. This paper presents a Gaussian mixture probability hypothesis density based multi-

target visual tracking system with game-theoretical occlusion handling. Firstly, the spatial constraint

based appearance model with other interacting targets’ interferences is modeled. Then, a two-step

occlusion reasoning algorithm is proposed. Finally, an n-person, non-zero-sum, non-cooperative game

is constructed to handle the mutual occlusion problem. The individual targets within the occlusion

region are regarded as the players in the constructed game to compete for the maximum utilities by

using the certain strategies. A Nash Equilibrium of the game is the optimal estimation of the locations

of the players within the occlusion region. Experiments on video sequences demonstrate the good

performance of the proposed occlusion handling algorithm.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Multi-target visual tracking (MTVT) has emerged as an active
research topic in the past two decades due to its widespread
applications in many areas, including intelligent surveillance,
smart rooms, visual human–computer interfaces, autonomous
robotics, augmented reality and video compression. It extends
the single target visual tracking [1–5] to a situation where the
number of targets is not known and is also varying with time.
Moreover, the data association and the mutual occlusion pro-
blems make MTVT a challenge.

Recently, the random finite set (RFS) approach [6] to multi-
target tracking in radar system has received considerable atten-
tion. Compared with the traditional association-based techniques,
the difficulty caused by the data association is avoided in the RFS
formulation. The probability hypothesis density (PHD) filter [7],
which aims to propagate recursively the first order moment or
the intensity function associated with the multi-target posterior
density, provides a computationally tractable alternative. Gaussian
mixture PHD (GM-PHD) filter [8], whose posterior intensity
function is estimated by a sum of weighted Gaussian components
that can be propagated analytically in time, is a closed form
solution to the PHD filter recursion. Although the PHD filter is
originated and widely used in radar tracking [7–9], it has been
widely explored in visual tracking recently [10–15]. For example,
ll rights reserved.
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Maggio et al. [10] use the PHD filter to compensate for missing
detections and to remove noises and clutters. Wang et al. [11]
propose the data-driven importance function for a particle PHD
filter and apply it to track pedestrians in the field of view of a
camera. Vo et al. [12] demonstrate that the RFS approach enables
a tractable solution to the multi-object estimation problem for
image data. Pham et al. [14] incorporate the color feature
representation into the GM-PHD filter to track multiple objects.
In [15], a modified detection method is combined with the GM-
PHD filter and an auction algorithm is proposed to automatically
calculate the targets’ trajectories.

The PHD filter based tracking system avoids the data associa-
tion problem thus it is computationally appealing. However, it
fails in tracking the individual targets when mutual occlusion
occurs in the interacting targets. This paper focuses on proposing
an effective algorithm to handle the mutual occlusion problem.

Extensive methods, i.e. multiple camera fusing or stereo vision
based methods [16–19], Monte Carlo based probabilistic methods
[20,21] and appearance model based deterministic methods
[22–32], have been presented to solve the mutual occlusion
problem. Though, the problem of tracking multiple interacting
targets in occlusion is still far from being completely solved and
remains a challenge. Compared with the other two classes of
occlusion handling methods, tracking with the appearance model
based deterministic methods offers several advantages in appli-
cations: generality, flexibility, computational efficiency, and large
amount of information [26]. The appearance models proposed in
the existing literature for occlusion handling include appearance
template based [22,23], kernel density based [24,25] and color
histogram based [26–32]. For example, Vezzani et al. [26] use an
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appearance driven tracking model to overcome large and long-
lasting occlusions. They generate two different images to repre-
sent the target model: the appearance image and a probability
mask. The appearance image contains the RGB color of each point
of the target and the corresponding probability mask reports their
reliability. Based on this target model, they classify the invisible
regions into dynamic occlusions, scene occlusions and apparent
occlusions. Xing et al. [27] build a dedicated observation model
that maintains three discriminative cues including the appear-
ance, size and motion. The target appearance is modeled as the
color histogram in HSV color space in the discriminative region of
the target. The mutual occlusion problem is then handled by a
two-way Bayesian inference method. However, the above appear-
ance models cannot handle the situation when interacting targets
have similar color distributions. To remedy this, Papadourakis
et al. [28] model the target by using an ellipse and a Gaussian
mixture model (GMM). The ellipse accounts for the position and
the spatial distribution of an object, and a GMM represents its
color distribution. The occlusion handling method proposed is
based on both the spatial and the appearance components on a
target’s model. Similarly, Hu et al. [29] model the human body as
a vertical ellipse and use the spatial-color mixture of Gaussian
appearance model [33] to model the spatial layout of the colors in
a person in an image. The occlusion is deduced by using the
current states of the interacting targets. However, they do not
consider the mutual interferences among the interacting targets,
which may affect the tracking precision as occlusion occurs.
No occlusion

Object detection

Input frame at time t

Occlusion reasoning

Game-theoretical occlusion h

Output by GM-PHD fil

Occlusi

Fig. 1. Flow chart of the proposed MTVT system
To solve the above problems, this paper proposes a robust
appearance model that takes both the spatial constraint of the
target and the interferences of other interacting targets into
consideration. A game-theoretical occlusion handling algorithm
is then proposed to bridge the joint measurements estimation and
the Nash Equilibrium of a game. Game theory is the study of
multi-person decision making, which was first proposed by Nash
[34]. He stated that in non-cooperative games there exist sets of
optimal strategies (so called Nash Equilibrium) used by the
players in a game such that no player can benefit by unilaterally
changing his or her strategy if the strategies of the other players
remain unchanged. Game theory has been applied to disciplines
ranging from economics to engineering [35]. However, to the best
of our knowledge, there are a few applications in visual tracking
[25,36,37] and fewer in occlusion handling [25] based on the
game theory. In this paper, we develop a GM-PHD based MTVT
system with game-theoretical occlusion handling to track multi-
ple moving targets in video, especially to track the interacting
targets in mutual occlusion. The flow chart of the proposed
system is shown in Fig. 1. The main contributions of this paper
include those given here.
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The spatial constraint based appearance model with other
interacting targets’ interferences is modeled and is used
for measure of the similarity between the candidate target
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histogram based appearance model, the proposed model is
more robust when the interacting targets in mutual occlusion
have similar color distributions.
{ , }x y=
l l
(2)
( , , )=
l l l l

