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a b s t r a c t

Considerable intellectual progress has been made to the development of various semi-
parametric varying-coefficient models over the past ten to fifteen years. An important
advantage of these models is that they avoid much of the curse of dimensionality prob-
lem as the nonparametric functions are restricted only to some variables. More recently,
varying-coefficientmethods have been applied to quantile regressionmodeling, but all pre-
vious studies assume that the data are fully observed. The main purpose of this paper is
to develop a varying-coefficient approach to the estimation of regression quantiles under
random data censoring. We use a weighted inverse probability approach to account for
censoring, and propose a majorize–minimize type algorithm to optimize the non-smooth
objective function. The asymptotic properties of the proposed estimator of the nonpara-
metric functions are studied, and a resampling method is developed for obtaining the esti-
mator of the sampling variance. An important aspect of our method is that it allows the
censoring time to depend on the covariates. Additionally, we show that this varying-
coefficient procedure can be further improved when implemented within a composite
quantile regression framework. Composite quantile regression has recently gained consid-
erable attention due to its ability to combine information across different quantile func-
tions. We assess the finite sample properties of the proposed procedures in simulated
studies. A real data application is also considered.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Since the seminal work of Koenker and Bassett (1978), there has been an abundance of literature on various applications
and theoretical extensions of quantile regression (QR). Regression quantiles have the important advantage over conditional
mean regression of being able to directly estimate the effects of the covariates on quantiles other than the center of the
distribution. It is also well-known that compared to the method of least-squares (LS), QR is more robust to outliers. QR has
been extensively applied in economics, finance, biology, medicine, and many other disciplines. Recent empirical studies
involving applications of QR can be found in Wheelock and Wilson (2008), Li et al. (2010), among others.

Although Koenker and Basset’s (1978) conventional QR estimator is based on a linear parametric set-up, there has
been a rapidly growing literature on the statistical theory and implementation of nonparametric and semiparametric QRs.
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For example, Koenker et al. (1994) discussed quantile smoothing splines; Yu and Jones (1998) considered nonparametric
regression quantile estimation by kernel weighted linear fitting; De Gooijer and Zerom (2003) modeled the conditional
quantile of the response as a nonlinear additive function of the covariates; and Wei and He (2006) developed a global
QR approach to conditional growth charts. One important class of nonparametric models that has gained considerable
attention in recent years is the varying-coefficient approach proposed by Cleveland et al. (1991) and Hastie and Tibshirani
(1993). The appeal of the varying-coefficient model is that by allowing the coefficients to vary as smooth functions of other
variables, the curse of dimensionality can be avoided. Due to this important advantage the varying-coefficient approach has
experienced rapid development in theory and methodology. We refer to the articles by Cai (2007) for novel adaptations of
the varying-coefficient approach to time series analysis; Fan and Li (2004) for longitudinal data analysis; Fan et al. (2006)
and Cai et al. (2007, 2008) for survival analysis, andWu et al. (2010) for functional linear regression. Formore references, see
Fan and Zhang (2008). To the best of our knowledge, Honda (2004), Kim (2007) and Cai and Xu (2008) are the only existing
studies that consider the varying-coefficient approach for conditional quantiles; Honda (2004) and Cai and Xu (2008) used
local polynomials to estimate conditional quantiles with varying coefficients, while Kim (2007) proposed an estimation
methodology based on polynomial splines.

In recent years, we have also seen the emergence of a parallel literature on censored QR for which the usual set-up
is one where the dependent variable of interest cannot be completely observed due to censoring. Censored QR was first
studied by Powell (1986) for fixed censoring that assumes known censoring times for all observations. The examination
of censored QR under the assumption of random censoring with unknown censoring points was taken up in a series of
studies by Lindgren (1997), Yang (1999), Honoré et al. (2002), Gannoun et al. (2005) and Chen (2010). Portnoy (2003) studied
censored QR under the self-consistency principle for the Kaplan–Meier estimator and developed a recursively re-weighted
estimation procedure. Peng and Huang (2008) proposed amartingale-based estimating equations approach for censored QR
models. This approachwas subsequently extendedbyQian andPeng (2010) to the analysis of a partially functional QR.Huang
(2010) proposed a procedure for estimating censored QR based on estimating integral equations. The preponderance of this
literature emphasizes nonparametric estimation of the conditional quantiles. However, some of the methods proposed in
these studies rely on very strong distributional assumptions, or havemajor computational and/or theoretical drawbacks. For
example, Lindgren’s (1997) method requires an iterative minimization procedure for which no theoretical justification has
been provided; this method is also computationally cumbersomewhen the dimension of the problem is high. The approach
of Yang (1999) is restricted only to i.i.d. errors, and involves solving some highly complicated non-linear equations that can
lead to multiple solutions. Portnoy (2003) also noted the algorithmic complications and computational issues associated
with his proposed procedure. With few exceptions, most existing studies assume that censoring is independent of the
covariates although it is not uncommon in practice to find correlations between the censoring time in the dependent variable
and the covariates. For example, probability of loan default is typically thought to be associated with the borrower’s credit
worthiness reflected in the covariates. Dependence of censoring on covariates in QR is considered in the work of Portnoy
(2003), Peng and Huang (2008) and Huang (2010), but none of these studies consider a varying-coefficient approach.

The major objective of the current paper is to develop a varying-coefficient approach to the estimation of regression
quantiles under random data censoring when censoring times depend on covariates. We propose a weighted estimating
function approach (Robins et al., 1994),whereby the contribution to the estimating function fromanuncensored observation
isweighted by the inverse of the probability of its being fully observed (Bang and Tsiatis, 2000). Inverse probabilityweighting
is a widely used approach in censored data studies and has been adopted and refined in many subsequent studies (e.g.,
Zhao and Tian, 2001, Bang and Tsiatis, 2002 and Wang et al., 2012). One difficulty with this approach, however, is that
the resultant estimating functions are non-smooth, rendering the Newton–Raphson algorithm inapplicable in solving the
estimating equations. To reconcile this difficulty, we draw on the majorize–minimize (MM) algorithm (Hunter and Lange,
2000), and adapt it for the current analysis. A perturbation resampling method is developed for obtaining the estimator of
the sampling variance. When censoring depends on the covariates, we can model this dependency either parametrically
through, for example, the proportional hazards or the additive Aalen models, or nonparametrically by the Kaplan–Meier
(Kaplan and Meier, 1958) estimator. Another purpose of this paper is to show that our procedure can be further improved
when implemented within a composite quantile regression (CQR) framework. CQR was first introduced by Zou and Yuan
(2008) for estimating coefficients in a linear regression. Extensions to local polynomial regression and varying-coefficient
models were undertakenmore recently by Kai et al. (2010, 2011). CQR has the appealing strength of combining information
fromdifferent QRs, and hence the potential to improve estimation efficiency. All of the above-mentioned studies have shown
that CQR can yield substantially more efficient estimators than LS-based procedures, but none of these studies have allowed
for the possibility of censored data. This paper makes some progress towards obtaining results for CQR under censored
data. Although this work may be thought of as an extension of Kai et al. (2011), the extension being considered is no means
straightforward. Indeed, a very different set of analytical techniques is needed for obtaining results under random censoring
using an inverse probability weighting approach. The efficiency gains of CQR over LS and QR in finite samples are examined
by simulations.

The remainder of this paper is organized as follows. In Section 2, we present the model framework, and the local
polynomial fitting and inverse probability weighting mechanisms, and describe the adaptation of the MM algorithm to
the present analysis. In Section 3, we examine the asymptotic properties of the estimators, and provide a perturbation
resampling method for variance estimation. Section 4 develops a CQR approach in the context of the censored varying-
coefficient QR model. In Section 5, we report results of simulation studies that examine the performance of the proposed
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methods in finite samples. In the same section, we also present an empirical application. Proofs of theorems are contained
in an Appendix B and an online supplemental file.

2. Varying-coefficient quantile regression

2.1. Model specification

Let T be the response variable, X = (X1, . . . , Xp)
T and U be observed covariates, and a(U) = (a1(U), . . . , ap(U))T be

the unknown coefficient functions capturing the effects of the covariates. For a given τ(0 < τ < 1), the varying-coefficient
model assumes that the conditional QR of T is expressed as

Qτ (T |X = x,U = u) = xTaτ (u), (2.1)

where aτ (u) = (a1,τ , . . . , ap,τ )T is a vector of smooth varying-coefficient functions of u, and aj,τ ’s, j = 1, . . . , p, may
depend on τ . This model allows the coefficients of X to change with U , the effect modifier. Here, we assume that U is a
single variable, but in general, U can be a low-dimensional vector of variables. The objective is to obtain the τ -quantile of
T , given X and U , through estimating aτ (u) nonparametrically. Because only low-dimensional functions are estimated, the
curse of dimensionality problem can be avoided even if p is large. This is the thrust of the varying-coefficient approach. This
framework also offers the benefit of interpretability as it permits one to explore how the regression coefficients vary over
different values of the effect modifier. In general, the sign of T is unrestricted.

