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Abstract Most of the literature on clustered data models emphasizes two-level clus-
tering, andwithin-cluster correlation.Whilemulti-level clustered datamodels can arise
in practice, analysis of multi-level clustered data models poses additional difficulties
owing to the existence of error correlations bothwithin and across the clusters. It is per-
haps for this reason that existing approaches to multi-level clustered data models have
been mostly parametric. The purpose of this paper is to develop a varying-coefficient
nonparametric approach to the analysis of three-level clustered data models. Because
the nonparametric functions are restricted only to some of the variables, this approach
has the appeal of avoiding many of the curse of dimensionality problems commonly
associated with other nonparametric methods. By applying an undersmoothing tech-
nique, taking into account the correlations within and across clusters, we develop
an efficient two-stage local polynomial estimation procedure for the unknown coef-
ficient functions. The large and finite sample properties of the resultant estimators
are examined; in particular, we show that the resultant estimators are asymptotically
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normal, and exhibit considerably smaller asymptotic variability than the traditional
local polynomial estimators that neglect the correlations within and among clusters.
An application example is presented based on a data set extracted from the World
Bank’s STARS database.

Keywords Asymptotic normality · Correlation · Nonparametric · Clustered data ·
Two-stage estimation

Mathematics Subject Classification 62G08 · 62G20

1 Introduction

The analysis of clustered or longitudinal data has been the subject of one of the
most active bodies of research in statistics. Examples of this type of data abound in
many fields; see Diggle et al. (1994) and Baltagi (2008) for relevant examples. The
widespread attention enjoyed by clustered data models is amply justified by a number
of attractions, most notably, observation heterogeneity and more efficient estimation
of parameters owing to the richer source of information. The jointness of the equations
introduces additional information over and above what is available when the equations
are treated separately. Indeed, a great deal of the literature on clustered data models
has focused onways of taking into account the interactions of the equations to improve
the sharpness of inference.

The traditional literature on clustered data models has focused on two-level cluster-
ing. In practice, three or higher level clustering also has sound practical applications.
Using data from 1960–1969 to 1980–1987, taken from the World Bank’s STARS
database, the example in Sect. 7 considers the estimation of production functions
for eighty-one different countries. For each country during both time periods, gross
domestic product is determined by real capital, labour supply, and the average level of
schooling of the work force. Given the likelihood that similar factors may be respon-
sible for the random effects, it seems reasonable to suppose that the error terms asso-
ciated with the production functions of different countries are contemporaneously
correlated. We also suspect an inherent jointness of the equations within the same
country across the different years of the same period, and across the two periods under
consideration. Our suspicion is confirmed by the test results of Sect. 7, which show
that the error correlations both within and across clusters are significant. This example
clearly illustrates that three-level data clustering arises commonly in practice. Indeed,
there is a strong body of empirical literature emphasizing three-level clustering. For
example, Beierlein et al. (1981) considered demand models of electricity and natural
gas for commercial, industrial and residential sectors over a period of ten years in
several northeastern US states; Chapman et al. (2003) discussed a clinical trial where
various biomarkers for kidney malfunctioning were collected from different patients
over a specified time period. Other studies involving multi-level clustered data models
abound, but these examples illustrate the range of applications for which this model
is appropriate.

The analysis of three-level clustered data models is complicated by the existence of
error dependency bothwithin and across clusters, whereas with conventional two-level
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models the latter type of dependency is nonexistent. In fact, the majority of nonpara-
metric estimation methods developed for two-level clustered models ignore within
cluster dependency; e.g., Hoover et al. (1998). This can be justified theoretically when
the cluster size is finite and a kernel approach is used in estimating the nonparamet-
ric function, but does not apply under other circumstances (Wang 2003). In addition,
Welsh et al. (2002) showed that for time varying covariates, spline methods that take
into account thewithin-cluster correlationswork better than kernelmethods that ignore
this dependency. There has been some recent interest in the development of alternative
nonparametric and semiparametric estimation methods that properly account for the
within-cluster error dependency for two-level clustered data models. See the work of
Wang (2003), Fan et al. (2007), and Zhang (2009).

In the case of three-level clustered data models, empirical studies utilizing these
models are all based on parametric approaches. This is not surprising given the
absence of a rigorous theoretical nonparametric literature on this subject. For example,
the aforementioned study of Beierlein et al. (1981) employed an estimation method
that is a generalization of Zellner (1962) seemingly unrelated parametric regression
approach. To our knowledge, the recent contributions of Chen and Zhong (2011) and
Zhou et al. (2011) are the only theoretical nonparametric studies with an explicit focus
on the multi-level clustered models. Chen and Zhong (2011) developed ANOVA tests
for multi-treatment comparisons in clustered data models, allowing for the possibility
of missing data; however, their model assumes independence of errors both within
and across clusters. Assuming three-level clustering and an error components speci-
fication of the disturbances, Zhou et al. (2011) developed a nonparametric seemingly
unrelated regression approach to the estimation of the unknown coefficient functions.
The approach of Zhou et al. is based on undersmoothing and an estimation of the
covariance matrix of the errors, taking into account both within and across errors
dependency, which improves the performance of the nonparametric function estima-
tors. One limitation of this approach, however, is that the disturbances are restricted
to an error components’ specification.

In this paper, we develop a varying-coefficient approach to the estimation of
a three-level clustered data model. The varying-coefficient model, introduced by
Cleveland et al. (1991) and Hastie and Tibshiran (1993), has the important appeal
that it allows the coefficients that describe the effect of the regressor to vary non-
parametrically as a function of other variables, called the effect modifiers. Because
smoothing is applied only to the effect modifiers, the curse of dimensionality prob-
lem commonly associated with other nonparametric approaches can be avoided. The
varying-coefficient model has been an important development in the nonparametric
statistics literature, and has received much attention for its ability to avoid the difficul-
ties caused by high-dimension covariates. Throughout this paper, we work with the
following three-level clustered varying-coefficient model:

Ysit = Xsit1αs1(Usit) + · · · + Xsitpsαsps (Usit) + εsit,

for s = 1, . . . ,m, i = 1, . . . , n, t = 1, . . . , Ts, (1.1)

where Ysit is the observed measurement of the sth response variable of the i th individ-
ual at the t th observation point; (Xτ

sit,Usit)
τ = (Xsit1, . . . , Xsitps ,Usit)

τ is the observ-
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able covariate; α(·) = (ατ
1(·), . . . ,ατ

m(·))τ = (α11(·), . . . , α1p1(·), . . . , αmpm (·))τ
are unknown functions with ps being the number of nonparametric varying coeffi-
cient functions in the sth group. In addition, εsit is the random error with E(ε·i ·) = 0,
Cov(ε·i ·) = � = (�s1s2)

m
s1,s2=1 > 0 and E(ε·i1·ετ·i2·) = 0∑m

s=1 Ts×
∑m

s=1 Ts
for i1 �=

i2, where εsit is independent of the covariate (Xτ
sit,Usit)

τ and ε·i · = (ε1i1, . . . ,

ε1iT1 , . . . , εmi1, . . . , εmiTm )τ . Model (1.1) says that the coefficients of X change with
U , the effect modifier. We assume that U is a single variable, but in general U can be
a low-dimensional vector of variables. Because only low-dimensional functions are
estimated, the model avoids the curse of dimensionality difficulties even if ps is large.
Also, note that (1.1) allows for unbalanced panels as Ts need not be the same for each s.
In addition, the form of � is not restrictive, and this makes (1.1) flexible. The popular
one-way error component random effect covariance structure is a special case of� by
setting εsit = μsi + νsit , where μsi s’ and νsits’ are i.i.d. over i and (i, t) respectively,
with both μsi and νsit having a zero mean, var(μsi ) = σ 2

sμ and var(νsit) = σ 2
sν . Then,

�ss = σ 2
sμ1Ts1

τ
Ts

+ σ 2
sνITs×Ts , where 1Ts is a Ts-dimensional unit vector and ITs×Ts

is a Ts × Ts identity matrix.
Model (1.1) is fairly general and includes a variety of data models as special cases.