Foreground

y

A two-step occlusion reasoning algorithm that includes occlu-
sion prediction and occlusion determination is proposed. The
candidate occlusion region is firstly predicted according to the
overlapping between the support regions of the interacting
targets. The final occlusion region is then determined by
incorporating the detection results (measurements).
(3)
Support Region

Target

i

Image Plane

i

Fig. 2. Schematic diagram of the foreground and the support region of the target i.
A robust game-theoretical occlusion handling algorithm is
proposed to obtain the individual measurements within the
occlusion region. Different from the other conventional occlu-
sion handling algorithms, an n-person, non-zero-sum, non-
cooperative game is constructed to bridge the joint measure-
ments estimation and the Nash Equilibrium. The individual
targets are regarded as the players in the game to compete
for the maximum utilities by using the certain strategies.
The Nash Equilibrium of the game is the optimal estimation of
the locations of the players within the occlusion region.
Supplementary material related to this article can be found
online at doi:10.1016/j.patcog.2013.02.013.

The remainder of this paper is organized as follows. Section 2
describes the models of the targets and the measurements,
Section 3 presents some backgrounds on the PHD filter and the
GM-PHD filter, and Section 4 first introduces the occlusion
reasoning algorithm, and then describes the game-theoretical
occlusion handling algorithm in detail. Some experimental results
on the real video data sets are discussed in Section 5, and
followed by concluding remarks in Section 6.
2. Target modeling

2.1. Target state model and measurement model

The target region in an image is approximated with a w� h

rectangle. Let the kinematic state of a target i at time t be
xi

t ¼ fl
i
t ,v

i
t ,s

i
tg, where li

t ¼ fl
i
x,t ,l

i
y,tg is the image location of the target,

vi
t ¼ fv

i
x,t ,v

i
y,tg is the 2D velocity of the target and si

t ¼ fw
i
t ,h

i
tg is the

size of the target’s bounding box. i¼ 1,:::,Nt and Nt is the number
of targets at time t. Similarly, the measurement model of a target j

at time t is denoted as zj
t ¼ fl

j
t ,s

j
tg, j¼ 1,:::,Mt and Mt is the number

of measurements at time t. The targets’ states set and the
measurements set at time t can be denoted as Xt ¼ fx1

t , � � � ,xNt
t g

and Zt ¼ fz1
t , � � � ,zMt

t g, respectively.

2.2. Target appearance model

Similar to [29], the appearance of a target i is modeled as a
GMM qi ¼ qiðoi

k,mi
k,Si

kÞ, representing the color distribution of
target’s pixels. k¼ 1,. . .,K and ðoi

k,mi
k,Si

kÞ represent the weight,
the mean and the covariance matrix of the kth Gaussian compo-
nent of the mixture. The measure of the similarity Psðpi,qiÞ

between the candidate pi and the model qi is defined as the
probability that the pi’s colors are drawn from qi [30]

Psðp
i,qiÞ ¼ exp

1

Ni

X
Oi

log
XK

k ¼ 1

oi
kNðc

li ;mi
k,Si

kÞ

( )8<
:

9=
; ð1Þ

where c
li ¼ ðrli ,gli ,Ili Þis the color of the pixel located in li within the

support region Oi of pi (as shown in Fig. 2). g
li ¼ G

li=ðRliþG
liþB

li Þ,
r

li ¼ R
li=ðRliþG

liþB
li Þ and I

li ¼ ðRliþG
liþB

li Þ=3. Ni is the number of
the foreground pixels in Oi.

Nðx;m,SÞ ¼ ½2p9S9��1=2exp �
1

2
ðx�mÞ0S�1

ðx�mÞ
� �

:

However, the above appearance model is robust only when
targets have different color distributions. It may fail when the
interacting targets have similar appearances. In such case, a
Gaussian spatial constraint is applied according to [38]. The
measure of the similarity is then improved as

Psðp
i,qiÞ ¼ exp

1

Ni

X
Oi

log Nðli; li
t ,S

i
tÞ
XK

k ¼ 1

oi
kNðc

li ;mi
k,Si

kÞ

( )8<
:

9=
; ð2Þ

where Si
t ¼ ½ðw

i
t=2Þ2,0;0,ðhi

t=2Þ2�.
Except for the similar appearances, the interferences by other

interacting targets pj within the occlusion region are also needed
to be considered when occlusion occurs in the interacting targets.
To take this point into account, the measure of the similarity is
finally formulated as

Psðp
i,qi pjÞ ¼ exp

1

Ni

X
C1

logðNðli
tÞds1Þþ

X
C2

s1

s2
logðNðli

tÞds1Þ

" #( )�����
ð3Þ

where Nðli
tÞ ¼Nðli; li

t ,S
i
tÞ, s1 ¼

PK
k ¼ 1 oi

kNðc
li ;mi

k,Si
kÞ, s2 ¼

PNo

j ¼ 1PK
k ¼ 1 o

j
kNðc

li ;mj
k,Sj

kÞ, C1 ¼Oi�Oi \Oj and C2 ¼Oi \Oj. No is
the number of interacting targets within the occlusion region.
Note that if there is no occlusion or overlapping between the
targets, Eq. (3) degenerates to Eq. (2).

3. Gaussian mixture probability hypothesis density filter

3.1. Probability hypothesis density filter

By definition [7], the PHD DtðxtÞ, is the density whose integral
on any region S of the state space is the expected number Nt of
target contained in S.