Previous studies of the varying-coefficient model for conditional quantiles by Honda (2004), Kim (2007) and Cai and Xu
(2008) all assume that the sample values of Ti, i = 1, 2, . . . , n, are fully observed in a sample with n observations. In this
paper, we assume instead that Ti is subject to random right censoring. Let Ci be the censoring variable, Vi = min(Ti, Ci), and
∆i = I(Ti ≤ Ci), where I(.) is an indicator function. Due to censoring, we observe Vi and ∆i instead of Ti. We assume, for
analytical convenience, that {Ci}

n
i=1 are i.i.d., and Pr{Ci ≥ lx,u|x, u} > 0, where 0 < lx,u = inf{t : Pr(Ti ≥ t|x, u) = 0} < ∞,

for any given values of {x, u}. By this assumption, the support of Ci also covers that of Ti conditional on the covariates
{x, u}. Furthermore, inference is assumed to be restricted to the interval [0, L] to ensure that all regression parameters are
estimable, with L being chosen such that infx,u Pr{T ≥ L|x, u} > 0. We allow the distribution of Ci to depend on X and U , but
conditional on X and U , Ti and Ci are assumed to be independent.

Let ρτ (y) = y[τ − I(y < 0)] be the check loss function at τ ∈ (0, 1). The QR estimator of aτ (u) in (2.1) when data are
fully observed can be obtained by minimizing the quantile loss function

n
i=1

ρτ


Ti − XT

i aτ (Ui)

. (2.2)

Now, write φτ (y) = τ − I(y < 0). By noting that E[φτ (Ti − XT
i aτ (Ui))] = 0, the minimizer of (2.2) is also the root to the

estimating equation (Ying et al., 1995)
n

i=1

φτ


Ti − XT

i aτ (Ui)


≈ 0.

Hence it is reasonable to use
n

i=1 φτ (Ti − XT
i aτ (Ui)) as the estimating function for a(u).

We propose an inverse probabilityweighting approachwith local linear smoothing for estimating a(U). This approach ac-
counts for the random censoring to which T is subject and a(U)′s being nonparametric functions. Now, let a = (a1, . . . , ap)T

and b = (b1, . . . , bp)T = (a′

1(·), . . . , a
′
p(·))

T be vectors of real constants. Assume that aj(u) is twice continuously differen-
tiable so that the function aj(·) can be approximated locally by aj(u) ≈ aj +bj(u−u0), with u in the neighborhood of a given
point u0. Write β = (aT , bT )T , and let β0(.) = (aT (.), a′(.)T )T be the vector of the true parameter functions. If Ti’s are fully
observed with no censoring, the local quantile regression estimatorβ = (aT ,bT )T is obtained by minimizing

1
n

n
i=1

ρτ (Ti − ZT
i β)K


Ui − u0

h


, (2.3)

where Zi = (XT
i ,X

T
i (Ui − u0))

T , K(·) is a bounded (kernel) function, and h = hn > 0 is a bandwidth parameter. With Ti
now subject to random censoring, we adopt the approach of inverse probability weighting (Robins et al., 1994), whereby the
contribution of an uncensored observation to the objective function is weighted by the inverse of the probability of being
fully observed. Let G(·|X,U) be the conditional survival distribution of the censoring variable C , conditional on {X,U}. The
estimating functions in (2.3) may be replaced by the inverse probability weighted estimating function

1
n

n
i=1

∆i

G(Ti|Xi,Ui)
ρτ (Ti − ZT

i β)K

Ui − u0

h


. (2.4)
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It is worth emphasizing that although our analytical framework assumes the dependence of the survival function of C on
{X,U}, it also permits the case where C and the covariates are independent.

One can then derive an estimator of β from (2.4) by replacing the unknown survival distribution G(t|x, u) by a uniformly
consistent estimatorG(t|x, u) for {x, u} and 0 ≤ t ≤ L. If censoring is independent of the covariates, G(t) can be estimated
by the Kaplan–Meier estimator with the roles of the censoring time Ci and survival time Ti reversed; that is, estimate G(·)
by

G(t) =


s≤t


1 −

dNc(s)
Y (s)


, (2.5)

whereNc(s) =
n

i=1 I(Vi ≤ s, ∆i = 0) and Y (s) =
n

i=1 I(Vi ≥ s). When censoring depends on the covariates, G(t|x, u) can
be estimated by the nonparametric version of the Kaplan–Meier estimator (Wang andWang, 2009), or a model specified for
the censoring time—for example, the Cox or the additive Aalen regression models.

In the following, letG(t|x, u) be an estimator of G(t|x, u). Assume thatG(t|x, u) is uniformly strongly consistent for x, u
and t (with 0 ≤ t ≤ L), as well as being regular, asymptotically linear with influence function Ψ ; that is,

G(t|x, u) − G(t|x, u) = n−1
n

i=1

Ψ (t, x, u,Wi) + op(n−1/2), (2.6)

where Wi = {Vi, ∆i,Xi,Ui}. Note that the Kaplan–Meier estimator satisfies (2.6) whether or not censoring depends on
the covariates (see Examples 5.5.2, 6.6.1. of Bickel et al., 1993 and Martinussen and Scheike, 2006). When the dependency
of censoring on the covariates is modeled via the Cox model, (2.6) is satisfied by the maximum partial likelihood and the
Breslow estimators of the probability of censoring (Bickel et al., 1993). It is also satisfied by the additive Aalen and the
accelerated failure time and the linear transformation models (Martinussen and Scheike, 2006), provided that the model
is correctly specified. In practice, it is often difficult to specify a parametric model that correctly describes the failure time
T . An alternative is to use a nonparametric approach based on the Kaplan–Meier estimator. Specifically, we can estimate
G(t|x, u) by

G(t|x, u) =

n
i=1

1 −
Bni(x, u)

n
j=1

I{Vj≥Vi}Bnj(x, u)


δi(t)

, (2.7)

where δi(t) = I(Vi ≤ t, ∆i = 0), and Bni(x, u) is a sequence of non-negative weights that sum to 1. When Bni(x, u) = 1/n,G(t|x, u) is simply the classical Kaplan–Meier estimator given in (2.5) of the survival function of Ci, i = 1, . . . n. Here, we
employ the common Nadaraya–Watson type weights:

Bnj(w) =

L


w−wj
bn


n

i=1
L


w−wi
bn

 , (2.8)

where L(·) is a density kernel function, and bn ∈ ℜ
+ is a bandwidth that converges to zero as n → ∞. It can be shown that

(2.7) that uses (2.8) as weights satisfies (2.6) (Wang and Wang, 2009). SubstitutingG(t|x, u) for G(t|x, u) in (2.4) leads to

1
n

n
i=1

∆iG(Ti)
ρτ (Ti − ZT

i β)K

Ui − u0

h


, (2.9)

when censoring is independent of the covariates, or

1
n

n
i=1

∆iG(Ti|Xi,Ui)
ρτ (Ti − ZT

i β)K

Ui − u0

h


, (2.10)

when censoring depends on the covariates.
Let βτk, k = 1, 2, be the estimator of β obtained by minimizing (2.9) and (2.10) respectively. Thus, the estimator of

(a1(u0), . . . , ap(u0))
T isaτk = epβτk, where ep is a p × 2p matrix, with the first p diagonal elements taking on a value of

unity and all other elements zero.
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2.2. MM algorithm

Our objective is to minimize (2.9) and (2.10). With this in mind, we have

L(β) =
1
n

n
i=1

∆iKiG(Ti|Xi,Ui)
ρτ (Ti − ZT

i β),

where Ki = K((Ui − u0)/h), and G(Ti|Xi,Ui) can be either dependent or independent of the covariates {Xi,Ui}; in the
case of the latter,G(Ti|Xi,Ui) can be written asG(Ti). Note that the traditional Newton–Raphson algorithm is inapplicable
here due to the non-smoothness of these functions. We adopt the majorize–minimize (MM) algorithm, which is a widely
used technique for optimizing non-smooth objective functions. This algorithm works by finding a surrogate function that
minorizes or majorizes the objective function. Readers may consult Hunter and Lange (2000) for a general exposition of this
algorithm.

To obtain a surrogate function, we follow the approach of Hunter and Lange (2000) that begins with ρτ (Ti − ZT
i β). Write

ri = Ti − ZT
i β, and define, for δ̄ > 0, the perturbation

ρ δ̄
τ (r) = ρτ (r) −

δ̄

2
ln(δ̄ + |r|).