Our emphasis here is on the inference aspect of model (1.1). Specifically, we aim to
developmethods of estimation that take into account the correlations within and across
clusters. While there have been some adaptations of the varying-coefficient approach
to clustered data models focusing on two-level clustering, few of the existing studies
make full use of the information implied by the correlation matrix of the disturbances.
For example, the estimation methods based on varying-coefficient models developed
by Hoover et al. (1998) and Fan and Zhang (2000) both assume independence of
errors within clusters. In addition, the estimation procedure used by Zhang (2009)
only partially utilizes the within-cluster correlation by estimating the random effect
functions but ignores the within-cluster correlation in the random errors. A related
study by Wang (2003) developed a nonparametric estimation method that takes full
account of the within-cluster correlations; however, her procedure pertains only to the
two-level clustered model and is not based on the varying-coefficient approach.

The method we develop here is a two-stage procedure. In the first stage, an under-
smoothing technique is applied to construct estimators that neglect the correlations
within and across clusters. These “pilot estimators” form the basis of the estimation
of covariance in the second stage; the final estimators of the unknown coefficient
functions are then constructed by local polynomial fitting based on information con-
tained in the estimated covariance matrix. We prove that the estimator of the unknown
function resulting from this two-stage procedure is asymptotically normal and has the
same magnitude of bias as (but a substantially smaller variance than) the estimator
that treats each equation separately. The pilot estimators obtained from the first stage
also allow the development of test statistics useful for detecting correlations within
and across responses.

The layout of the remainder of this paper is as follows. In Sect. 2, we present the
pilot estimators of the unknown coefficient functions and error covariance matrix,
while in Sect. 3, we develop test statistics to detect correlations within and among
responses. In Sect. 4, an efficient two-stage local polynomial estimator is constructed.
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The asymptotic and finite sample properties of this estimator are investigated in Sects.
5 and 6 respectively. Section 7 contains a real data analysis. In Sect. 8, we offer some
concluding remarks. Proofs of results are contained in an on-line supplementary file.

2 Pilot estimators of unknown coefficient functions and error covariance matrix

For a fixed s, if correlations within the response are ignored, a local linear regres-
sion technique can be employed to estimate the coefficient functions {αs j (·), j =
1, . . . , ps} (e.g., Fan and Gijbels 1996). The procedure works as follows: consider
that Usit in the close neighbourhood of the local value u, αs j (Usit) can be approxi-
mated locally by

αs j (Usit) ≈ αs j (u) + α′
s j (u)(Usit − u) ≡ as j + bs j (Usit − u), j = 1, . . . , ps,

where α′
s j (u) = ∂αs j (u)/∂u. This leads to the following weighted local least-squares

problem. Find {(as j , bs j ), j = 1, . . . , ps} that minimizes

n∑

i=1

Ts∑

t=1

⎡

⎣Ysit −
ps∑

j=1

{as j + bs j (Usit − u)}Xsit j

⎤

⎦

2

Khs (Usit − u), (2.1)

where Khs (·) = K (·/hs)/hs , K (·) is a kernel function and hs a bandwidth. The
solution to problem (2.1) is given by

(
ãs1, . . . , ãsps , b̃s1, . . . , b̃sps

)τ = (Dτ
suWsuDsu)

−1Dτ
suWsuYs, (2.2)

where

Dsu =
(
Xs11, · · · , Xs1Ts , · · · , XsnTs

(Us11 − u)Xs11, · · · , (Us1Ts − u)Xs1Ts , · · · , (UsnTs − u)Xτ
snTs

)τ

,

Wsu = diag(Khs (Us11 − u), . . . , Khs (Us1Ts − u), . . . , Khs (UsnTs − u))

andYs = (Ys11, . . . ,Ys1Ts , . . . ,YsnTs )
τ .Hence, the estimator of (αs1(u), . . . , αsps (u),

α′
s1(u), . . . , α′

sps (u))τ has the same form as (2.2). In particular, the estimator of αs j (u)

is α̂s j (u) = eτ
j,2ps

(Dτ
suWsuDsu)

−1Dτ
suWsuYs,where e j,2ps is a 2ps-vector containing

zeros everywhere except for the j th element which equals 1.
The following assumptions are required for the derivation of asymptotic properties

of α̂s j (u):

Assumption 1 For a given s, Usit’s are generated from a distribution with bounded
support on [0, 1], and a Lipschitz continuous density function pst (·) that satisfies
0 < inf [0,1] pst (·) ≤ sup[0,1] pst (·) < ∞.
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Assumption 2 For a given s, (Xτ
si1, . . . ,X

τ
siTs

,Usi1, . . . ,UsiTs )’s and εsi · =
(εsi1, . . . , εsiTs )

τ ’s are independently and identically distributed for i = 1, . . . , n. The
mean and variance of εsi · are 0 and�ss respectively. In addition, E(εs1i ·ετ

s2i ·) = �s1s2

for 1 ≤ s1 �= s2 ≤ m, E(ε4sit) ≤ ∞ and
∑m

s=1
∑Ts

t=1 ||Xsit||4 ≤ c < ∞ for
s = 1, . . . ,m and t = 1, . . . , Ts .

Assumption 3 αs j (·) has continuous second derivatives on [0, 1] for s = 1, . . . ,m
and j = 1, . . . , ps .

Assumption 4 K (·) is a density function with a bounded support on [−1, 1].
Assumption 5 The bandwidth hs satisfies nh8s/(log log n)1/2 → 0 and nh2s/(log n)2

→ ∞ as n → ∞.
To facilitate notations, we denote

ς j =
∫ ∞

−∞
u j K (u)du, 
 j =

∫ ∞

−∞
u j K 2(u)du, �st (u) = E(XsitXτ

sit|Usit = u),

αs(·) = (αs1(·), . . . , αsps (·))τ , α′
s(·) = (α

′
s1(·), . . . , α

′
sps (·))τ ,

α̂s(·) = (̂αs1(·), . . . , α̂sps (·))τ , α̂
′
s(·) = (̂α

′
s1(·), . . . , α̂

′
sps (·))τ ,

and Hs = diag(1, hs) ⊗ Ips , where Ips is a ps × ps identity matrix.
The following theorem demonstrates the asymptotic normality of (̂ατ

s (·), α̂′τ
s (·))τ .

Theorem 1 Suppose that Assumptions 1 through 5 hold. Then

√
nhs

[

Hs
−1

{(
α̂s(u)

α̂
′
s(u)

)

−
(

αs(u)

α
′
s(u)

)}

− h2s
2

(
1α
′′
s (u)


2α
′′
s (u)

)

+ o(h2s )

]

D−→ N (0, �(αs ,α′
s )
)

as n → ∞, where α
′′
s (u) = (α

′′
s1(u), . . . , α

′′
sps (u))τ with α

′′
s j (u) = ∂2αs j (u)/∂u2,

�(αs ,α′
s )

=
(

T∑

t=1

�st (u)pst (u)

)−1 T∑

t=1

σ 2
stst�st (u)pst (u)

×
(

T∑

t=1

�st (u)pst (u)

)−1

⊗
(
11 
12


21 
22

)

,

�ss = (σ 2
st1st2)

Ts
t1=1,t2=1, 
1 = ς2 − ς1ς3

ς2 − ς2
1

, 
2 = ς3 − ς1ς2

ς2 − ς2
1

,


11 = ς2
2
0 − 2ς1ς2
1 + ς2

1
2,
12 = (ς2
1 + ς2)
1 − ς1ς2
0 − ς1
2,


21 = (ς2
1 + ς2)
1 − ς1ς2
0 − ς1
2, and 
22 = 
2 − ς1(2
1 + ς1
0).