Nt ¼

Z
S

DtðxtÞ dxt ð4Þ

where xt is the element of Xt . The approximate expected target
states are given by the local maxima of the PHD. The PHD filter
propagates the intensity functions of multi-target RFS recursively.
In general, there are two steps of each cycle of the PHD filter:
prediction and update.
(1)
 Prediction: Suppose that we have known the PHD Dt�1ðxt�1Þ

at time t�1, and then the predicted PHD is given by

Dt9t�1ðxtÞ ¼ gtðxtÞþ

Z
½psv,tðxt�1Þf t9t�1ðxt9xt�1Þ

þpsp,tðxtÞ�Dt�1ðxt�1Þ dxt�1 ð5Þ

doi:10.1016/j.patcog.2013.02.013
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where f t9t�1ðxt9xt�1Þ denotes the single-target Markov tran-
sition density. psv,tðxt�1Þ, psp,tðxtÞ and gtðxtÞ denote the
probabilities of survived targets, spawned targets and new-
born targets, respectively.
(2)
 Update: The predicted PHD can be corrected with the
measurements Zt at time step t to get the updated PHD.
We assume the number of clutters is Poisson distributed
with the average rate of lt , and the probability density of
the spatial distribution of clutters is ctðztÞ. zt is the element
of Zt . Let the detection probability of a target with the state
xt be pd,tðxtÞ. Then, the updated PHD is given by

DtðxtÞ ¼ 1�pd,tðxtÞ
� �

Dt9t�1ðxtÞ

þ
X

zt AZt

pd,tðxtÞgtðzt9xtÞDt9t�1ðxtÞ

ltctðztÞþ
R

pd,tðxtÞgtðzt9xtÞDt9t�1ðxtÞdxt
ð6Þ

Where gtðzt9xtÞ denotes the single-target likelihood.
3.2. Gaussian mixture PHD filter

To implement the GM-PHD filter, several assumptions have to
be made first
(1)
 Each target follows a linear dynamic model where the process

and observation noises are Gaussian

f t9t�1ðxt9xt�1Þ ¼Nðxt; Ftxt�1,Q tÞ ð7Þ

gtðzt9xtÞ ¼Nðzt ;Htxt ,RtÞ ð8Þ

Where NðU;m,PÞ denotes a Gaussian component with the
mean m and the covariance P. Ft and Ht are the transition
and the measurement matrices, respectively. Q t and Rt are
the covariance matrices of the process noise and the mea-
surement noise, respectively.
(2)
 The survival and detection probabilities are independent of the

target state. That is psv,tðxt�1Þ ¼ psv and pd,tðxtÞ ¼ pd.

(3)
 The birth intensity gtðxtÞ, can be represented by the Gaussian

mixtures. That is

gtðxtÞ ¼
XJg,t

i ¼ 1
oðiÞg,tNðxt;m

ðiÞ
g,t ,P

ðiÞ
g,tÞ ð9Þ

where Jg,t , oðiÞg,t , and PðiÞg,t are the given parameters of the
Gaussian mixture density of the newborn target state.
According to [8], the GM-PHD filter is implemented by
following steps.
(1)
 Prediction: Suppose the prior density Dt�1ðxt�1Þ has the form

Dt�1ðxt�1Þ ¼
XJt�1

i ¼ 1
oðiÞt�1Nðxt�1;m

ðiÞ
t�1,PðiÞt�1Þ ð10Þ

Then the predicted intensity Dt9t�1ðxtÞ is given by

Dt9t�1ðxtÞ ¼ gtðxtÞþpsv

XJt�1

i ¼ 1

oðiÞt�1Nðxt ;m
ðiÞ
sv,t9t�1

,PðiÞ
sv,t9t�1

Þ ð11Þ

where mðiÞ
sv,t9t�1

¼ Ft�1mðiÞt�1, PðiÞ
sv,t9t�1

¼Q tþFt�1PðiÞt�1FT
t�1.

The spawned targets in the prediction of the PHD filter
(Eq. (5)) usually come from the needs of military applications
in radar tracking, e.g., an airplane sends a missile [11].
However, there is no such situation in our visual tracking
scenario. For simplicity, we assume that all targets consist of
the survival targets and the newborn targets.
(2)
 Update: The predicted intensity Dt9t�1ðxtÞ can be expressed as
a Gaussian mixture of the form

Dt9t�1ðxtÞ ¼
XJt9t�1

i ¼ 1

oðiÞ
t9t�1

Nðxt;m
ðiÞ
t9t�1

,PðiÞ
t9t�1
Þ ð12Þ

then the posterior intensity DtðxtÞ is given by

DtðxtÞ ¼ ð1�pdÞDt9t�1ðxtÞþ
X

zt AZt

Dg,tðxt; ztÞ ð13Þ

Dg,tðxt ; ztÞ ¼
XJt9t�1

i ¼ 1
oðiÞg,tðztÞNðxt;m

ðiÞ
g,tðztÞ,P

ðiÞ
g,tðztÞÞ ð14Þ

oðiÞg,tðrt ,ztÞ ¼
pdo

ðiÞ
t9t�1

Nðzt;m
ðiÞ
h,t ,P

ðiÞ
h,tÞ

ltctðztÞþpd

PJt9t�1

i ¼ 1 o
ðiÞ
t9t�1

Nðzt;m
ðiÞ
h,t ,P

ðiÞ
h,tÞ

ð15Þ

where mðiÞg,tðztÞ ¼mðiÞ
t9t�1
þKðzt�Htm

ðiÞ
t9t�1
Þ, PðiÞg,tðztÞ ¼ ðI�KHtÞ

PðiÞ
t9t�1

, mðiÞh,t ¼Htm
ðiÞ
t9t�1

, PðiÞh,t ¼RtþHtP
ðiÞ
t9t�1

HT
t , K ¼ PðiÞ

t9t�1
HT

t

ðHtP
ðiÞ
t9t�1

HT
t þRtÞ

�1.