Then the sum

Lδ̄(β) =
1
n

n
i=1

∆iKiG(Ti|Xi,Ui)
ρ δ̄

τ (ri) (2.11)

is approximately equal to L(β). It turns out that for a given residual r j = r(βj) ≡ T − ZTβj at the jth iteration, ρ δ̄
τ (r) is

majorized at r j through the quadratic function

ζ δ̄
τ (r|r j) =

1
4

 r2

δ̄ + |r j|
+ (4τ − 2)r + c


,

where c is a constant such that ζ δ̄
τ (r j|r j) = ρ δ̄

τ (r
j). This result can be proved along the lines of Proposition A.2 of Hunter and

Lange (2000). The MM algorithm then proceeds by minimizing the majorizer

Qδ̄(β|βj) =
1
n

n
i=1

∆iKiG(Ti|Xi,Ui)
ζ δ̄
τ (ri|r j), (2.12)

and the value of β whichminimizes Qδ̄(β|βj) becomes βj+1 in the next iteration. This algorithm thus converts a non-smooth
function L(β) into a sequence of smooth functions Qδ̄(β|βj). Traditional methods such as the Newton–Raphson method can
then be implemented on the converted functions.

The above approach will be used in our simulation study and empirical examples.

3. Asymptotic properties and variance estimation

In this section, we prove thatβτk, k = 1, 2, is consistent as well as asymptotically normal. We also develop an empirical
estimator of the covariance matrix ofβτk.

3.1. Asymptotic results

Recall thatβτk = (aTτk,bT
τk)

T . Let η(u,X) = XTa(u), µl =

ulK(u)du, νl =


ulK 2(u)du, l = 0, 1, . . . , fU(·) be the

marginal density of U , and H = diag(1, h) ⊗ Ip, with ⊗ denoting the Kronecker product. Following Fleming and Harrington
(1991),we define the intensity function of the randomvariable T asλ(t) = lim1t↓0

1
1t P{t ≤ T < t+1t|T ≥ t}. As discussed

in Section 2.1, bothG(t) in (2.9) (under covariate-independent censoring) andG(t|x, u) in (2.10) (under covariate-dependent
censoring) satisfy (2.6). Thus, we have the following theorems:

Theorem 1 (Consistency). Assume that {Vi,Xi,Ui, ∆i}, i = 1, 2, . . . , n, constitutes an i.i.d. multivariate random sample, and the
censoring variable Ci is independent of Ti, but dependent on the covariates Xi and Ui. Assume also that the technical conditions in
the Appendix are satisfied, and h = hn → 0 and nh → ∞ as n → ∞. Then we have, as n → ∞,βτk → β0

in probability, for k = 1, 2.
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Theorem 2 (Asymptotic Normality). Let fx,U(·) and Fx,U(·) be the conditional density and cumulative distribution functions of T
given X and U respectively, and λc(·) be the intensity function of the censoring variable C. Under the same set of assumptions as
in Theorem 1, we have

√
nh

H{βτk(u0) − β0(u0)} −

h2

2(µ0µ2 − µ2
1)


(µ2

2 − µ1µ3)a′′(u0)
(µ0µ3 − µ1µ2)a′′(u0)


+ o(h2)


L

−→ N(0, τ (1 − τ)B−1AkB−1), (3.1)

for k = 1, 2, where 0(u0) = E

fx,U(η(u0,X))XXT

|U = u0

,

A1 = fU(u0)


ν0 ν1
ν1 ν2


⊗

E[XXT

|U = u0] + E

ϱ1(U,X)XXT

|U = u0


,

A2 = fU(u0)


ν0 ν1
ν1 ν2


⊗


E[XXT

|U = u0] + E

ϱ2(U,X)XXT

|U = u0


,

B = fU(u0)


µ0 µ1
µ1 µ2


⊗ 0(u0),

and

ϱ1(U,X) =
1
τ

 L

0


τ + (1 − τ)Fx,U(s)

 λc(s)
G(s)

ds, ϱ2(U,X) =
1 − G(T |X,U)

G(T |X,U)
.

In particular, when G(t|x, u) is estimated in accordance with (2.7) and (2.8),

A2 = fU(u0)


ν0 ν1
ν1 ν2


⊗


E
 XXT

G(T |X,U)
|U = u0


+ E{ϱ3(X,U)⊗2XXT

|U = u0}


,

where h(x, u) is the joint density function of (X,U),

ϱ3(X,U) = h(X,U)E


ς(V , ∆, T ,X,U)φτ {T − aT (U)X}

G(T |X,U)
|X,U


,

with

ς(Vi, ∆i, t, x, u) = G(t|x, u)
 min(Vi,t)

0

g0(s|x, u)ds
G2(s|x, u)(1 − Fx,u(s|x, u))

+
I(Vi ≤ t, ∆i = 0)

G(Vi|x, u){1 − Fx,u(Vi|x, u)}


,

where g0(s|x, u) is the first derivative of G(s|x, u) with respect to s.

When the sample size n approaches infinity, by Theorem 1,βτk converges to the true parameter value, and by Theorem 2,βτk follows a normal distribution. The latter result is useful for constructing asymptotic confidence intervals of the
unknowns. Note that the terms E[ϱ1(U,X)XXT

|U = u0] inA1 and E[ϱ2(U,X)XXT
|U = u0] inA2 arise as a result of censoring.

If the data are uncensored and fully observed, the asymptotic variance ofβτk reduces to a special case of the asymptotic
variance expression derived by Cai and Xu (2008), who examined nonparametric quantile estimation for dynamic smooth
coefficient models.

3.2. A resampling method for covariance estimation

Here, we employ a resampling method for computing the variance of βτk to avoid the rather cumbersome direct
computation of the variance. Ourmethod generalizes the resamplingmethod of Jin et al. (2001) by perturbing theminimand
directly and repeatedly. To describe the method, let the perturbation estimating function be

L̃∗(β) =
1
n

n
i=1

∆iKiG∗(Ti|Xi,Ui)
ρτ (Ti − ZT

i β)ξi, (3.2)

where ξi’s are generated from an exponential distribution with mean and variance both equal to unity, and independently
of (Vi,Xi,Ui, ∆i)

n
i=1,G∗ is the perturbed version ofG (see (Yin and Cai, 2005)). This loss function is essentially a perturbed

version of the original loss L(β), with the perturbations caused by the random variables ξi, i = 1, . . . , n. Note that the
only random quantities in L̃∗(β) are {ξi}’s, and L̃∗(β) has the same mean and variance as L(β). The MM algorithm previ-
ously described can be used to obtain the solution β∗

τ for optimizing L̃∗(β). It can be shown that
√
nh[H(β∗

τ − βτ )] and
√
nh[H(βτ − β0)] have the same asymptotic distribution (see Jin et al., 2006, or Yin and Cai, 2005). Based on the above

results, the covariance matrix ofβτ may be obtained from the empirical variance ofβ∗

τ .
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Specifically, the steps of the perturbation resampling method are as follows:

Step 1: Treat the observed data (Vi,Xi,Ui, ∆i)
n
i=1 as fixed, generate random observations of {ξi}

n
i=1 from an exponential

distribution with mean and variance both equal to unity.
Step 2: Based on the sample of {ξi}ni=1 generated in Step 1, minimize L̃∗(β) in (3.2) using the MM algorithm, and denote the

estimator asβ∗(1)
τ .

Step 3: Repeat Steps 1 and 2 BS times and obtainβ∗(m)
τ ,m = 1, . . . , BS.

The empirical distribution of β∗(m)

τ can then be used to approximate the distribution of βτ . In particular, we use the

empirical covariances ofβ∗(m)

τ as estimates of the covariances ofβτ .

4. A varying-coefficient composite quantile regression approach

This section develops a varying-coefficient CQR approach to estimation under random censoring. As mentioned in
Section 1, CQR was introduced in a series of recent papers by Zou and Yuan (2008) and Kai et al. (2010, 2011). It combines
information from different QRs and has been shown to enjoy superior properties, both asymptotically and in finite samples,
to LS-based estimators. Our development of CQR is based on the model

T = a0(U) + XTa(U) + ε (4.1)

where a0(U) is a baseline function, a(U) = (a1(U), . . . , ap(U))T contains p unknown varying-coefficient functions, and ε
follows a distribution F withmean zero. The zeromean assumption is reasonable as CQR ismainly intended to improve over
the LS estimator. Kai et al. (2011) also made the same assumption in their study of CQR for the varying-coefficient partially
linear model with completely observed data. Write Qτ (T |X = x,U = u) = a0(u)+ c∗

τ +xTa(u), where c∗
τ = F−1(τ ). Within

this framework, the varying coefficients are common across all quantiles, and the same target quantile a(u) is estimated by
different QR estimatorsaτ (u), each having the optimal rate of convergence.