Proof See the online supplementary file.
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If no contemporaneous correlations exist across the responses, then by arguments
used in Fan and Gijbels (1996), we can show that α̂s j (·) is asymptotically efficient. In
the present case, however, α̂s j (·) cannot be efficient because it neglects the contem-
poraneous correlations across responses. Nevertheless, Theorem 1 shows that it is a
consistent estimator even though it is inefficient. We will use the regression residuals
obtained through the application of α̂s j (·) to estimate the error covariance matrix and
contemporaneous correlations across responses. The residuals are

ε̂sit = Ysit − Xsit1α̂s1(Usit) − · · · − Xsitps α̂sps (Usit),

s = 1, . . . ,m, i = 1, . . . , n, t = 1, . . . , Ts .

Hence, the error covariance matrix may be estimated by �̂ = 1
n

∑n
i=1 ε̂·i ·̂ετ·i · with

ε̂·i · = (̂ε1i1, . . . , ε̂1iT1 , . . . , ε̂miTm )τ . The following theorem gives the asymptotic
property of �̂.

Theorem 2 Suppose that Assumptions 1 through 5 hold. Then

√
n
(
Vech(�̂) − Vech(�)

) D−→ N
(
0,L∑m

s=1 Ts
Cov(ε·1· ⊗ ε·1·)Lτ∑m

s=1 Ts

)
,

as n → ∞,

where Vech is a column stacking operator that stacks only the elements on or below the
main diagonal of the matrix, L∑m

s=1 Ts
is the 1

2

∑m
s=1 Ts(

∑m
s=1 Ts + 1) × (

∑m
s=1 Ts)

2

elimination matrix, and ε·i · = (ε1i1, . . . , ε1iT1 , . . . , εmiTm )τ .

Proof See the online supplementary file.

This estimated error covariance matrix allows the detection of correlations within
and across responses, as well as the construction of improved estimators of αs j (·)
that properly account for these correlations. The subsequent sections explore these
properties in detail.

3 Detection of correlations within and across responses

3.1 Detection of correlations within response

The null hypothesis of interest is that the elements in εsi · = (εsi1, . . . , εsiTs )
τ are

independent, or equivalently, �ss = E(εsi ·ετ
si ·) is a diagonal matrix. That is

H0s : �ss = diag
(
σ 2
s1s1, σ

2
s2s2, . . . , σ

2
sTssTs

)
.

Weuse a testingmethod that adopts the idea of Tsay (2004). It is based on the following
observations. First, if the elements in εsi · are mutually independent, then Zsit1t2 =
εsit1εsit2 are uncorrelated with Zsit3t4 = εsit3εsit4 , as long as t1 �= t3 or t2 �= t4. Thus,
every Ts(Ts − 1)/2 combination of εsit1εsit2 (t1 �= t2) in εsi · = (εsi1, . . . , εsiTs )

τ

will also be uncorrelated with each other. Second, if the elements in εsi · are mutually
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independent, then as n → ∞, n− 1
2
∑n

i=1 εsit1εsit2
D−→ N (0, σ 2

st1st1σ
2
st2st2), where

σ 2
st1st2 is the (t1, t2)th element of �ss . Then, it holds that

�s = n− 1
2

n∑

i=1

Zsi
D−→ N (0, �s) as n → ∞,

where Zsi = (Zsi12, . . . , Zsi1Ts , Zsi23, . . . , Zsi2Ts , . . . , Zsi(Ts−1)Ts )
τ , Zsit1t2 = εsit1

εsit2 , and

�s = diag
(
�s12, �s13, · · · , �s(Ts−1)Ts

)
with �st1t2 = σ 2

st1st1σ
2
st2st2 .

In practice, εsit1εsit2 is unobservable and may be replaced by ε̂sit1 ε̂sit2 , where ε̂sit =
Ysit − Xsit1α̂s1(Usit) − · · · − Xsitps α̂sps (Usit). The test of H0s is based on the test
statistic

M̂s = �̂τ
s �̂

−1
s �̂s,

where Ẑsi = (Ẑsi12, Ẑsi13, . . . , Ẑsi(Ts−1)Ts )
τ , Ẑsit1t2 = ε̂sit1 ε̂sit2 , and �̂s has the

same definition as�s except that�st1t2 is replaced by �̂st1t2 = σ̂ 2
st1st1 σ̂

2
st2st2 . In addition,

�̂s = n− 1
2
∑n

i=1 Ẑsi .

The following theorem gives the asymptotic distribution of M̂s under H0s .

Theorem 3 Suppose that Assumptions 1 through 5 hold. Then under H0s , as n → ∞,

M̂s
D−→ χ2

Ts (Ts−1)/2.

Proof See the online supplementary file.

3.2 Detection of correlations among responses

To detect correlations among Ys1i t and Ys2i t for 1 ≤ s1 �= s2 ≤ m, the null hypothesis
of interest is

H0s1s2 : �s1s2 = E(εs1i ·ετ
s2i ·) = 0Ts1×Ts2

.

We define the following test statistic based on arguments along the lines of those
presented in Sect. 3.1:

M̂s1s2 = �̂τ
s1s2 �̂

−1
s1s2�̂s1s2 ,

where �̂s1s2 = n− 1
2
∑n

i=1 Ẑs1s2i with Ẑs1s2i = (Ẑs1s2i11, . . . , Ẑs1s2i1Ts2
, Ẑs1s2i21, . . . ,

Ẑs1s2i2Ts2
, . . . , Ẑs1s2iTs1Ts2

)τ , Ẑs1s2i t1t2 = ε̂s1i t1 ε̂s2i t2 , and

�̂s1s2 = diag
(
�̂s1s211, �̂s1s212, · · · , �̂s1s2Ts1Ts2

)
, with �̂s1s2t1t2 = σ̂ 2

s1t1s1t1 σ̂
2
s2t2s2t2 .
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The following theorem gives the asymptotic distribution of M̂s1s2 .

Theorem 4 Suppose that Assumptions 1 through 5 hold. Then under H0s1s2 , as

n → ∞, M̂s1s2
D−→ χ2

Ts1Ts2
.

Proof See the online supplementary file.

3.3 Detection of correlations within and among responses

Under the null hypothesis of no correlationwithin or among responses,� = E(ε·i ·ετ·i ·)
is a diagonal matrix. That is

H0 : � =
(
σ 2
1111, σ

2
1212, . . . , σ

2
1T11T1, . . . , σ

2
mTmmTm

)
.

Along the lines of arguments used in Sect. 3.1, H0 may be tested using the following
statistic:

M̂ = �̂τ �̂−1�̂,

where �̂ = n− 1
2
∑n

i=1 Ẑi with Ẑi = (Ẑ11i12, . . . , Ẑ11i1T1 , Ẑ11i23, . . . , Ẑ11i2T1 , . . . ,

Ẑ11i(T1−1)T1 , Ẑ12i11 . . . , Ẑ12i1T2 , . . . , Ẑ12iT1T2 , . . . , Ẑmmi12, . . . , Ẑmmi1T1 , Ẑmmi23,

. . . , Ẑmmi2T1 , . . . , Ẑmmi(Tm−1)Tm )τ , Ẑs1s2i t1t2 = ε̂s1i t1 ε̂s2i t2 , and �̂ = (�̂s1s2)
m
s1,s2=1,

with

�̂ss = diag
(
�̂ss12, �̂ss13, · · · , �̂ss(Ts−1)Ts

)
,

�̂s1s2 =
(
�̂s1s211, �̂s1s212, · · · , �̂s1s2Ts1Ts2

)

and �̂s1s2t1t2 = σ̂ 2
s1t1s1t1 σ̂

2
s2t2s2t2 .

The following theorem provides the asymptotic distribution of M̂ .