(3)
 Pruning, merging and target states extraction: From the above two

steps, it can be shown the number of components of the
predicted and the posterior intensities increases with time, which
can be a problem in implementation. Therefore, some pruning
and merging algorithms [8] should be applied to prune those
components that are irrelevant with the target intensity and to
merge components that share the same intensity peak into one
component. Given the posterior intensity DtðxtÞ at time t, it can
be represented as DtðxtÞ ¼ foðiÞt ,mðiÞt ,PðiÞt g

Jt

i ¼ 1. Given a pruning
threshold tp and a merging threshold tm, the details of the
pruning and merging algorithms are shown in Fig. 3.
After the pruning and merging, the peaks of the intensity D̂tðxtÞ

are points of the highest local concentration of the expected
number Nt of targets. The estimate of the multi-target state is the
set of Nt ordered of the mean with the largest weights.
4. Game-theoretical occlusion handling

4.1. Occlusion reasoning

A simple two-step occlusion reasoning algorithm that includes
occlusion prediction and occlusion determination is proposed.
The occlusion region is deduced according to the predicted
targets’ states and the detection results (measurements).
(1)
 Occlusion prediction
As shown in Fig. 4(a), Ci (or Cj) is a circle centered at li

t9t�1(or
Ij
t9t�1

) with the radius Jsi
t9t�1

J (or Jsj
t9t�1

J). li
t9t�1 and si

t9t�1
are

the location and the scale of the predicted target state xi
t9t�1

,
respectively. JdJ is the Euclidean norm (hereinafter the same).
The candidate occlusion region is determined only as Ci \

Cja| (ia j). That is

Jli
t9t�1�lj

t9t�1
JoJsi

t9t�1JþJsj
t9t�1

J ð16Þ

Otherwise, no occlusion occurs.

(2)
 Occlusion determination

There are two possible situations, no occlusion and occlusion,
exist in the candidate occlusion region (shown as Fig. 4(b)
and (c)). According to the fact that the overlapping between
the occlusion targets always increases gradually, the first
detected merged foreground of the occlusion region is
always larger than the corresponding single target. To further
determine the occlusion region, the detection results
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Fig. 4. Illustration of occlusion prediction and determination. (a) Occlusion pre-
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determined as zt,m.

Fig. 5. Schematic diagram of occlusion handling. Three targets compete for the

merged foreground to reach a Nash Equilibrium.

Fig. 3. Procedure of the pruning and merging algorithm.
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(measurements) obtained at the current time step is incorpo-
rated. If a measurement zt,m ¼ flt,m,st,mg within the candidate
occlusion region satisfies the following condition, the mea-
surement is regarded as an occlusion region.

Jst,mJ4edmaxðJsi
t9t�1J,Jsj

t9t�1
JÞ ð17Þ

where e is a scale factor. The size of the detected target may
be slightly changed between consecutive frames due to the
changes of the target’s pose or of the depth of view. On the
contrary, compared with the size of the target before mutual
occlusion, the size of the target after mutual occlusion is
significantly changed because it is merged with other targets.
Consequently, we set e¼ 1:2 in our experiments to determine
the occlusion region more correctly.
4.2. Occlusion handling

As occlusion occurs, the measurement zt,m that contains the
merged foreground Ft,m is determined by occlusion reasoning. It is
assumed that the target’s size keeps constant during the occlu-
sion. Once the occlusion region is determined, the identities (IDs)
and the total number No of the targets in the occlusion region are
determined. Then the appearance models of the corresponding
targets obtained at time t�1 are constructed. As shown in Fig. 5,
given the merged foreground Ft,m and the predicted targets’ states

fxi
t9t�1
g

NO

i ¼ 1
(No ¼ 3 in Fig. 5), the goal is to obtain the optimal

individual measurements fzi
t,mg

No

i ¼ 1
within the occlusion region. In

other words, the optimal solution ðz1n
t,m,. . .,zNon

t,m Þ is to maximize the

similarity probability between the joint measurements ðz1
t,m,. . .,

zNo
t,mÞ and the foreground Ft,m.

ðz1n
t,m,. . .,zNon

t,m Þ ¼ arg max
fzi

t,mg
N

i ¼ 1

Pðz1
t,m,. . .,zNo

t,m9Ft,mÞ ð18Þ

According to the Bayesian theory, we have

arg max
fzi

t,mg
N

i ¼ 1

Pðz1
t,m,. . .,zNo

t,m9Ft,mÞ ¼ argmax
fzi

t,mg
N

i ¼ 1

Pðzi
t,m,z�i

t,m9Ft,mÞ

¼ arg max
fzi

t,mg
N

i ¼ 1

Pðzi
t,m9Ft,m,z�i

t,mÞ Pðz
�i
t,m9Ft,mÞ ð19Þ

where z�i
t,m ¼ fz

j
t,mg

No

j ¼ 1,ja i
. To obtain the optimal solution of

Eq. (19), a game-theoretical occlusion handling algorithm is
proposed to bridge the joint measurements estimation and the
Nash Equilibrium of a game.
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4.3. N-person, non-zero-sum, non-cooperative game constructing

In game theory [34], a non-cooperative game is one in which
players make decisions independently. As mutual occlusion
occurs, the individual measurements involved in the occlusion
region are competing to maximize the similarity probability
between the measurements and the foreground independently.
Therefore, it is reasonable to construct a non-cooperative game to
bridge the joint measurements estimation and the Nash Equili-
brium. In this paper, we construct an n-person, non-zero-sum,
non-cooperative game. Since the size of a target is assumed
constant, the estimation of the measurements ðz1

t,m, � � � ,zNo
t,mÞ is

simplified as the estimation of the locations ðl1
t , � � � ,lNo

t Þ of the
measurements. The player, strategy of the player and the corre-
sponding utility are defined as follows:

Player: The individual measurement zi
t,m corresponding to the

target iAf1, � � � ,Nog in the occlusion region.
Strategy: The motion of the player, i.e. the location li

t of the
player in the image. li

t ¼ fl
i
x,t ,l

i
y,tgAR2.

Utility function: Ui
ðli

t ,l
�i
t Þ ¼ Pðzi

t,m9Ft,m,z�i
t,mÞPðz

�i
t,m9Ft,mÞ, where

l�i
t ¼ fl

j
tg

No

j ¼ 1,ja i.

To find a Nash Equilibrium of the game, the best-response

should be defined first.

Definition 1. (Barron [35]): The best-response of a player i to the
profile of strategies l�i

t is the strategy for that player such that

Ui
ðli

t ,l
�i
t ÞZUi

ðli0
t ,l�i

t Þ,8l
i0
t AR2

ð20Þ

Hence, a Nash Equilibrium of the game is a strategy profile for
which every player’s strategy is a best-response to the other
players’ strategies.