Let {Ti,Xi,Ui, i = 1, . . . , n} be an i.i.d. sample from model (4.1) and ε have a mean of zero, where Ti are censored
observations, with Vi = min(Ti, Ci) and ∆i = I(Ti ≤ Ci). For a given q, write τk = k/(q + 1) for k = 1, 2, . . . , q. The CQR
procedure obtains estimates of a0(·) and a(·) by minimizing the loss function

q
k=1

 n
i=1

∆i

G(Ti|Xi,Ui)
ρτk{Ti − a0,k(Ui) − XT

i a(Ui)}

. (4.2)

CQR combines information across multiple QRs, and imposes a single parameter on the slope. As the functional coefficients
are approximated locally by linear models, substitutingG(Ti|Xi,Ui) for G(Ti|Xi,Ui) in (4.2) leads to the locally weighted CQR
loss function

q
k=1

 n
i=1

∆iG(Ti|Xi,Ui)
ρτk


Ti − a0,k − b0(Ui − u) − XT

i {a + b(Ui − u)}

Kh(Ui − u)


, (4.3)

where a0 = (a0,1, . . . , a0,K )T , a = (a1, . . . , ap)T , b = (b1, . . . , bp)T , K(·) is a kernel function, Kh(·) = K(·/h)/h, and h is a
bandwidth. Let the minimizer of (4.3) be (a0,a). The estimators of a0(u) and a(u) are then given by

a0(u) =
1
q

q
k=1

a0,k,
and a(u) =a
respectively.

We now turn to the investigation of the asymptotic behavior ofa0(u) anda(u). Let f (·) and F(·) be the density and
cumulative distribution functions of the errors respectively. Write c∗

k = F−1(τk) and let l be a q × 1 identity vector, C be a
q × q diagonal matrix with Cjj = f (c∗

j ), C1 = Cl, and C0 = lTCl, and

Ω(u) = E


C C1XT

XCT
1 C0XXT

 U = u


.

Further, let τkk′ = τk ∧ τk′ − τkτk′ , and T be a q× qmatrix with τkk′ as the (k, k′)-th element. Write T1 = T l, T0 = lTT l, and

61(u) = E


T T1XT

XT T
1 T0XXT

 U = u


.
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Let

ϱkk′(U,X) =

 L

0


τkk′ + (τkτk′ − τk − τk′ + 1)FX,U(s)

 λc(s)
G(s)

ds,

and K be a q × qmatrix with the (k, k′) element being ϱkk′(U,X). Write K1 = Kl, K0 = lTKl,

62(u) = E


K K1XT

XKT
1 K0XXT

 U = u


,

and

63(u) = E

ϱ2(X,U)


T T1XT

XT T
1 T1XXT

 U = u


,

where ϱ2(X,U) is defined in Theorem 2.

Theorem 3. Under the technical conditions given in the Appendix, if h → 0 and nh → ∞ as n → ∞, then

√
nh
a0 − a0(u)a − a(u)


−

µ2h2

2


a′′

0(u)
a′′(u)


+ o(h2)


L

−→ N

0,

ν0

fU(u)
Ω−1(u)6(u)Ω−1(u)


, (4.4)

where a0(u) = (a0(u) + c∗

1 , . . . , a0(u) + c∗
q )

T , and

6(u) = 61(u) + 62(u)

when censoring is independent of the covariates, or

6(u) = 61(u) + 63(u)

when censoring is dependent of the covariates.

Theorem 4. Under the technical conditions given in the Appendix, if h → 0 and nh → ∞ as n → ∞, then

√
nh

a0(u) − a0(u) −
1
q

q
k=1

ck −
µ2h2

2
a′′

0(u)


L

−→ N

0,

ν0

fU(u)
1
q2

lT

Ω−1(u)6(u)Ω−1(u)


11l


, (4.5)

and

√
nh
a(u) − a(u) −

µ2h2

2
a′′(u)


L

−→ N

0,

ν0

fU(u)


Ω−1(u)6(u)Ω−1(u)


22


, (4.6)

where [·]11 and [·]22 represent the upper-left q × q and lower-right p × p submatrices respectively.

Theorem 4 is a direct consequence of Theorem 3.

Remark 1. CQR estimators are more efficient asymptotically and more stable and robust than LS-based estimators. This
is not unexpected because unlike LS which uses only information in the mean function, CQR combines information across
different quantiles.

Remark 2. The estimatora0(u) converges to a quantity that equals the sum of a0(u) and the mean of the uniform quantiles
of the error distribution. Clearly, when the error distribution is symmetric,a0(u) is unbiased. When the error distribution is
asymmetric, the bias ofa0(u) converges to the mean of the errors, which actually tends to zero as q increases.

Remark 3. Within the expressions of the asymptotic variances given in Theorems 3 and 4, the termΩ−1(u)61(u)Ω−1(u) is
the asymptotic variance when Ti’s are fully observed, whileΩ−1(u)62(u)Ω−1(u) arises due to censoring.When the data are
uncensored, our results reduce to those given in Theorem 3.3 of Kai et al. (2011), who considered CQR for semiparametric
varying-coefficient partially linear models.

Remark 4. Due to censoring, CQR does not possess the same asymptotic efficiency as demonstrated in Kai et al. (2011). The
performance of CQR in the present context will be examined by simulations in Section 5.
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5. Simulation experiments and a real data example

5.1. Simulation experiments

In this subsection, we assess the finite sample performance of the proposed methods by two simulated examples. In
Example 1, the model comprises coefficient functions that vary with the quantile level τ . Within this context, we examine
the cases of censoring being independent and dependent of the covariates. In Example 2, we compare the CQR estimator
with the single-τ QR and LS estimators. For convenience purpose, we refer to the varying-coefficient QR method described
in Section 2 simply as the QR method, and the varying-coefficient CQR method described in Section 5 as the CQR method.

Example 1. Our experiment is based on the following data generating process using a sample of 500 observations:

T = a1(U)X1 + a2(U)X2 + (0.5 ∗ a2(U)X2)ε,

where a1(U) = (4 − 3 cos((U − 0.5)π/2))/4, a2(U) = 0.5U(3 − U) + 1, and U , X1, X2 and ε follow the U[0, 2], N(1, 1),
U[0.5, 1.5] and N(0, 1) distributions respectively. We examine the following two cases of censoring mechanisms:

Case I: the covariate-independent censoring variable follows the U[0, C] distribution, with the constant C = 10 so that
about 30% of the sample data are censored.

Case II: the covariate-dependent censoring variable Ci is modeled by the Cox proportional hazard model

λ(t|X1) = c0 exp(α0X1), (5.1)

with α0 = 0.25 and c0 = 0.1, such that about 30% of the data are censored. We handle the covariate dependency of
censoring by two methods—Method A estimates the survival function G(·|X1) based on the parametric model (5.1)
with unknown parameters α0 and c0; Method B is based on the nonparametric Kaplan–Meier estimator (2.7) and
(2.8). We use a bandwidth of 0.25 when computing the Kaplan–Meier estimator.

The quantile regression model is Qτ (T |X,U) = a1(U)X1 + (1 + 0.5Φ−1(τ ))a2(U)X2, where Φ−1(τ ) is the τ -quantile of
the N(0, 1) distribution. Specifically, Φ−1(τ ) = 0 when τ = 0.5. Our simulations are based on 500 replications. We use
the Epanechnikov kernel function K(u) =

3
4 (1 − u2)I(|u| ≤ 1) for local linear smoothing, and apply the aforementioned

MM algorithm and resampling method to estimate the regression coefficients and compute the variances of the estimated
coefficient functions. The number of bootstrap samples used for calculating the sample variance is set to 500.

The steps of the MM algorithm are described as follows:

Step 1: Set the initial values of the unknowns to θ0
= (0, 0, 0, 0)T , and let j = 0.

Step 2: Let (2.12) be the surrogate function of the objective function L(θ).
Step 3: Minimize the surrogate function Qε(θ |θ0) by the Newton–Raphson method, and denote the estimator as θ1.
Step 4: Repeat Steps 2 and 3, until |θ j

− θ j−1
| < ∆, where ∆ = 10−6. Let θ j be the final estimator.

We choose values of ε in Qε(θ |θ j) that satisfies the condition εn|ln(ε)| = ∆, as suggested by Hunter and Lange (2000).
We set the number of replications to 500.

Figs 1(a)–(d) provide the plots of the estimated coefficient functions of a1(U) and a2(U) based on 500 replications. In
each figure, the true coefficient function is shown by the blue solid curve, the estimated functions for τ = 0.25, 0.5, and
0.75 are represented by the black dotted, red dashed, and green dashed–dotted curves respectively, and the 95% point-
wise confidence intervals of the coefficients without bias corrections are shown for the case of τ = 0.50 by the thick red
dashed curves.When estimating the coefficient functions, the optimal bandwidth hopt is obtained byminimizing the average
median error under τ = 0.5 (see Cai et al., 2000 for details). This results in the following average optimal bandwidths based
on 500 replications: h̄opt = 0.3210 for Case I and h̄opt = 0.3063 for Case II under Method A. The figures show that all
the estimated functions are very close to the true coefficient function. As well, the true values are always enclosed by the
95% confidence intervals. The QR method thus appears to perform well under both covariate-independent and covariate-
dependent censoring.