Theorem 5 Suppose that Assumptions 1 through 5 hold. Then under H0, as n → ∞,

M̂
D−→ χ2∑m

s=1 Ts (
∑m

s=1 Ts−1)/2
.

Proof See the online supplementary file.

The statistics M̂s , M̂s1s2 and M̂ for testing H0s , H0s1s2 and H0 have some distinct
appeal. The fact that they are all χ2 distributed under their respective null with degrees
of freedom independent of sample size means that they are easy to apply. Also, the
burden associated with the computation of M̂s , M̂s1s2 and M̂ increases only linearly
with the magnitude of Ts . Moreover, these tests are flexible in the sense that they
permit testing of block-diagonality in addition to diagonality in the error covariance
matrix.
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4 A two-stage procedure for estimating unknown coefficient functions

The difficulties associated with applying nonparametric regression to a three-level
clustered data model stem largely from the fact that kernel smoothing is a ’local’
technique, whereas correlations within and across responses are a ’global’ issue. For
the panelwith a single response variable,Wang (2003) proposed a two-stage seemingly
unrelated kernel regression method that accounts for correlations within the response.
When correlations both within and across responses are present and represented by
a one-way error component structure, Zhou et al. (2011) proposed a two-stage local
polynomial estimation procedure that accounts for these correlations. However, their
method relies heavily on the assumption of a one-way error component structure,
which fails to represent common situations (e.g., in economics) where an unobserved
shock affects the behavioral relationship for a prolonged period.

To describe our method, denote �s(−s) = (
�s1, · · · , �s,s−1, �s,s+1, · · · , �s,m

)
,

�(−s)(−s) = (�s1s2)
m
s1,s2 �=s and εsi · = (εsi1, . . . , εsiTs )

τ . Note that

�s(−s)�
−1
(−s)(−s)

= argmin
�∈
Ts×∑m

s1 �=s Ts1
E

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

εsi · − �

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ε1i ·
...

εs−1,i ·
εs+1,i ·

...

εmi ·

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

εsi · − �

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ε1i ·
...

εs−1,i ·
εs+1,i ·
...

εmi ·

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

τ

.

We first describe the method of estimating αs(·) = (αs1(·), . . . , αsps )
τ , εs1i · with

s1 �= s under the assumption of known �s(−s) and �(−s)(−s). This assumption will be
relaxed at a later stage.

Consider the pseudo responses

Y∗
si · = (Y∗

si1, . . . ,Y
∗
siTs )

τ

= Ysi · − �s(−s)�
−1
(−s)(−s)

(
ετ
1i ·, . . . , ετ

s−1,i ·, ετ
s+1,i ·, . . . , ετ

mi ·
)τ

.

Conditional on Xsit and Usit ,

E(Y∗
sit) = Xsit1αs1(Usit) + · · · + Xsitpsαsps (Usit)

and

Cov(Y∗
si ·) = �ss − �s(−s)�

−1
(−s)(−s)�

τ
s(−s) ≤ �ss .

The latter implies that the error variance ofYsi · can be reduced by taking into account
the correlations among the responses. Additionally, let �ss = (δst1st2)

Ts
t1,t2=1 = �ss −

�s(−s)�
−1
(−s)(−s)�

τ
s(−s) and �−1

ss = (δ
t1t2
ss )

Ts
t1,t2=1. The t th element of �−1

ss Y
∗
si · is
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Y ∗∗
sit =

Ts∑

t1=1

δt t1ss Y
∗
sit1 = δt tssY

∗
sit +

Ts∑

t1 �=t

δt t1ss Y
∗
sit1 .

Denote asit1 = αs1(Usit1)Xsit11 + · · · + αsps (Usit1)Xsit1 ps and assume that asit1 ’s are
known. We then have

Y ∗∗∗
sit = (δt tss)

−1

⎛

⎝Y ∗∗
sit −

Ts∑

t1 �=t

δt t1ss asit1

⎞

⎠

= αs1(Usit)Xsit1 + · · · + αsps (Usit)Xsitps + (δt tss)
−1

Ts∑

t1=1

δt t1ss εsit1 .

Conditional on Xsit and Usit , Y ∗∗∗
sit has a mean of αs1(Usit)Xsit1 + · · · +

αsps (Usit)Xsitps and variance (δt tss)
−1, which is smaller than σ 2

stst . So, applying
a local polynomial estimation to Y ∗∗∗

sit can result in a more efficient estima-
tor of the unknown coefficient functions in model (1.1). Now, an estimator of
(αs1(u), . . . , αsps (u), α′

s1(u), . . . , α′
sps (u))τ has the form

(α̃T S
s1 (u), . . . , α̃T S

sps (u), α̃
′
T S
s1 (u), . . . , α̃

′
T S
sps (u))τ = (D∗τ

suW
∗
suD

∗
su)

−1D∗τ
suW

∗
suY

∗∗∗
s ,

where D∗
su and W∗

su are the same as Dsu and Wsu , respectively, except that hs is
replaced by h∗

s , and Y∗∗∗
s = (Y ∗∗∗

s11 , . . . , Y ∗∗∗
s1Ts

, . . . ,Y ∗∗∗
snTs

).

Clearly, in practice, εsi ·, δ
t1t2
ss and asit1 are unknown. To make the estimator

operational, we replace these unknown quantities by ε̂si · = (̂εsi1, . . . , ε̂siTs )
τ ,

δ̂
t1t2
ss and âsit respectively. Thus, a feasible two-stage local polynomial estimator of

(αs1(u), . . . , αsps (u), α′
s1(u), . . . , α′

sps (u))τ is

(̂αT S
s1 (u), . . . , α̂T S

sps (u), α̂
′
T S
s1 (u), . . . , α̂

′
T S
sps (u))τ = (D∗τ

suW
∗
suD

∗
su)

−1D∗τ
suW

∗
suŶ

∗∗∗
s

where Ŷ∗∗∗
s = (Ŷ ∗∗∗

s11 , . . . , Ŷ ∗∗∗
s1Ts

, . . . , Ŷ ∗∗∗
snTs

)τ ,

Ŷ ∗∗∗
sit = (̂δt tss)

−1

⎛

⎝Ŷ ∗∗
sit −

Ts∑

t1 �=t

δ̂t t1ss âsit1

⎞

⎠ , i = 1, . . . , n, t = 1, . . . , Ts

with �̂−1
ss = (�̂ss − �̂s(−s)�̂

−1
(−s)(−s)�̂

τ
s(−s))

−1 = (̂δ
t1t2
ss )Tt1,t2=1, �̂s(−s) = (�̂s1, . . . ,

�̂s,s−1, �̂s,s+1, . . . , �̂sm), �̂(−s)(−s) = (�̂s1s2)
m
s1,s2 �=s , Ŷ

∗∗
sit = δ̂t tss Ŷ

∗
sit+
∑Ts

t1 �=t δ̂
t t1
ss Ŷ ∗

sit1
,

Ŷ∗
si · = (Ŷ∗

si1, . . . , Ŷ
∗
siTs )

τ

= Ysi · − �̂s(−s)�̂
−1
(−s)(−s)

(
ε̂τ
1i ·, . . . , ε̂τ

s−1,i ·, ε̂τ
s+1,i ·, . . . , ε̂τ

mi ·
)τ

,

ε̂si · = (̂εsi1, . . . , ε̂siTs )
τ , ε̂sit = Ysit − α̂s1(Usit)Xsit1 − · · · − α̂sps (Usit)Xsitps

and

âsit1 = α̂s1(Usit1)Xsit11 + · · · + α̂sps (Usit1)Xsit1 ps .
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In particular, a two-stage local polynomial estimator of αs j (u) is given by

α̂T S
s j (u) = eτ

j,2ps (D
∗τ
suW

∗
suD

∗
su)

−1D∗τ
suW

∗
suŶ

∗∗∗
s ,

where e j,2ps is a 2ps-vector with zero everywhere except for the j th element which
equals 1.