Definition 2. (Barron [35]): ðl1n
t ,. . .,lNon

t Þ is a Nash Equilibrium for
the game with utility fUi

ðli
t ,l
�i
t Þgi ¼ 1,...,No

, if every player’s strategy
is a best-response to the other players’ strategies

Ui
ðlin

t ,l�in
t ÞZUi

ðli
t ,l
�in
t Þ, for every player i ð21Þ

Given l�in
t , the goal is to determine the best-response of the

player i. That is

maxUi
ðli

t ,l
�in
t Þ ¼max Pðzi

t,m9Ft,m,z�in
t,m ÞPðz

�in
t,m9Ft,mÞpmax Pðzi

t,m9Ft,m,z�in
t,m Þ

ð22Þ

where Pðzi
t,m9Ft,m,z�in

t,m Þ is the similar probability between the
measurement zi

t,m and the merged foreground Ft,m with the
interferences of other fixed measurements z�in

t,m .

max Pðzi
t,m9Ft,m,z�in

t,m ÞpmaxPsðp
i,qi9pjÞpmax f ðli

tÞ ð23Þ

where

f ðli
tÞ ¼

X
C1

log Nðli
tÞds1

� �
þ
X
C2

s1

s2
log Nðli

tÞds1

� �
ð24Þ

Then we set the derivative of f ðli
tÞ with respect to li

t to zero

@f ðli
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where Ni’ is the number of foreground pixels in the support region
C1. li

t can be calculated by Eq. (26) and is regarded as the best-

response lin
t of the player i

lin
t ¼

X
C1

li
þ
X
C2

s1

s2
dli

 !
= N0iþ

X
C2

s1

s2

 !
ð27Þ

The location of the player i is initialized by the corresponding
predicted target’s location li

t9t�1, iAf1,. . .,Nog. Given the initialized
locations l�in

t , the best-response lin
t of the player i can be calculated

by Eq. (27). lin
t can be iteratively updated until the process reaches

an equilibrium. The equilibrium is obtained when the maximum
component of the difference vector Dl satisfies Eq. (28). Dl is the
difference of the best-response sets between the consecutive
iteration cycles.

DloTNE ð28Þ

where Dl¼ fl1n
t ,. . .,lNon

t giteration j�fl
1n
t ,. . .,lNon

t giteration j�1

��� ��� (j¼ 1,2,
. . .). fl1n

t , � � � ,lNon

t giteration 0 is the initialized locations set. TNE is
the given threshold. The smaller the TNE is, the more iteration
time needed, while the more precise results obtained. In our
experiments, we set TNE ¼ 1 pixel to achieve a trade-off between
the efficiency and the precision.

4.4. Algorithm summary

The procedure of the proposed multi-target visual tracking
system and the corresponding occlusion reasoning and game-
theoretical occlusion handling algorithms are shown in Figs. 6–8.
5. Experiments and discussions

The proposed visual tracking system is tested on the real-
world scenarios. In particular, the contribution of the proposed
game-theoretical occlusion handling algorithm is assessed.

In the experiments, the state transition model is a constant
velocity model with Ft ¼ ½I2, TI2, 02; 02, I2, 02; 02, 02, I2�,
Q t ¼ s2

v½T
4I2=4, T3I2=2,02; T

3I2=2, T2I2, 02;02, 02, T2I2�, where 0n

and In are the n� n zero and identity matrices. T ¼ 1 frame, is
the interval between two consecutive time steps and sv ¼ 3 is the
standard deviation of the state noise. The measurements follow the
measurement likelihood with: Ht ¼ ½I2, 02, 02;02, 02, I2�, Rt ¼ s2

wI4,
where sw ¼ 2 is the standard deviation of the measurement noise.
The values of the parameters used in the GM-PHD filter are set as
the detection probability pd ¼ 0:99, the survival probability
psv ¼ 0:95, the average distributed rate of clutters lt ¼ 0:01, the
spatial distribution of clutters ctðztÞ¼(image area)�1, the pruning
threshold tp ¼ 0:1 and the merging threshold tm ¼ 5.

Any object detection method can be incorporated into our
tracking system. Because of the contribution of this paper mainly
focuses on effectively handling the mutual occlusion problem, a
simple background subtraction algorithm based on RGB color for
the object detection is utilized. It is assumed that the static
background image has already known. First, each pixel in the
background image is modeled as R, G and B channels. Then the
difference between the current image and the background image
for each channel is calculated, and the pixel is labeled as the
foreground if the difference of one channel is larger than the
threshold t (t¼20 in our experiments). Finally, the morphological
operator is employed to eliminate the isolated noises and the
8-connected components labeling algorithm is used to connect
the detected foreground pixels to a set of regions. The regions are
enclosed by a set of rectangles.

The proposed tracking system is evaluated on the video data
sets coming from ‘ViSOR’ [39], ‘CAVIAR’ [40] and ‘PETS2006’ [41].
All the videos are captured from the single static camera. The



Fig. 7. Occlusion reasoning algorithm.

Fig. 6. Procedure of the proposed multi-target visual tracking system.
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following experiments are conducted to validate the effectiveness
of the proposed occlusion handling algorithm during the occlu-
sion period. The challenging issues involved in the occlusion
period for each data set are listed in Table 1. Moreover, the
comparisons between the GM-PHD filter based conventional

tracking system without occlusion handling (CTS-OH) and the
proposed tracking system with game-theoretical occlusion handling

(PTSþOH) are presented to show the performances in handling
the listed challenging issues.

5.1. Qualitative analysis

Figs. 9–14 show the detection results (the first row in
Figs. 9–14), the tracking results of the CTS-OH (the second row
in Figs. 9–14) and of the PTSþOH (the third row in Figs. 9–14).
As the targets come near, occlusion occurs and the targets are
detected as a merged foreground. Without occlusion handling, the
system may lose the targets or track the merged foreground as
the target. Conventionally, simple color appearance model based
occlusion handling algorithm can deal well with the targets
with different color distributions. However, it fails when the
interacting targets have similar appearances. On the contrary,
the proposed appearance model considers both the similar appea-
rances and the interferences of other interacting targets. More-
over, the game-theoretical occlusion handling algorithm provides
the optimal solutions of multiple targets’ locations within
the occlusion region. Therefore, by incorporating the proposed
appearance model into the game-theoretical occlusion handling
algorithm, our tracking system can perform robustly as mutual
occlusion occurs in the interacting targets.