Table 1 presents the results of variance estimation based on the QR method under Case I, covariate-independent
censoring, and Case II, covariate-dependent censoring, for quantiles τ = 0.25, 0.5 and 0.75 at u0 = 0.2, 0.5, 1.0, 1.5 and 1.8,
which correspond to the 10th, 25th, 50th, 75th, and 90th percentiles of the distribution of U respectively. For convenience
purpose, we set h = 0.20. In the table, SD is the standard deviation ofaj(u0) based on 500 replications, and SE is the average
of standard deviations of the 500 estimated standard errors based on perturbation resampling method. Hence SD may be
viewed as the true standard errors providing the basis for evaluating the accuracy of the perturbation resampling method.
Table 1 reveals that in all cases, the SD and SE values are very close, suggesting that the resampling method works well.
Generally speaking, the difference between SD and SE is smaller when τ = 0.50 than when τ = 0.25 or τ = 0.75, and
when 0.5 ≤ u0 ≤ 1.5 than when u0 = 0.2 or u0 = 1.8, ceteris paribus. It is also observed that in terms of SE, Method A is
the better method of the two in the great majority of cases; in terms of SD, the two methods are close without either one
being the clear favorite. Having said that, the fact that Method B yields very similar results to Method A reaffirms that the
robustness of the nonparametric approach upon which Method B is based.
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Table 1
Variance estimation based on QR under Example 1.

u0 τ = 0.25 τ = 0.50 τ = 0.75
a1(U) a2(U) a1(U) a2(U) a1(U) a2(U)

SE SD SE SD SE SD SE SD SE SD SE SD

Case I 0.20 0.107 0.122 0.163 0.185 0.095 0.120 0.140 0.153 0.113 0.127 0.179 0.192
0.50 0.138 0.158 0.203 0.240 0.128 0.157 0.157 0.181 0.147 0.170 0.223 0.259
1.00 0.171 0.201 0.274 0.301 0.167 0.201 0.206 0.230 0.193 0.221 0.299 0.332
1.50 0.197 0.232 0.279 0.336 0.183 0.229 0.216 0.248 0.218 0.235 0.316 0.342
1.80 0.191 0.225 0.284 0.316 0.184 0.225 0.254 0.270 0.220 0.237 0.314 0.336

Case II 0.20 0.113 0.146 0.172 0.202 0.101 0.098 0.140 0.152 0.107 0.141 0.170 0.198
(A) 0.50 0.134 0.174 0.204 0.253 0.129 0.128 0.131 0.192 0.174 0.179 0.220 0.260

1.00 0.182 0.235 0.272 0.317 0.164 0.167 0.231 0.211 0.181 0.242 0.270 0.331
1.50 0.209 0.271 0.281 0.351 0.192 0.165 0.254 0.270 0.211 0.265 0.290 0.344
1.80 0.228 0.275 0.290 0.335 0.205 0.179 0.272 0.228 0.217 0.269 0.259 0.339

Case II 0.20 0.109 0.134 0.166 0.189 0.108 0.131 0.160 0.191 0.128 0.137 0.177 0.199
(B) 0.50 0.144 0.167 0.208 0.241 0.140 0.168 0.205 0.248 0.147 0.176 0.230 0.251

1.00 0.182 0.217 0.264 0.308 0.180 0.219 0.259 0.310 0.195 0.230 0.286 0.326
1.50 0.208 0.250 0.306 0.335 0.219 0.254 0.283 0.342 0.246 0.261 0.334 0.356
1.80 0.218 0.251 0.281 0.333 0.209 0.249 0.255 0.325 0.226 0.262 0.274 0.350

Fig. 1. The estimated coefficient functions for Example 1 under Case I (Fig. 1(a) and (b)) and Case II based onMethod A (Fig. 1(c) and (d)) for three quantiles:
τ = 0.25 (black dotted curve), τ = 0.50 (red dashed curve), and τ = 0.75 (green dashed–dotted curve) based on 500 replications. The red thick dashed
curves are the 95% point-wise confidence intervals based on the τ = 0.50 quantile estimator. The blue solid curve represents the true coefficient function.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Table 2
Variance estimation under Case I: covariate-independent censoring of Example 2 based on QR (upper panel) and CQR (lower panel).

u0 τ = 0.25 τ = 0.50 τ = 0.75
a1(U) a2(U) a1(U) a2(U) a1(U) a2(U)

SE SD SE SD SE SD SE SD SE SD SE SD

0.20 0.167 0.224 0.188 0.225 0.116 0.150 0.126 0.158 0.202 0.234 0.207 0.237
0.50 0.139 0.153 0.154 0.157 0.119 0.121 0.123 0.134 0.176 0.177 0.188 0.191
1.00 0.164 0.160 0.165 0.163 0.117 0.118 0.133 0.125 0.180 0.177 0.188 0.187
1.50 0.165 0.152 0.170 0.178 0.128 0.144 0.144 0.131 0.187 0.182 0.190 0.196
1.80 0.206 0.242 0.218 0.251 0.135 0.176 0.140 0.186 0.214 0.267 0.232 0.275

u0 q = 5 q = 9 q = 19
a1(U) a2(U) a1(U) a2(U) a1(U) a2(U)

SE SD SE SD SE SD SE SD SE SD SE SD

0.20 0.099 0.128 0.103 0.129 0.098 0.119 0.103 0.134 0.093 0.127 0.097 0.128
0.50 0.103 0.097 0.110 0.108 0.095 0.100 0.106 0.109 0.101 0.099 0.109 0.106
1.00 0.105 0.100 0.116 0.111 0.101 0.099 0.114 0.115 0.100 0.102 0.112 0.110
1.50 0.108 0.102 0.115 0.119 0.108 0.100 0.121 0.110 0.108 0.102 0.115 0.114
1.80 0.114 0.140 0.125 0.150 0.110 0.153 0.120 0.141 0.105 0.144 0.117 0.149

Table 3
Variance estimation under Case II: covariate-dependent censoring of Example 2 based on QR (upper panel) and CQR (lower panel).

u0 τ = 0.25 τ = 0.50 τ = 0.75
a1(U) a2(U) a1(U) a2(U) a1(U) a2(U)

SE SD SE SD SE SD SE SD SE SD SE SD

A 0.20 0.179 0.242 0.196 0.243 0.118 0.159 0.124 0.169 0.195 0.222 0.204 0.236
0.50 0.159 0.167 0.182 0.185 0.117 0.129 0.136 0.122 0.164 0.160 0.176 0.180
1.00 0.169 0.188 0.168 0.179 0.122 0.125 0.131 0.136 0.171 0.163 0.176 0.185
1.50 0.173 0.192 0.190 0.191 0.137 0.139 0.142 0.136 0.183 0.204 0.176 0.187
1.80 0.219 0.261 0.268 0.228 0.137 0.183 0.135 0.180 0.214 0.279 0.218 0.279

B 0.20 0.179 0.227 0.173 0.219 0.124 0.158 0.124 0.162 0.206 0.245 0.196 0.266
0.50 0.147 0.160 0.165 0.156 0.123 0.123 0.136 0.129 0.186 0.171 0.184 0.191
1.00 0.164 0.169 0.172 0.172 0.132 0.131 0.146 0.142 0.191 0.193 0.189 0.188
1.50 0.172 0.172 0.171 0.174 0.147 0.139 0.154 0.137 0.210 0.204 0.206 0.200
1.80 0.220 0.244 0.209 0.257 0.152 0.207 0.142 0.192 0.251 0.285 0.206 0.196

u0 q = 5 q = 9 q = 19
a1(U) a2(U) a1(U) a2(U) a1(U) a2(U)

SE SD SE SD SE SD SE SD SE SD SE SD

A 0.20 0.101 0.119 0.109 0.135 0.098 0.128 0.101 0.130 0.095 0.133 0.098 0.132
0.50 0.094 0.105 0.099 0.106 0.098 0.096 0.110 0.106 0.096 0.095 0.106 0.108
1.00 0.106 0.103 0.118 0.113 0.103 0.108 0.110 0.111 0.102 0.105 0.114 0.111
1.50 0.113 0.118 0.114 0.114 0.113 0.113 0.117 0.113 0.111 0.113 0.113 0.108
1.80 0.120 0.150 0.117 0.143 0.122 0.154 0.117 0.153 0.119 0.154 0.114 0.143

B 0.20 0.104 0.131 0.106 0.127 0.102 0.134 0.105 0.136 0.104 0.137 0.105 0.132
0.50 0.106 0.107 0.110 0.108 0.100 0.103 0.106 0.109 0.105 0.112 0.104 0.106
1.00 0.116 0.113 0.116 0.111 0.113 0.103 0.111 0.115 0.113 0.107 0.117 0.105
1.50 0.122 0.119 0.115 0.115 0.123 0.114 0.118 0.117 0.117 0.113 0.126 0.121
1.80 0.131 0.146 0.123 0.157 0.126 0.161 0.127 0.159 0.130 0.160 0.124 0.144

Example 2. Our experiment is based on the following data generating process using a sample of 500 observations:

T = a1(U)X1 + a2(U)X2 + ε,

where a1(U) = (4−3 cos((U−0.5)π/2))/4, a2(U) = 0.5U(3−U)+1,U and ε follow theU[0, 2] andN(0, 1) distributions,
while observations of X1 and X2 are generated from the N(1, 1) distribution. We consider the same censoring set-up, Cases
I and II, as in Example 1.