5 Asymptotic properties of proposed estimators

The following assumption, in addition to Assumptions 1 through 5, is required for the

investigation of the asymptotic properties of (̂αT Sτ
s (·), α̂′

T Sτ
s (·))τ .

Assumption 6 The bandwidth h∗
s satisfies nh∗8

s /(log log n)1/2 → 0 and nh∗2
s /

(log n)2 → ∞ as n → ∞. In addition, max1≤s≤m hs = o(h∗
s ).

The core asymptotic properties of (̂αT Sτ
s (·), α̂′

T Sτ
s (·))τ are summarized in the fol-

lowing theorem.

Theorem 6 Suppose that Assumptions 1 through 6 hold. Then

√
nh∗

s

[

H∗−1
s

{(
α̂T S
s (u)

α̂
′
T S
s (u)

)

−
(

αs(u)

α
′
s(u)

)}

− h∗2
s

2

(
1α
′′
s (u)


2α
′′
s (u)

)

+ o(h∗2
s )

]

D−→ N (0, �T S
(αs ,α′

s )
)

as n → ∞, where H∗
s = diag(1, h∗

s ) ⊗ Ips , α
′′
s (u) = (α

′′
s1(u), . . . , α

′′
sps (u))τ with

α
′′
s j (u) = ∂2αs j (u)/∂u2,

�T S
(αs ,α′

s )
=
(

T∑

t=1

�st (u)pst (u)

)−1 T∑

t=1

(δt tss)
−1�st (u)pst (u)

(
T∑

t=1

�st (u)pst (u)

)−1

⊗
(
11 
12


21 
22

)

,

and other symbols are defined in Theorem 1.

Proof See the online supplementary file.

Remark 1 Recall that �ss = (δ2st1st2)
Ts
t1,t2=1 = �ss − �s(−s)�

−1
(−s)(−s)�

τ
s(−s) ≤ �ss

and�−1
ss ≥ �−1

ss . This implies δt tss ≥ σ t t
ss = (σ 2

stst −�sst (−t)�
−1
ss(−t)(−t)�

τ
sst (−t))

−1 ≥
(σ 2

stst )
−1, where �sst (−t) = E(εsit(εsi1, . . . , εsi,t−1, εsi,t+1, . . . , εsiTs )

τ ) and
�ss(−t)(−t) = E((εsi1, . . . , εsi,t−1, εsi,t+1, . . . , εsiTs )(εsi1, . . . , εsi,t−1, εsi,t+1, . . . ,

εsiTs )
τ ). So, �T S

(αs ,α′
s )

− �(αs ,α′
s )

is a negative semi-definite matrix, or (̂αT Sτ
s (·),
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α̂
′
T Sτ
s (·))τ is variance superior to (̂ατ

s (·), α̂′τ
s (·))τ . Additionally, from Theorems 1 and

6, we can see that (̂αT Sτ
s (·), α̂′

T Sτ
s (·))τ and (̂ατ

s (·), α̂′τ
s (·))τ have the same asymptotic

bias.

Suppose correlations exist only within and not across responses. The two-stage
estimator of (ατ

s (·),α′τ
s (·))τ then has the form

(α̌T S
s1 (u), . . . , α̌T S

sps (u), α̌
′
T S
s1 (u), . . . , α̌

′
T S
sps (u))τ = (D∗τ

suW
∗
suD

∗
su)

−1D∗τ
suW

∗
suY̌

∗∗
s ,

where Y̌∗∗
s = (Y̌ ∗∗

s11, . . . , Y̌
∗∗
s1Ts

, . . . , Y̌ ∗∗
snTs

)τ ,

Y̌ ∗∗
sit = (̂σ t t

ss)
−1

⎛

⎝Y̌ ∗
sit −

Ts∑

t1 �=t

σ̂ t t1
ss âsit1

⎞

⎠ , i = 1, . . . , n, t = 1, . . . , Ts

with �̂−1
ss = (̂σ

t1t2
ss )

Ts
t1,t2=1, Y̌

∗
sit = σ̂ t t

ssYsit +
∑T

t1 �=t σ̂
t t1
ss Ysit1 and

âsit1 = α̂s1(Usit1)Xsit11 + · · · + α̂sps (Usit1)Xsit1 ps .

Similar to Theorem6,we have the following asymptotic result for (̂αT Sτ
s (·), α̂′

T Sτ
s (·))τ :

√
nh∗

s

[

H∗−1
s

{(
α̌T S
s (u)

α̌
′
T S
s (u)

)

−
(

αs(u)

α
′
s(u)

)}

− h∗2
s

2

(
1α
′′
s (u)


2α
′′
s (u)

)

+ o(h∗2
s )

]

D−→ N (0, �∗T S
(αs ,α′

s )
)

as n → ∞, where

�
∗
T S
(αs ,α′

s )
=
(

T∑

t=1

�st (u)pst (u)

)−1 T∑

t=1

(σ t t
ss)

−1�st (u)pst (u)

(
T∑

t=1

�st (u)pst (u)

)−1

⊗
(
11 
12


21 
22

)

.

As δt tss ≥ σ t t
ss , we have �

∗
T S
(αs ,α′

s )
≥ �T S

(αs ,α′
s )
, and accordingly (̂αT Sτ

s (·), α̂′
T Sτ
s (·))τ is

asymptotically more efficient than (α̌T Sτ
s (·), α̌′

T Sτ
s (·))τ .

On the other hand, if correlations exist only across and not within responses, then
the two-stage estimator of (ατ

s (·),α′τ
s (·))τ has the form

(ᾱT S
s1 (u), . . . , ᾱT S

sps (u), ᾱ
′
T S
s1 (u), . . . , ᾱ

′
T S
sps (u))τ = (D∗τ

suW
∗
suD

∗
su)

−1D∗τ
suW

∗
suȲ

∗
s ,
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where Ȳ∗
s = (Ȳ ∗

s11, . . . , Ȳ
∗
s1Ts

, . . . , Ȳ ∗
snTs

)τ ,

Ȳ∗
si · = (Ȳ∗

si1, . . . , Ȳ
∗
siTs )

τ

= Ysi · − �̂s(−s)�̂
−1
(−s)(−s)

(
ε̂τ
1i ·, . . . , ε̂τ

s−1,i ·, . . . , ε̂τ
s+1,i ·, . . . , ε̂τ

mi ·
)τ

.

Similar to Theorem6,we have the following asymptotic result for (ᾱT Sτ
s (·), ᾱ′

T Sτ
s (·))τ :

√
nh∗

s

[

H∗−1
s

{(
ᾱT S
s (u)

ᾱ
′
T S
s (u)

)

−
(

αs(u)

α
′
s(u)

)}

− h∗2
s

2

(
1α
′′
s (u)


2α
′′
s (u)

)

+ o(h∗2
s )

]

D−→ N (0, �∗∗T S
(αs ,α′

s )
)

as n → ∞, where

�
∗∗T S
(αs ,α′

s )
=
(

T∑

t=1

�st (u)pst (u)

)−1 T∑

t=1

δ2stst�st (u)pst (u)

(
T∑

t=1

�st (u)pst (u)

)−1

⊗
(
11 
12


21 
22

)

.

Because δt tss ≥ δ−2
stst , (̂αT Sτ

s (·), α̂′
T Sτ
s (·))τ is also asymptotically more efficient than

(ᾱT Sτ
s (·), ᾱ

′
T Sτ
s (·))τ under the case where correlations exist only across and not within

responses.
The following consistent estimator of�T S

(αs ,α′
s )
is required for the purpose of statisti-

cal inference such as the construction of piecewise confidence band of (ατ
s (·),α′τ

s (·))τ :

�̂T S
(αs ,α′

s )
=
(
1

n

n∑

i=1

T∑

t=1

XsitXτ
sitKh∗

s
(Usit − u)

)−1

×1

n

n∑

i=1

T∑

t=1

(̂δt tss)
−1XsitXτ

sitKh∗
s
(Usit − u)

·
(
1

n

n∑

i=1

T∑

t=1

XsitXτ
sitKh∗

s
(Usit − u)

)−1

⊗
(
11 
12


21 
22

)

The next theorem shows the consistency of �̂T S
(αs ,α′

s )
.