Table 1
Challenging issues involved in the occlusion period.

Data Sets Challenging issues involved in the occlusion period

ViSOR #1 � Two interacting targets with different appearances

� Partial and total occlusion

� Targets merge once and split once

ViSOR #2 � Two interacting targets with similar appearances

� Partial and total occlusion

� Targets merge once and split once

ViSOR #3 � Three interacting targets with different appearances in rapid moving

� Partial occlusion

� Targets merge five times and split five times

CAVIAR � Three interacting targets, in which two targets have similar appearances

� Partial occlusion

� Targets merge twice and split twice

PETS2006 #1 � Three interacting targets with similar appearances

� Partial and total occlusion

� Targets merge twice and split once

PETS2006 #2 � Four interacting targets, in which three targets have similar appearances

� Partial occlusion

� Targets merge three times and split zero times

Fig. 8. Game-theoretical occlusion handling algorithm.
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Fig. 9. Tracking results comparison for ‘ViSOR #1’. The first row: detection results; second row: tracking results of the CTS-OH; third row: tracking results of the PTSþOH.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)

Fig. 10. Tracking results comparison for ‘ViSOR #2’. The first row: detection results; second row: tracking results of the CTS-OH; third row: tracking results of the PTSþOH.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)

Fig. 11. Tracking results comparison for ‘ViSOR #3’. The first row: detection results; second row: tracking results of the CTS-OH; third row: tracking results of the PTSþOH.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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In Fig. 9 (‘ViSOR #1’), the occlusion occurs from t¼60 to t¼97.
When this occurs, the CTS-OH fails in tracking the two targets at
t¼60, and it then tracks the merged detection as a single newborn
target at t¼61. As described in Section 3.2, the estimate of the
multi-target states is the set of targets ordered of the mean with
the largest weights of the Gaussian components. Because
of the large differences between the merged detection and
the two predicted targets’ states (targets 1 and 2) at t¼60, the



Fig. 12. Tracking results comparison for ‘CAVIAR’. The first row: detection results; second row: tracking results of the CTS-OH; and third row: tracking results of the

PTSþOH. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)

Fig. 13. Tracking results comparison for ‘PETS2006 #1’. The first row: detection results; second row: tracking results of the CTS-OH; third row: tracking results of the

PTSþOH. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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corresponding weights of the components are smaller than the
given threshold. Consequently, the CTS-OH fails in tracking them
as the occlusion occurs. However, the PTSþOH can succeed in
tracking the targets during the whole occlusion period, even
when target 2 is totally occluded by target 1 (shown as t¼80 in
Fig. 9).

In Fig. 10 (‘ViSOR #2’), the occlusion occurs from t¼166 to
t¼241. When this occurs, the difference between target 1 and the
merged detection is smaller than the difference between target
2 and the merged detection. So the CTS-OH fails in tracking target
2 while tracks the merged detection as the other target 1 from
t¼166. Then, target 2 is re-tracked as a newborn target 3 from
t¼245. However, the PTSþOH can succeed in tracking the targets
during the whole occlusion period, even though the targets have
similar appearances.

In Fig. 11 (‘ViSOR #3’), the occlusion among the three targets is
complicated. Targets 1 and 2 merge first at t¼940 and then they split
and merge several times until they merge with target 3 at t¼961.
From t¼966, target 2 splits out while targets 1 and 3 remain merge.
Similarly, the CTS-OH loses the targets or tracks the merged detection
as a target during the occlusion. On the contrary, the PTSþOH
performs robustly in frequently merging and splitting among
the targets. However, when the interacting targets with similar
appearances suddenly change their motion directions (shown as
t¼976 in Fig. 11), the PTSþOH fails in tracking them correctly. This
is because the strategy of the player (target) is the motion of the
player (target). Suddenly changing of the motion direction results in
approaching the wrong Nash Equilibrium. This makes the PTSþOH
fail to track the correct targets.

In Fig. 12 (‘CAVIAR’), target 1 merges with target 2 from t¼321
to t¼427 and they split at t¼428. Then target 2 merges with
target 9 from t¼436 to t¼469. The CTS-OH loses the targets or
tracks the merged detection as a target as they merge and re-
tracks them as a newborn target as they split, while the PTSþOH
succeeds in tracking all the interacting targets. As shown in
Fig. 12, target 3 needs to walk through a bright region before he
meets the other targets. Because of the similar appearances
between target 3 and the bright region (background), the detec-
tion is so weak that no target is detected at some time steps.
It results in losing target 3 and then re-tracking target 3 as a
newborn target (shown as target 8 in the second row and target
9 in the third row in Fig. 12). Moreover, because the size of the
target is assumed constant during the occlusion, the tracking
precision is affected once the detection obtained before the
occlusion is weak (shown as target 9 in the third row in Fig. 12
from t¼436 to t¼469).



Fig. 14. Tracking results comparison for ‘PETS2006 #2’. The first row: detection results; second row: tracking results of the CTS-OH; third row: tracking results of the

PTSþOH. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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In Fig. 13 (‘PETS2006 #1’), the first two targets come near and
merge from t¼752 to t¼775. Then they merge with the third
target from t¼776 to t¼803. Finally the third target splits out
while the other two targets remain merge from t¼804. As
stated in Table 1, the main challenge is that the partial and the
total occlusions are occurred in the above three interacting
targets who have similar appearances. The CTS-OH cannot
handle this challenging issue while the PTSþOH can successfully
track all the occlusion targets. Moreover, as shown t¼812 in
Fig. 13, both of the tracking systems mis-track the new
detected noise as a newborn target (target 10 in the second
row and target 6 in the third row in Fig. 13). This could be
solved by incorporating a robust birth intensity estimation algo-
rithm for the GM-PHD filter, which will be explored in our
future work.