The QRmodel is Qτ (T |X,U) = a1(U)X1 +a2(U)X2 +Φ−1(τ ), where Φ−1(τ ) is the τ -quantile of the N(0, 1) distribution.
Specifically, Φ−1(τ ) = 0 when τ = 0.5. Our simulations are based on 500 replications. We apply the aforementioned MM
algorithm and resampling method for estimating the regression coefficients and computing the variances of the estimated
coefficient functions. We consider τ = 0.25, 0.50 and 0.75 for QR estimation. To examine the effect of varying values of q
on the CQR estimator, we consider q = 5, 9, 19. The number of bootstrap samples used for calculating the sample variance
is set to 500.

Tables 2 and 3 present the results of QR-based and CQR-based variance estimation under covariate-independent and
covariate-dependent censoring with τ = 0.25, 0.50, 0.75 at u0 = 0.2, 0.5, 1.0, 1.5 and 1.8, which correspond to the 10th,
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Table 4
RASE comparisons for Example 2 under covariate-independent censoring (s.d. in parentheses).

Normal Logistic Cauchy t3 Log-Normal Mixture

CQR5 0.922(0.138) 1.089(0.267) 106,216(2,248,001) 1.641(0.745) 4.713(2.199) 5.011(2.839)
CQR9 0.948(0.118) 1.103(0.235) 108,902(2,307,314) 1.624(0.691) 5.012(2.257) 5.010(2.790)
CQR19 0.959(0.108) 1.107(0.220) 103,052(2,179,230) 1.620(0.671) 5.195(2.247) 4.924(2.713)
QR0.25 0.776(0.320) 0.909(0.444) 62,719(1,348,593) 1.311(0.841) 11.076(8.259) 3.505(1.987)
QR0.50 0.661(0.205) 0.887(0.376) 100,924(2,039,274) 1.463(0.832) 3.027(1.723) 4.205(2.721)
QR0.75 0.676(0.243) 0.666(0.311) 37,603 (732,521) 0.997(0.534) 0.592(0.274) 2.649(1.731)

25th, 50th, 75th, and 90th percentiles of the distribution of U respectively. A comparison of the QR-based and CQR-based
results under normal errors reveals that for a given u0, the SD and SE of an estimated coefficient function based on CQR
for any of the three choices of q are smaller than the corresponding SD and SE for any τ . This is not surprising as the CQR
combines information across multiple quantiles, and thus improves the estimates of aj(u0). Also, the effect of varying values
of q on the SD and SE produced by CQR appears to be minimal. As well, Methods A and B produce very similar results for the
covariate-dependent censoring case.

Fig. 2(a)–(d) provide plots of a1(U) and a2(U) based on CQR estimationwith q = 9 and QR estimationwith τ = 0.5 based
on 500 replications. In each figure, the true coefficient function is represented by the blue solid curve, and the estimated
function based on QR (CQR) and the corresponding 95% confidence intervals are represented by the three red dashed (black
dashed–dotted) curves. Under covariate-independent and covariate-dependent censoring, the average optimal bandwidths
are h̄opt = 0.2901 and h̄opt = 0.3173 respectively. As Methods A and B for handling covariate-dependent censoring produce
very similar results, our results reported under covariate-dependent censoring are based on Method A only. We observe
from the figures that the estimated CQR and QR functions are very close to the true coefficient function. Also, at most points,
the QR-based confidence interval is wider than the CQR-based confidence interval. This is expected as CQR generally results
in smaller estimator variance. Generally, the results are similar whether or not censoring is dependent on the covariates.

A comparison of the efficiency of QR and CQR estimators with the LS estimator is also performed. Following Kai et al.
(2011), our evaluation is based on the average squared errors (ASE), defined as

ASE =

 1
ngrid

2
j=1

ngrid
k=1

{aj(uk) − aj(uk)}
2

,

where {uk : k = 1, . . . , ngrid} is a set of grid points uniformly placed on [0,2] with ngrid = 200. The following ratio of average
squared errors (RASE) is the ratio of the ASE of the LS estimator to that of the QR or the CQR estimator:

RASE(g) =
ASE(gLS)
ASE(g)

whereg is either the QR or the CQR estimator, andgLS is the LS estimator. The estimatorg is superior to the LS estimator if
RASE(g) exceeds one, and vice versa. As in Kai et al. (2011), when comparing QR and CQRwith LS, we expand the set of error
distributions considered to include the N(0, 1), Logistic, standard Cauchy, Log-Normal, Student’s t with three degrees of
freedom, and the mixture of normal 0.9N(0, 1) + 0.1N(0, 102) distributions. For the Logistic and Log-Normal distributions,
we adjust the means to make them equal to zero.

Table 4 gives themeans and standard deviations of RASEs of the three estimators under these six error distributions under
covariate-independent censoring based on 500 replications. We observe from the table that when the errors are normally
distributed, the LS estimator has an advantage over both the QR and CQR estimators, but the situation is generally reversed
under other distributions with the CQR frequently results in the smallest ASE and LS the largest. While the effects of varying
values of q on the CQR areminimal, the performance of theQR appears to depend strongly on τ . It is also observed that QR can
sometimes have an advantage over CQR, although CQR is always the better of the two methods under Normal, Logistic, and
Student’s t errors, and usually outperforms QR under other error distributions. The QR estimator has superior performance
to the LS estimator except under Normal and Logistic errors. Under the Cauchy distribution for which the variance is infinite,
the LS estimator performs especially poorly but the CQR estimator still performs well.

Table 5 provides the corresponding results under covariate-dependent censoring based on Method A. As far as the
comparisons between theQR, CQRand LS are concerned, all of the general comments aboveunder the covariate-independent
censoring also apply to covariate-dependent censoring.

5.2. A real data example

Our real data example is based on the nursing home data given in Morris et al. (1994). These data, containing n = 1601
observations from thirty six for-profit nursinghomes in SanDiego, California,were collected as part of a studyby theNational
Center for Health Services Research to examine the extent to which financial incentives impacted patient care in nursing
homes between 1980 and 1982. Of these 36 nursing homes, 18 received higher per diem payments for admitting Medicaid
patients and bonuses if the patients’ prognosis improved. The same data have been used by Paul (2007) and Fan et al. (2006).
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Fig. 2. The estimated coefficient functions and confidence intervals for Example 2 under Case I (Fig. 2(a) and (b)) and Case II based on Method A (Fig. 2(c)
and (d)) for QR with τ = 0.5 and CQR with q = 9 based on 500 replications. The blue solid curve represents true coefficient function, and the three
red dashed (black dashed–dotted) curves represent the QR (CQR) estimated coefficient functions and the corresponding 95% confidence intervals. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 5
RASE comparisons for Example 2 under covariate-dependent censoring (s.d. in parentheses).

Normal Logistic Cauchy t3 Log-Normal Mixture

CQR5 0.929(0.119) 1.075(0.168) 13,035(153,606) 1.861(2.926) 5.624(1.904) 6.975(3.455)
CQR9 0.950(0.102) 1.082(0.149) 12,642(151,155) 1.839(2.792) 5.895(1.992) 6.791(3.218)
CQR19 0.961(0.095) 1.086(0.140) 12,447(149,534) 1.827(2.735) 6.043(2.006) 6.614(3.100)
QR0.25 0.758(0.268) 0.782(0.271) 4,809(63,254) 1.285(1.798) 11.457(5.741) 4.253(2.243)
QR0.50 0.716(0.192) 0.967(0.289) 19,556(235,923) 1.783(2.574) 3.497(1.384) 6.412(3.456)
QR0.75 0.723(0.230) 0.777(0.260) 15,798(234,831) 1.497(2.732) 0.779(0.227) 5.279(2.995)

We take the natural logarithm of the duration of stay in days, T , which is right-censored for 20% of patients, as the response
variable and fit the data by varying-coefficient QR model

Qτ (T |X,U) = a0,τ (U) + aτ (U)X

= a0,τ (U) +

6
j=1

aj,τ (U)xj, (5.2)
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(a) a0 (age). (b) a1 (age) for treatment. (c) a2 (age) for gender.

(d) a4 (age) for health1. (e) a5 (age) for health2. (f) a6 (age) for health3.