Theorem 7 Suppose that Assumptions 1 through 6 hold. Then, �̂T S
(αs ,α′

s )
→p �T S

(αs ,α′
s )

as n → ∞ for any fixed u ∈ Us .

Proof See the online supplementary file.
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6 Simulation studies

In this section, we conduct simulation experiments to investigate the finite sample
performance of the proposed estimation and testing methods.

Experiment 1 The data are generated from the following three-level clustered data
varying-coefficient regression model:

Ysit = αs1(Usit)Xsit1 + · · · + αsps (Usit)Xsitps + εsit,

s = 1, . . . ,m, i = 1, . . . , n, and t = 1, . . . , Ts,

where m = 3, T1 = 2, T2 = 3 and T3 = 2, X1i t1 = 2ξ1i t1 + ξ1i1, with ξ1i t1 ∼
i.i.d.N (0, 1) and ξ1i1 ∼ i.i.d. N (0, 1), X1i t2 = 1.5 + ξ1i t2 + ξ1i t , with ξ1i t2 ∼
i.i.d.N (0, 1) and ξ1i t ∼ i.i.d. N (0, 1), X2i t1 = ξ22i t1 + ξ2i1, with ξ2i t1 ∼ i.i.d.N (0, 1)
and ξ2i1 ∼ i.i.d. N (0, 1), X2i t2 = 1 − ξ2i t2 + ξ2i t , with ξ2i t2 ∼ i.i.d.N (0, 1) and
ξ2i t ∼ i.i.d. N (0, 1), X3i t1 = ξ3i t1 + ξ3i1, with ξ3i t1 ∼ i.i.d.N (0, 1) and ξ3i1 ∼
i.i.d. N (0, 1), X3i t2 = 3 − ξ3i t2 + ξ3i t , with ξ3i t2 ∼ i.i.d.N (0, 1) and ξ3i t ∼ i.i.d.
N (0, 1), U1i t ∼ i.i.d.U (0, 1), U2i t ∼ i.i.d.U (0, 1), U3i t ∼ i.i.d.U (0, 1), α11(U1i t ) =
(U1i t/1.6)2, α12(U1i t ) = 2 cos(πU1i t ), α21(U2i t ) = U 2

2i t , α22(U2i t ) = sin(2πU2i t ),
α31(U3i t ) = 3U 3

3i t , and α22(U3i t ) = sin(πU3i t ) +U3i t .

In addition,

Cov((ε1i1, ε1i2, ε2i1, ε2i2, ε2i3, ε3i1, ε3i2)
τ ) =

⎛

⎜
⎝

A11(η1) A12(η4) A13(η5)

Aτ
12(η4) A22(η2) A23(η6)

Aτ
13(η5) Aτ

23(η6) A33(η3)

⎞

⎟
⎠ ,

with

A11(η) = A33(η) =
(
1 + η η

η 1 + η

)

, A12(η) =
(

η 0 0

0 η 0

)

, A13(η) =
(

η 0

0 η

)

A22(η) =
⎛

⎜
⎝

1 + η η η

η 1 + η η

η η 1 + η

⎞

⎟
⎠ and A23(η) =

⎛

⎜
⎝

η 0

0 η

0 0

⎞

⎟
⎠ .

Further, we let (η1, η2, η3, η4, η5, η6) = (0.5, 0.5, 0.5, 0.5, 0.5, 0.5), (0.75, 0.75,
0.75, 0.75, 0.75, 0.75) and (1.0, 1.0, 1.0, 1.0, 1.0, 1.0).

Sample sizes of n = 100, 200, 300 are considered. In each case, the number
of replications is 1,000. We adopt the truncated Gaussian kernel with support on
[−1, 1]. The bandwidth h∗

s is selected by the plug-in method, and 0.5h∗
s is used in the

first stage of the estimation. Three estimators are considered: the usual local linear
estimator which neglects all correlations (̂α(·)); the two-stage estimator which only
takes the correlations within the response into account (α̌T S (·)), and the proposed two-
stage estimator which takes both correlations within and across responses into account
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(̂αT S (·)). The efficiency of these estimators is evaluated via the root averaged squared
errors (RASE):

RASE(αs j (·)) =
[

n−1
n∑

i=1

T−1
s

Ts∑

t=1

{̂αs j (Usit) − αs j (Usit)}2
] 1

2

,

where α̂s j (Usit) is any estimator of αs j (Usit). The results are summarized in Table 1,
where sm and std represent the sample mean and the standard deviation of the RASE
based on the replicated samples. We also report the RASE of the residuals defined
analogously.

We see from Table 1 that taking the correlations both within and across the
responses into account leads to an improvement in the performance of the unknown
coefficient function estimators of model (1.1). For example, when (η1, η2, η3, η4,

η5, η6) = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0) and n = 300, the RASE of α̂T S
11 (·) is only

around 80% of that of α̂11(·), and 90% of that of α̌T S
11 (·). The improvement obtained

from using α̂T S (·) appears to be more significant when the correlations within and
across the responses are stronger (i.e., the η’s are large) than when they are small (i.e.,
the η’s are small). Additionally, other things being equal, an increase in n, the number
of observations, has the effect of improving the performance of all estimators of the
unknown coefficient function. On the other hand, the two-stage estimator does not
result in an improvement of the RASE of the residuals. At first glance, this may be
a somewhat curious finding. However, it is not uncommon for estimators designed
to reduce estimator variance to result in larger prediction residuals. For example, in
a linear regression with autoregressive errors, the feasible generalised least squares
estimator usually results in smaller estimator variance than the ordinary least squares
estimator, but this reduction in estimator variance is not always matched by a simul-
taneous reduction in residual variability.

Experiment 2 The purpose of this experiment is to compare our methods with Zhou
et al. (2011). As mentioned earlier, Zhou et al.’s method is based on a nonparametric
seemingly unrelated regression approach to the estimation of the unknown coefficient
functions, with the disturbances being restricted to an error component specification.
The basic model framework of this experiment design is the same as that in the last
experiment, but we only consider the scenario of m = 2, T1 = 2 and T2 = 2 for
the first two groups, and assume that (η1, η2, η3) = (0.5, 0.5, 0.5), (0.75, 0.75, 0.75),
(1.0, 1.0, 1.0), and

Cov((ε1i1, ε1i2, ε2i1, ε2i2)
τ ) =

(
A11(η1) A12(η3)

Aτ
12(η3) A22(η2)

)

,

with

A11(η) = A22(η) =
(
1 + η η

η 1 + η

)

, and A12(η) =
(

η 0

0 η

)

.