In Fig. 14 (‘PETS2006 #2’), there are totally 9 targets involved
and most of them move closely, which makes the occlusion
reasoning a challenge. Moreover, the complexity of the occlusion
is increased gradually and three occlusion targets have similar
appearances, which are also challenging issues for occlusion
handling. For example, the occlusion first occurs in targets
3 and 5 from t¼3338 to t¼3366, then occurs in targets 3, 4 and
5 from t¼3367 to t¼3389, finally occurs in targets 3, 4, 5 and
6 from t¼3390 to t¼3400. Though, the PTSþOH can correctly
determine the occlusion region and successfully track all the
occlusion targets, while the CTS-OH loses some of the occlusion
targets or tracks the merge detection as a target.
5.2. Quantitative analysis

To show the tracking precision of the targets’ positions in
occlusion, comparisons between the ground truth and the obtained
targets’ trajectories are given in Fig. 15 while the average position
errors (APE) calculated for these targets are given in Table 2. The APE
of a target i in x-direction and y-direction are defined as

APEðxÞ ¼
XNf ,i

t ¼ 1

9lix,t�lix,g,t9

 !
=Nf ,i ð29Þ

APEðyÞ ¼
XNf ,i

t ¼ 1

9liy,t�liy,g,t9

 !
=Nf ,i ð30Þ
where flix,t ,l
i
y,tg and flix,g,t ,l

i
y,g,tgare the tracked location and the ground

truth location of a target i, respectively, for time t. Nf ,i is the total
number of frames for the tracked target i.

From Table 2, the percentage of APE over the average target
size is about 3.9–19% for x-direction and about 0.9–20.4% for
y-direction, while the percentage of APE over the image size is
about 0.2–2.4% for x-direction and about 0.2–3.7% for y-direction.
The main reasons of the large APE (shown as the bold letters in
Table 2) are the weak detections caused by the significant shades
(target 1 in ‘ViSOR #1’ and targets 1 and 4 in ‘PETS2006 #1’) and
the illumination variation or by similar appearances between the
targets and the background (target 3 in ‘CAVIAR’ and target 5 in
‘PETS2006 #2’), and ID switch caused by the sudden changing of
motion directions (targets 1 and 3 in ‘ViSOR #3’). Without regard
to the negative effect of above factors, the percentage of APE over
the average target size is improved to 3.9–12.7% for x-direction
and to 0.9–12.8% for y-direction.

The CLEAR MOT metrics [42] is also used to evaluate the
occlusion tracking performance. This returns a precision score
MOTP (intersection over union of bounding boxes) and an
accuracy score MOTA (composed of false positive rate (FPR), miss
rate (MR) and mismatch rate (MMR)).

MOTP¼

P
i,t½Sðgbi

t \ tbi
tÞ=Sðgbi

t [ tbi
tÞ�P

tct
ð31Þ

MOTA¼ 1�

P
tðmtþ f ptþmmetÞP

tgt

ð32Þ

where SðdÞ is a function to compute the area. gbi
t and tbi

t are the
ground truth box and the associated tracked box of a target i,
respectively, for time t. ct is the number of matched targets found
for time t. mt , f pt , mmet , and gt are the number of misses, of false
positives, of mismatches, and of ground truth, respectively, for
time t.

To show the robustness of the proposed occlusion handling
algorithm, the performance is only evaluated in the occlusion
period. The results in Table 3 show that the PTSþOH outperforms
the CTS-OH both in MOTP and MOTA. For ‘ViSOR #3’ because of
the challenging situation of suddenly changing the motion direc-
tions of targets 1 and 3 (as shown in Fig. 11), the IDs are switched
between them and thus results in non-zero MMR in the PTSþOH.
For ‘CAVIAR’, because of the weak detection of target 3, the
PTSþOH loses the target and re-tracks it as a newborn target in
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Fig. 15. Comparisons between the ground truth and the obtained trajectories of targets in occlusion. (a) For data set ‘ViSOR #1’, (b) for data set ‘ViSOR #2,’ (c) for data set

‘ViSOR #3’, (d) for data set ‘CAVIAR’, (e) for data set ‘PETS2006 #1’ and (f) for data set ‘PETS2006 #2’. (For interpretation of the references to color in this figure caption, the

reader is referred to the web version of this article.)
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some time steps (shown as in Fig. 12) which results in non-zero
MR and MMR.

We also compare our occlusion handling method with the
state-of-the-art occlusion handling methods including the kernel
density based method reported by Yang et al. [25], the color
appearance model based method reported by Vezzani et al. [26],
and the spatial-color appearance model based method reported
by Hu et al. [29]. All the above methods can track the targets in
mutual occlusion. The main difference is the tracking precision.
The results in Table 4 show the MOTP scores of the above
methods for the data sets listed in Table 1. Compared with the
kernel density based method [25], our method achieves the better
MOTP scores for four data sets including ‘ViSOR #2’, ‘ViSOR #3’,
‘CAVIAR’ and ‘PETS2006 #1’ while gets the lower MOTP scores for
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the data sets ‘ViSOR #1’ and ‘PETS2006 #2’. The reason for the
lower MOTP scores is that we only use a simple background
subtraction method for object detection. The tracking precision
score can be decreased once the targets are over-detected (shown
as target 1 in Fig. 9) or weak-detected (shown as targets 2 and
5 in Fig. 14). Compared with the color appearance model based
method [26], our method outperforms for all data sets. In
particular, our method significantly improves the tracking preci-
sion when the targets have similar appearances (shown as the
MOTP scores of the data sets ‘ViSOR #2’, ‘CAVIAR’, ‘PETS2006 #1’
and ‘PETS2006 #2’ in Table 4). Compared with the spatial-color
appearance model based method [29], our method can achieve
the better scores when the targets are in severe occlusion (shown
as the MOTP scores of the data sets ‘ViSOR #2’, ‘ViSOR #3’,
‘CAVIAR’ and ‘PETS2006 #1’ in Table 4). This is because we
consider the interferences by other interacting targets in mutual
occlusion in the proposed appearance model. The lower MOTP
scores for the data sets ‘ViSOR #1’ and ‘PETS2006 #2’ are caused
by the weak object detection method.
5.3. Discussions

Although all the above experiments have validated the
PTSþOH in handling the challenging issues listed in Table 1,
some other issues need to be discussed furthermore.
Table 2
Average position errors (APE) of targets in occlusion (unit: pixel).