Fig. 3. The estimated coefficient functions for the real data example. The QR estimates at τ = 0.25, τ = 0.50 and τ = 0.75 are represented by the black
dotted, red dashed and green dashed–dotted curves respectively. The blue solid curve represents the CQR estimate with q = 5 and blue dashed curves
represent the 95% confidence interval corresponding to the CQR estimate. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

where x1 is a treatment indicator that takes on 1 if the patient is treated at a nursing home and 0 otherwise, x2 = 1 formales
and 0 for females; x3 = 1 if married and 0 otherwise, x4, x5 and x6 are health status variables that take on 1 for very healthy,
reasonably healthy, and unhealthy respectively, and 0 otherwise, and U = min{age, 100} is the effect modifier, with age
ranging from 65 to 104. This specification allows interactions between the age of the patient and the other covariates.

Our estimation is based on the Epanechnikov kernel, with a bandwidth of hopt = 13 chosen based on τ = 0.50. The
estimation results are practically identical whether one treats C as dependent or independent of the covariates as the
correlations between C and the covariates are all very weak. Our initial estimation suggests that all covariates except x3
are significant; specifically, the 95% confidence bands of the coefficient functions a3(U) for all τ values considered contain
zero across all values of U . We subsequently remove a3(U) from the model and the reports reported are based on the
corresponding reduced model.

Figs. 3(a)–(f) present the estimated QR functions of the remaining six coefficient functions for τ = 0.25, 0.50, 0.75, and
the estimated CQR coefficient function for q = 9 and its corresponding 95% confidence bands. For ease of readability of
the figures, we write U , x1, x2, x4, x5 and x6 as age, treatment, gender, health1, health2 and health3 respectively in the figures.
Fig. 3(a) shows that the estimated a0(U) is positive across all quantiles and it generally increaseswith age for age<90. This is
unsurprising as the odds of a patient staying in a nursing home are expected to increase as the patient ages, but a significant
portion of the very old patients (e.g., older than 90 years of age) will likely be staying in hospitals, hence the estimated
a0(U)’s mostly decrease as U increases beyond 90. Fig. 3(b) shows that a patient who receives medical treatments generally
lives longer than a patient who does not receive treatment, but this positive impact tends to dwindle as the patient ages.
Fig. 3(c) shows that after the age of 81, female patients tend to live longer than male patients. As well, Fig. 3(d)–(f) indicate
that the three categories of health status generally have positive effects on T , with the effects being stronger for patients
who are very healthy (Fig. 3(d)) and reasonably healthy (Fig. 3(e)), but substantially weaker for those who are unhealthy
(Fig. 3(f)).
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Appendix

Our proof of results require the following technical assumptions:

(A.1) K(.) is a bounded non-negative symmetric function with a bounded support [−M,M].
(A.2) aj(u) is twice continuously differentiable in u ∈ U, j = 0, 1, . . . , p.
(A.3) The distribution of U has the positive and continuous density fU(u) for all u ∈ U, where U is the bounded support of

random variable U .
(A.4) For the QR procedure:

(i) fx,U(·) is bounded away from zero and has a continuous and bounded derivative.
(ii) A1, A2 and Γ (u) defined in Theorem 2 are continuously differentiable at u ∈ U, and Γ (u) is nonsingular for all

u ∈ U.
(A.5) For the CQR procedure:

(i) f (·) is bounded away from zero and has a continuous and uniformly bounded derivative.
(ii) 6(u) and Ω(u) defined in Theorem 3 are continuously differentiable at u ∈ U, and Ω(u) is nonsingular for all

u ∈ U.

Remark 5. These assumptions are common for quantile regression and the varying coefficient models. Assumption (A.1) is
a very mild condition on kernel functions satisfied by many kernels including the Epanechnikov kernel. Assumption (A.2) is
necessary for local linear estimators as the second derivative of aj(u) impacts the bias (see Theorems 2–4). Assumption (A.3)
is related to the localized behavior around u ∈ U; specifically, if fU(u0) = 0 or fU(u0) is very sparse at some u0 ∈ U, the
function aj(u0) cannot be estimated. Assumptions (A.4) and (A.5), which are similar to Assumption (C6) of Kai et al. (2011),
ensure that B defined in Theorem 2 and Ω(u) defined in Theorem 3 are invertible for all u ∈ U.

In the following, we provide a sketch of the proofs. The detailed proofs are available from the online supplementary file
(see Appendix B).

Recall that Zi = (XT
i ,X

T
i (Ui −u0))

T , Z∗

i = (XT
i ,X

T
i (Ui −u0)/h)T , Ki = K((Ui −u0)/h), φτ (y) = τ − I(y < 0), and β0(u0) =

(a1(u0), . . . , ap(u0), a′

1(u0), . . . , a′
p(u0))

T
= (aT , bT )T . Write η̄(u0,Ui,Xi) =

p
j=1(aj(u0) + a′

j(u0)(Ui − u0))Xij = βT
0Zi, and

η(u,Xi) =
p

j=1 aj(u)Xij. An application of the Taylor series expansion of aj(u) in the neighborhood of |Ui −u0| < Mh yields

η(Ui,Xi) = η̄(u0,Ui,Xi) +
h2

2

p
j=1

a′′

j (u0)Xij


Ui − u0

h

2

+ op(h2). (A.1)

For technical convenience, we reparameterize the inverse probability weighted estimator asθτk =
√
nh(ak1(u0) − a1(u0), . . . ,akp(u0) − ap(u0), h(bk1(u0) − b1(u0)), . . . , h(bkp(u0) − bp(u0)))

T

=
√
nh((aτk(u0) − a(u0))

T , h(bτk(u0) − b(u0))
T )T

=
√
nhH(βτk

− β0),

where H = diag(1, h) ⊗ Ip, with ⊗ denoting the Kronecker product. Then
p

j=1

(akj +bkj (Ui − u0))Xij = βT
0Zi +θT

τkZ
∗

i /
√
nh.

Now, letθτk be the minimizer for (2.9) and (2.10). Thenθτ1 andθτ2 minimize

Qn1(θ) =

n
i=1

∆iKiG(Ti)


ρτ


T ∗

i −
θTZ∗

i
√
nh


− ρτ (T ∗

i )


and

Qn2(θ) =

n
i=1

∆iKiG(Ti|Xi,Ui)


ρτ


T ∗

i −
θTZ∗

i
√
nh


− ρτ (T ∗

i )


respectively, where T ∗

i = Ti − βT
0Zi = Ti − η̄(u0,Ui,Xi).

Let F (s) be the set of σ -algebras defined by

σ {I(Ci ≤ t), t ≤ s; I(Ti ≤ v),Xi,Ui, 0 ≤ v < ∞, i = 1, 2, . . . , n}.
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Consider the counting process of the number of individuals censored over time. The martingale of this counting process is

µc
i (s) = Nc

i (s) −

 s

0
λc(t)Yi(t)dt,

where Nc
i (s) = I(Vi ≤ s, ∆i = 0), and Yi(s) = I(Vi ≥ s).

Lemma A.1. Suppose that the technical conditions (A.1) through (A.4) are satisfied, and h = hn → 0 and nh → ∞ as n → ∞.
Then

Qn1(θ) = −
1
2
θTBθ −

1
√
nh

n
i=1

φτ (T ∗

i )Z∗T
i Kiθ

+
1

√
nh

n
i=1

 L

0

dµc
i (s)

G(s)
[φτ (T ∗

i )Z∗T
i Ki − Hφ(0, s)]


θ + Rn(θ), (A.2)

where supθ∈Θ |Rn(θ)| = op(1), for any compact Θ , and

Hφ(θ, s) =
1

S(s)
E

φτ (T ∗

i − θTZ∗

i /
√
nh)Z∗

i KiI(Ti ≥ s)


.

Proof. See the online supplementary file (see Appendix B).

Lemma A.2. Suppose that the technical conditions (A.1) through (A.4) are satisfied, and h = hn → 0 and nh → ∞ as n → ∞.
Then

θτ1 = −B−1 1
√
nh

n
i=1


φτ (T ∗

i )Z∗

i Ki −

 L

0

dµc
i (s)

G(s)


φτ (T ∗

i )Z∗

i Ki − Hφ(0, s)


+ op(1), (A.3)

uniformly for any θ ∈ Θ , a compact set, and

|H(βτ1 − β)|
P

→ 0.

Proof of Lemma A.2. The proof of Lemma A.2 is straightforward using the convexity lemma of Pollard (1991) and
Lemma A.1.

Proof of Theorem 1. Theorem 1 is an immediate consequence of Lemma A.2 and Theorem 2.

Proof of Theorem 2. We first prove the case that censoring is independent of covariates. By the asymptotic representation
of (A.3), we only have to prove the asymptotic normality of ℓn(β), which is

ℓn(β) =
1
nh

n
i=1

φτ (T ∗

i )Z∗

i Ki −
1
nh

n
i=1

 L

0

dµc
i (s)

G(s)
{φτ (T ∗

i )Z∗

i Ki − Hφ(0, s)}

= Wn + II2,

whereWn =
1
nh

n
i=1 φτ (T ∗

i )Z∗

i Ki. It can be proven that

√
nh

Wn −

h2

2
fU(u0)


µ2a′′(u0)
µ3a′′(u0)


⊗ Γ (u0) + o(h2)


L

−→ N(0, τ (1 − τ)A).