123



A varying-coefficient approach 433

Ta
bl
e
1

T
he

fin
ite

sa
m
pl
e
pe
rf
or
m
an
ce

of
th
e
es
tim

at
or
s
fo
r
th
e
un

kn
ow

n
co
ef
fic

ie
nt

fu
nc
tio

ns
fo
r
ex
pe
ri
m
en
t1

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(0
.5

,
0.
5,
0.
5,
0.
5,
0.
5,
0.
5)

(0
.7
5,
0.
75

,
0.
75

,
0.
75

,
0.
75

,
0.
75

)
(1

.0
,
1.
0,

1.
0,

1.
0,

1.
0,

1.
0)

n
=

10
0

n
=

20
0

n
=

30
0

n
=

10
0

n
=

20
0

n
=

30
0

n
=

10
0

n
=

20
0

n
=

30
0

R
A
SE

(̂α
11

(·)
)

sm
0.
07

68
0.
05

74
0.
04

74
0.
08

29
0.
06

20
0.
05

13
0.
08

98
0.
06

58
0.
05

55

st
d

0.
02

66
0.
01

83
0.
01

47
0.
02

87
0.
01

98
0.
01

59
0.
03

06
0.
02

00
0.
01

63

R
A
SE

(̂α
12

(·)
)

sm
0.
10

14
0.
07

31
0.
06

25
0.
10

75
0.
07

76
0.
06

62
0.
11

24
0.
08

40
0.
07

12

st
d

0.
03

09
0.
02

14
0.
01

71
0.
03

33
0.
02

30
0.
01

84
0.
03

51
0.
02

49
0.
01

99

R
A
SE

(̂α
21

(·)
)

sm
0.
08

09
0.
05

73
0.
04

87
0.
08

79
0.
06

22
0.
05

26
0.
09

71
0.
06

74
0.
05

62

st
d

0.
02

76
0.
01

80
0.
01

45
0.
03

02
0.
01

94
0.
01

57
0.
03

39
0.
02

11
0.
01

71

R
A
SE

(̂α
22

(·)
)

sm
0.
13

84
0.
11

18
0.
09

38
0.
14

34
0.
11

48
0.
09

62
0.
15

01
0.
11

78
0.
09

81

st
d

0.
03

38
0.
02

39
0.
01

95
0.
03

66
0.
02

54
0.
02

09
0.
03

76
0.
02

66
0.
02

20

R
A
SE

(̂α
31

(·)
)

sm
0.
13

11
0.
09

79
0.
08

12
0.
14

06
0.
10

55
0.
08

69
0.
14

89
0.
11

24
0.
09

38

st
d

0.
04

35
0.
02

95
0.
02

45
0.
04

75
0.
03

15
0.
02

64
0.
04

97
0.
03

50
0.
02

78

R
A
SE

(̂α
32

(·)
)

sm
0.
06

46
0.
04

77
0.
03

97
0.
06

82
0.
05

04
0.
04

20
0.
07

21
0.
05

24
0.
04

34

st
d

0.
02

10
0.
01

49
0.
01

20
0.
02

24
0.
01

60
0.
01

30
0.
02

36
0.
01

68
0.
01

38

R
A
SE

(r
es
id
ua
ls
)

sm
1.
43

96
1.
46

93
1.
47

71
1.
67

38
1.
71

21
1.
72

09
1.
91

90
1.
95

52
1.
97

10

R
A
SE

(α̌
T
S

11
(·)

)
sm

0.
07

34
0.
05

47
0.
04

49
0.
07

64
0.
05

69
0.
04

68
0.
07

97
0.
05

76
0.
04

90

st
d

0.
02

45
0.
01

72
0.
01

40
0.
02

54
0.
01

79
0.
01

46
0.
02

74
0.
01

81
0.
01

45

R
A
SE

(α̌
T
S

12
(·)

)
sm

0.
09

87
0.
07

07
0.
06

06
0.
10

19
0.
07

29
0.
06

25
0.
10

47
0.
07

63
0.
06

49

st
d

0.
02

97
0.
02

02
0.
01

63
0.
03

11
0.
02

10
0.
01

69
0.
03

20
0.
02

23
0.
01

81

R
A
SE

(α̌
T
S

21
(·)

)
sm

0.
07

59
0.
05

32
0.
04

50
0.
07

84
0.
05

48
0.
04

62
0.
08

29
0.
05

61
0.
04

72

st
d

0.
02

53
0.
01

67
0.
01

38
0.
02

66
0.
01

72
0.
01

44
0.
02

84
0.
01

82
0.
01

45

R
A
SE

(α̌
T
S

22
(·)

)
sm

0.
13

55
0.
10

92
0.
09

15
0.
13

73
0.
10

99
0.
09

18
0.
13

84
0.
11

08
0.
09

22

st
d

0.
03

09
0.
02

23
0.
01

81
0.
03

17
0.
02

27
0.
01

86
0.
03

29
0.
02

24
0.
01

90

123



434 J. You et al.

Ta
bl
e
1

co
nt
in
ue
d

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(η
1
,
η
2
,
η
3
,
η
4
,
η
5
,
η
6
)

(0
.5

,
0.
5,
0.
5,
0.
5,
0.
5,
0.
5)

(0
.7
5,
0.
75

,
0.
75

,
0.
75

,
0.
75

,
0.
75

)
(1

.0
,
1.
0,

1.
0,

1.
0,

1.
0,

1.
0)

n
=

10
0

n
=

20
0

n
=

30
0

n
=

10
0

n
=

20
0

n
=

30
0

n
=

10
0

n
=

20
0

n
=

30
0

R
A
SE

(α̌
T
S

31
(·)

)
sm

0.
12

70
0.
09

36
0.
07

84
0.
13

20
0.
09

76
0.
08

14
0.
13

48
0.
10

10
0.
08

35

st
d

0.
04

15
0.
02

89
0.
02

33
0.
04

39
0.
02

96
0.
02

42
0.
04

54
0.
03

11
0.
02

59

R
A
SE

(α̌
T
S

32
(·)

)
sm

0.
06

42
0.
04

70
0.
03

92
0.
06

66
0.
04

86
0.
04

07
0.
06

85
0.
04

93
0.
04

09

st
d

0.
02

08
0.
01

45
0.
01

20
0.
02

20
0.
01

51
0.
01

29
0.
02

27
0.
01

59
0.
01

35

R
A
SE

(r
es
id
ua
ls
)

sm
1.
44

91
1.
47

48
1.
48

13
1.
69

05
1.
72

20
1.
72

84
1.
94

24
1.
97

00
1.
98

21

R
A
SE

(̂α
T
S

11
(·)

)
sm

0.
06

52
0.
04

77
0.
03

93
0.
05

60
0.
03

99
0.
03

27
0.
03

56
0.
01

96
0.
01

46

st
d

0.
02

28
0.
01

51
0.
01

24
0.
01

99
0.
01

26
0.
01

02
0.
01

38
0.
00

67
0.
00

51

R
A
SE

(̂α
T
S

12
(·)

)
sm

0.
09

25
0.
06

54
0.
05

59
0.
08

59
0.
06

01
0.
05

15
0.
07

30
0.
04

96
0.
04

27

st
d

0.
02

73
0.
01

79
0.
01

49
0.
02

46
0.
01

57
0.
01

30
0.
01

82
0.
01

01
0.
00

73

R
A
SE

(̂α
T
S

21
(·)

)
sm

0.
07

17
0.
04

94
0.
04

12
0.
06

74
0.
04

61
0.
03

79
0.
06

00
0.
03

93
0.
03

14

st
d

0.
02

44
0.
01

58
0.
01

26
0.
02

35
0.
01

53
0.
01

19
0.
02

35
0.
01

41
0.
01

08

R
A
SE

(̂α
T
S

22
(·)

)
sm

0.
13

28
0.
10

75
0.
08

98
0.
13

00
0.
10

52
0.
08

76
0.
12

46
0.
10

11
0.
08

39

st
d

0.
02

79
0.
02

05
0.
01

66
0.
02

59
0.
01

86
0.
01

52
0.
02

25
0.
01

48
0.
01

20

R
A
SE

(̂α
T
S

31
(·)

)
sm

0.
11

54
0.
08

34
0.
07

01
0.
10

45
0.
07

38
0.
06

17
0.
08

11
0.
05

14
0.
04

22

st
d

0.
03

73
0.
02

60
0.
02

10
0.
03

46
0.
02

36
0.
01

91
0.
03

08
0.
02

02
0.
01

73

R
A
SE

(̂α
T
S

32
(·)

)
sm

0.
06

08
0.
04

42
0.
03

65
0.
05

88
0.
04

18
0.
03

47
0.
05

40
0.
03

51
0.
02

94

st
d

0.
02

02
0.
01

40
0.
01

11
0.
02

20
0.
01

44
0.
01

17
0.
02

06
0.
01

52
0.
01

33

R
A
SE

(r
es
id
ua
ls
)

sm
1.
46

16
1.
48

31
1.
48

73
1.
71

54
1.
73

92
1.
74

13
1.
98

57
1.
99

96
2.
00

50

123



A varying-coefficient approach 435

Zhou et al.’s estimator is denoted as (ᾱT S (·)) in Table 2. From the Table, we can see
that the two estimators behave very closely to each other, meaning that our method
works well.