Data Sets Average

target size

Image

size

Target’s

ID

aOr/ Od APE (x) APE (y)

ViSOR #1 70�190 360�270 1 Or 7.4 3.3
2 Od 4.9 1.8

ViSOR #2 30�80 384�288 1 Or 1.4 2.7

2 Od 1.4 0.7

ViSOR #3 20�55 384�288 1 OrþOd 3.8 3.1
2 Od 1.2 1.6

3 OrþOd 2.7 2.1
CAVIAR 48�27 384�288 1 Or 2.1 1.0

2 Od 3.8 1.6

3 Or 9.1 5.5
PETS2006

#1

100�170 720�576 1 Or 10.4 19.9

2 Od 12.2 3.2

4 OrþOd 5.0 20.1
PETS2006

#2

36�112 720�576 3 OrþOd 4.6 14.4

4 Or 2.5 3.1

5 Od 5.3 21.3
6 Od 1.4 10.2

a Or represents an occluding target; Od represents an occluded target;

OrþOd represents either an occluding target or an occluded target in different

time steps.

Table 3
Occlusion tracking performance comparison with the CTS-OH.

Data sets Occlusion lasting time (frames) Tracking performance of the

MOTP (%) MOTA (%)

ViSOR #1 38 55.21 49.56

ViSOR #2 76 65.63 50.65

ViSOR #3 50 66.68 55.33

CAVIAR 150 62.18 69.60

PETS2006 #1 108 66.64 56.74

PETS2006 #2 68 75.48 85.88
(1)
CTS-O
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48.7
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Application restriction: The GM-PHD filter has a closed form
solution under linear Gaussian assumptions on the target
dynamics and births (see Section 3.2). However, the linear
Gaussian multi-target model is not general enough to accom-
modate maneuvering targets, once these targets follow jump
Markov system models. To apply system for some more
general cases, the sequential Monte Carlo implementation of
the PHD filter [43] can be incorporated to accommodate any
Markovian target dynamics.
(2)
 Noises elimination: Some noises exist in the detection results
due to the environmental uncertainty (shown as t¼812 in
Fig. 13). In this paper, we use the generic GM-PHD filter to
track multiple moving targets. It has the ability to filter those
noises close to the survival targets. However, as noises are far
away from the survival targets, they may be tracked as the
newborn targets. To remedy this, a robust birth intensity
estimation algorithm should be explored to accurately deter-
mine the intensity of the newborn targets.
(3)
 Sudden motion changing: The proposed game-theoretical
occlusion handling algorithm selects the motion of a target
as the strategy. This is reasonable and effective as the
interacting targets move routinely. However, as the inter-
acting targets with similar appearances move rapidly mean-
while change their motion directions drastically (shown
as t¼976 of ‘ViSOR #3’ in Fig. 11), the players (targets)
involved in the constructed game may reach a wrong
Nash Equilibrium. Consequently, the proposed algorithm
fails in tracking these targets correctly for this challenging
situation.
(4)
 Processing speed: The proposed tracking system is imple-
mented in Matlab, with an Inter Core2Duo 2.20 GHz and
2 GB of memory. Without any code optimization, the average
runtimes per frame during occlusion tracking for the above
data sets are about 0.25–0.80 fps. More than 95% of the
runtimes are consumed in searching the Nash Equilibrium
H Tracking performance of the PTSþOH

(%) MMR (%) MOTP (%) MOTA (%) MR (%) MMR (%)

2 1.72 81.68 100 0 0

5 0 90.83 100 0 0

0 8.00 88.64 96.00 0 4.00
3 1.57 81.87 98.23 0.59 0.98
3 1.96 83.94 89.78 0 0

3 0 79.09 98.81 0 0

e 4
usion tracking performance comparison with the state-of-the-art methods.

ta sets Our

method

Kernel

density based

method [25]

Color appearance

model based

method [26]

Spatial-color

appearance model

based method [29]

MOTP

(%)

MOTP

(%)

MOTP

(%)

MOTP

(%)

SOR #1 81.68 82.56 81.53 82.24

SOR #2 90.83 87.92 81.88 85.51

SOR #3 88.64 83.57 87.96 88.43

VIAR 81.87 79.14 74.59 79.68

TS2006 #1 83.94 79.85 72.61 75.96

TS2006 #2 79.09 81.26 75.87 80.42
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of the proposed game-theoretical occlusion handling algo-
rithm because it is a pixel-wise iteration process. To remedy
this, employing more efficient appearance model will be
helpful.
6. Conclusion

We have developed a GM-PHD filter based multi-target visual
tracking system with the game-theoretical occlusion handling
algorithm. The proposed target appearance model improved the
conventional color histogram based appearance model with the
spatial constraint and other interacting targets’ interferences,
which was more robust as the interacting targets had similar
appearances in occlusion. We also proposed an effective two-step
occlusion reasoning algorithm to correctly determine the occlu-
sion region, in which both the support regions and the detection
results were incorporated. Then we proposed a robust game-
theoretical occlusion handling algorithm to deal with the mutual
occlusion problem in multiple interacting targets. We constructed
an n-person, non-zero-sum, non-cooperative game and regarded
the individual targets in the occlusion region as the players in the
game to compete for the maximum utilities by using the certain
strategies. We selected the Nash Equilibrium of the game as the
optimal estimation of the locations of the players within the
occlusion region. Experiments on video sequences showed that
the proposed tracking system achieved promising results in
handling mutual occlusions in multiple interacting targets.

In future work we plan to investigate more efficient appear-
ance model for occlusion handling. Furthermore, we would like to
investigate more effective strategies in a game to cope with the
sudden motion changing problem.
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