Further, the martingale representation theorem can be used to show that II2 is asymptotically normal with EII2 = 0, and

Var(II2) =
τ(1 − τ)

nh
fU(u0)E{ϱ1(U,X)XXT

|U = u0} ⊗


ν0 ν1
ν1 ν2


{1 + o(1)}. (A.4)

Obviously, Wn and II are uncorrelated. This completes the proof of Theorem 2 when censoring is independent of the
covariates.

To prove Theorem 2 when censoring depends on covariates, recall that

Qn2(θ) =

n
i=1

∆iKiG(Ti|Xi,Ui)


ρτ


T ∗

i −
θTZ∗

i
√
nh


− ρτ (T ∗

i )


.

Similar to previous arguments, it can be shown that the following asymptotic representation holds:

Qn2(θ) = −
1
2
θTBθ −

1
√
nh

n
i=1


∆iKi

G(Ti|Xi,Ui)
φτ (T ∗

i )Z∗T
i Ki


θ + op(1). (A.5)
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From the convexity lemma of Pollard (1991), the minimizerθτ2 of the convex function Qn2(θ) can be expressed as

θτ2 = −B−1 1
√
nh

n
i=1

∆i

G(Ti|Xi,Ui)
φτ (T ∗

i )KiZ∗

i . (A.6)

Similar to the proof of the asymptotic normality of Wn, and by some tedious calculations, we can prove that θτ2 =
√
nhH(βτ2(u0) − β(u0)) has the following asymptotic property:

√
nh

H{βτ2(u0) − β0(u0)} −

h2

2(µ0µ2 − µ2
1)


(µ2

2 − µ1µ3)a′′(u0)
(µ0µ3 − µ1µ2)a′′(u0)


+ o(h2)


L

−→ N(0, τ (1 − τ)B−1A2B−1). (A.7)

In the following, we derive the asymptotic distribution whenG(t|x, u) is estimated by (2.7) and (2.8). We assume that the
true survival distribution G of the censoring variable is G0, and true value of θ is 0. Denote

mi(θ,G) =
∆iZ∗

i

G(Ti|Xi,Ui)
φτ


T ∗

i −
θTZ∗

i
√
nh


Ki/h,

Mn(θ,G) =
1
n

n
i=1

mi(θ,G),

M(θ,G) = E(Mn(θ,G)) = Emi(θ,G),

and

M(θ,G) = E(Mn(θ,G)) = Emi(θ,G)

= E{E(mi(θ,G)|Xi,Ui)}

= E


G0(Ti|Xi,Ui)

G(Ti|Xi,Ui)
φ


T ∗

i −
θTZ∗

i
√
nh


Z∗

i Ki/hv


.

It is easy to show that

Γ1(0,G0) =
∂M(θ,G)

∂θ


θ=0,G=G0

= −
1

√
nh

fU(u0)


µ0 µ1
µ1 µ2


⊗ 0(u0){1 + o(h)}.

By Theorem 2 of Chen et al. (2003) and the results of Gonzalez-Manteiga and Cadarso-Suarez (1994), we obtain

Γ2(θ0,G0)[G − G0] = lim
τ→0

M(θ0,G0 + τ(G − G0)) − M(θ0,G0)

τ

=
1
n

n
i=1

ϕ(θ0,G0,Wi) + op(1),

where

ϕ(θ0,G0,Wi) =
1
h
Kih(Xi,Ui)Z∗

i


∞

0

ς(Vi, ∆i, t,Xi,Ui)

G0(t|Xi,Ui)
φτ


t∗ −

θT
0z

∗

√
nh


f (t|Xi,Ui)dt

=
1
h
Kih(Xi,Ui)Z∗

i E


ς(Vi, ∆i, Ti,Xi,Ui)

G0(Ti|Xi,Ui)
φτ (T ∗

i )

Xi,Ui


,

ς(Vi, ∆i, t, x, u) = G0(t|x, u)
 min(Vi,t)

0

g0(s|x, u)ds
G2
0(s|x, u)(1 − Fx,u(s|x, u))

+
I(Vi ≤ t, ∆i = 0)

G0(Vi|x, u){1 − Fx,u(Vi|x, u)}


(A.8)

and g0(s|x, u) is the function of the first derivative of G(s|x, u) with respect to s.
Note thatmi(θ0,G0) and φ(θ0,G0,Wi) are two sequences of i.i.d. variables with mean zero and finite variance, and they

are uncorrelated. Hence, it follows from the Central Limit Theorem that

√
nh

Mn(θ0,G0) + Γ2(θ0,G0)[G − G0]


=

√
nh ·


1
n

n
i=1

mi(θ0,G0) +
1
n
ϕ(θ0,G0,Wi)


+ op(1)

L
−→ N(0, τ (1 − τ)A2),
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where

A2 = fU(u0)


ν0 ν1
ν1 ν2


⊗


E
 XXT

G(T |X,U)

U = u0


+ E{ϱ3(X,U)⊗2XXT

|U = u0}


.

Now, by Theorem2of Chen et al. (2003),θτ2 has an asymptotically normal distributionwithmean 0 and variance–covariance
τ(1 − τ)B−1A2B−1. This completes the proof of Theorem 2. A detailed proof is given in the online supplementary file (see
Appendix B). �

Proof of Theorem 3. We only provide the proof for the case where censoring is independent of the covariates. Similar
methods can be used to prove the theorem when censoring depends on the covariates. Let ηi,k = I(εi ≤ c∗

k ) − τk and
η∗

i,k = I(εi ≤ c∗

k − ri(u)) − τk, where ri(u) = a0(Ui) − a0(u) − a′

0(u)(Ui − u) + XT
i {a(Ui) − a(u) − a′(u)(Ui − u)}.

Also, letθ∗

=
√
nh{a0,1 − a0(u) − c∗

1 , . . . ,a0,q − a0(u) − c∗
q , {a − a(u)}T , h{b0 − a′

0(u)}, h{b − a′(u)}T }T and X∗

i,k(u) =

(eTk ,X
T
i , (Ui − u)/h,XT

i (Ui − u)/h)T , where ek is a q-vector with an element of 1 at the kth position and 0 elsewhere.
We will first show thatθ∗

can be expressed as

θ∗

= −f −1
U (u)D(u)−1W∗(u) + op(1), (A.9)

where D(u) = diag(Ω(u), µ2C0B2(u)), B2(u) = E

(1,XT )T (1,XT )|U = u


, and

W∗(u) =
1

√
nh

q
k=1

n
i=1


Ki(u)η∗

i,kX
∗

i,k −

 L

0

dµc
i (s)

G(s)


Ki(u)η∗

i,kX
∗

i,k −
1

S(s)
E[Ki(u)η∗

i,kX
∗

i,kI(Ti ≥ s)]


.

This will be followed by a demonstration of the asymptotic normality of (a0,a) by showing the asymptotic normality of
W∗(u).

Let

W ∗

n,1(u) =
1

√
nh

q
k=1

n
i=1

Ki(u)η∗

i,k(e
T
k ,X

T
i )

T .

Using Theorem 3.1 of Kai et al. (2011), we have

W ∗

n,1 − E(W ∗

n,1)
L

−→ N(0, fU(u)ν061(u)), (A.10)

where

1
√
nh

E(W ∗

n,1) = −
µ2h2

2
fU(u)Ω(u)


a′′

0(u)
a′′(u)


+ op(h2).

Let

W ∗

n,2 =
1

√
nh

q
k=1

n
i=1

 L

0

dµc
i (s)

G(s)


Ki(u)η∗

i,k(e
T
k ,X

T
i )

T
−

1
S(s)

E[Ki(u)η∗

i,k(e
T
k ,X

T
i )

T I(Ti ≥ s)]

.

Applying Theorem 2, and arguments similar to those applied toW ∗

n,1, we have

W ∗

n,2
L

−→ N(0, fU(u)ν062(u)). (A.11)

Combining (A.10) and (A.11), we obtain

√
nh
a0 − a0(u)a − a(u)


−

µ2h2

2


a′′

0(u)
a′′(u)


+ o(h2)


L

−→ N

0,

ν0

fU(u)
Ω−1(u)(61(u) + 62(u))Ω−1(u)


.

That implies that the first part of Theorem 3 holds. By the same argument as that applied to proving the second part of
Theorem 2, we can show that the second part of Theorem 3 also holds. This completes the proof of Theorem 3. A detailed
proof is given in the online supplementary file (see Appendix B). �

Appendix B. Supplementary data

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.csda.2015.02.011.
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