Experiment 3 (Testing for correlations within and across responses) The purpose of
this experiment is to investigate the properties of the tests proposed in Sect. 3. The
data are generated from the following three-level clustered data varying-coefficient
regression model:

Ysit = αs1(Usit)Xsit1 + · · · + αsps (Usit)Xsitps + εsit,

s = 1, . . . ,m, i = 1, . . . , n, and t = 1, . . . , Ts,

where m = 2, T1, T2, X1i t1, X1i t2, X2i t1, X2i t2, U1i t , U2i t and α11(U1i t ) have the
same definitions as in Experiment 1, α12(U1i t ) = 2 cos(2πU1i t ) +U 2

1i t , α21(U2i t ) =
3
√
U2i t (2 −U2i t ) sin((2.1π)/(U2i t+0.65)), andα22(U2i t ) = −0.5+exp(U2i t )/(1+

exp(U2i t )). In addition, η = 0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7 and 0.8, and

Cov((ε1i1, ε1i2, ε2i1, ε2i2, ε2i3)
τ ) =

(
A11(η) A12(η)

Aτ
12(η) A22(η)

)

,

with

A11(η) =
(
1 + η η

η 1 + η

)

, A12(η) =
(

η 0 0

0 η 0

)

and

A22(η) =
⎛

⎜
⎝

1 + η η η

η 1 + η η

η η 1 + η

⎞

⎟
⎠ .

Four tests are considered: M̂1 and M̂2 test for error correlations within the response
levels s = 1 and s = 2 respectively, M̂12 tests for correlations between these two
response levels, while M̂ tests for correlations both within and between the response
levels. In each case, we set the nominal significance level to 0.05. The empirical
powers of these tests are summarized in Table 3. The power value at η=0 is the true
significance level of the test in each case.We observe that the true test size in each case
is very close to the nominal 0.05 level, and all tests exhibit very reasonable power. As
η increases, the powers of all tests invariably approach 1, and the speed in which the
test power approaches 1 increases as n increases, ceteris paribus.

7 An application

We now consider an application of the proposed estimation and testing procedures
using a dataset extracted from the STARS database of the World Bank. We obtained
values of GrossDomestic Product (GDP) and aggregate physical capital stock (in 1987
prices converted into US dollars at the prevailing exchange rate) for 81 countries. We
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(ᾱ
T
S

21
(·)

)
sm

0.
09

00
0.
05

96
0.
04

98
0.
08

13
0.
05

32
0.
04

34
0.
05

54
0.
03

10
0.
02

25

st
d

0.
03

24
0.
01

99
0.
01

56
0.
02

92
0.
01

80
0.
01

37
0.
02

18
0.
01

15
0.
00

81

R
A
SE

(ᾱ
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Table 3 Empirical test powers at the nominal 0.05 significance level

n η = 0.0 η = 0.1 η = 0.2 η = 0.3 η = 0.4 η = 0.5 η = 0.6 η = 0.7 η = 0.8

M̂1 100 0.0630 0.1940 0.5400 0.7520 0.9140 0.9790 0.9956 0.9990 1.0000

200 0.0580 0.3140 0.7670 0.9950 0.9980 1.0000 1.0000 1.0000 1.0000

300 0.0520 0.4220 0.8780 0.9940 1.0000 1.0000 1.0000 1.0000 1.0000

M̂2 100 0.0540 0.3262 0.7650 0.9550 0.9890 1.0000 1.0000 1.0000 1.0000

200 0.0560 0.5490 0.9600 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

300 0.0530 0.6900 0.8780 0.9970 1.0000 1.0000 1.0000 1.0000 1.0000

M̂ 100 0.0540 0.5920 0.9680 0.9970 1.0000 1.0000 1.0000 1.0000 1.0000

200 0.0510 0.8640 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

300 0.0470 0.9510 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

M̂12 100 0.0480 0.4520 0.9220 0.9950 1.0000 1.0000 1.0000 1.0000 1.0000

200 0.0570 0.7410 0.9990 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

300 0.0460 0.8800 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

also obtained the number of individuals in the workforce between the ages of 15 and
64 for all 81 countries, as well as average level of schooling (in years). We considered
data of the following two periods: 1960–1969 and 1980–1987.

Our interest in the STARS dataset is to determine how real capital, labor supply and
the educational level of workers affect GDP in all 81 countries during the two specified
time periods. We also think that the educational level of the labor force interacts with
real capital and labor supply. The three levels of correlation here are quite clear:
the correlation between capital, education and labor; the correlations between all 81
countries; and the correlation between data from the ’60 to ’69 period, and that from
the ’80 to ’87 period. It makes sense, therefore, to specify the following three-level
clustered data varying-coefficient model to address our question of interest:

Ysit = αs1(Usit) + Xsit2αs2(Usit) + Xsit3αs3(Usit) + εsit, for s = 1, 2,

i = 1, . . . , 81, t = 1, . . . , Ts, (7.1)

with T1 = 10 and T2 = 8, where Ysit , Xsit2, Xsit3 and Usit represent, respectively, the
log of GDP, the log of real capital, the log of labor supply, and the log of mean year
of schooling of the workforce for country i in year t of period s (s = 1 for the period
1960–1969, and s = 2 for the period 1980–1987).

Using tests developed in Sect. 3, we look for correlations with and across the
responses. Table 4, which summarizes the results, shows that the correlations both
within and across responses are significant. The unknown coefficient functions are
then estimated based on the two-stage procedure in Sect. 4. The estimated coefficient
functions are plotted in Fig. 1a–c, in which the solid curve in each figure is for s = 1
and the dashed curve for s = 2. Figure 2a and 2b displays the fitted residuals for s = 1
and 2.

Figure 1a, which gives the fitted curves of α11(·) and α21(·), shows that log GDP
generally increases with the log mean years of schooling during both the 1960s and
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Table 4 Testing results of
correlations within and across
responses

Test statistic Value of test
statistic

Critical value P value

M̂1 3428.54 61.61 0.0000

M̂2 2028.56 41.37 0.0000

M̂ 8535.21 182.98 0.0000

M̂12 3056.21 101.84 0.0000
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Fig. 1 Panel a the fitted curves of α11(·) (solid curve) and α21(·) (dashed curve). Panel b the fitted curves
of α12(·) (solid curve) and α22(·) (dashed curve). Panel c the fitted curves of α13(·) (solid curve) and α23(·)
(dashed curve)

1980s. It is also observed that log GDP is more elastic to changes in the years of
schooling in the 1980s than in the 1960s; this is not entirely unexpected given the
stronger demand for skilled labor as a result of the advances in technology experienced
in the 1980s. Figure 1b displays the fitted curves of α12(·) and α22(·), showing the
effects of the log of real capital on the log of GDP as education, the effect modifier,
varies. These plots indicate that in both 1960s and 1980s, real capital has a positive
effect on GDP, but as education level rises, a decrease in real capital’s impact on GDP
is observed for the 1960s, while the effect is relatively stable for the 1980s. The reason
could again be related to technology; the educational level of the labor force was far
more important to capital formation in the 1980s than in the 1960s. This explanation is
corroborated by the plots of Fig. 1c, where it is shown that in the 1960s, labor supply
had a positive effect on GDP and exhibited a generally mild positive correlation with
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Fig. 2 Panel a the fitted residuals for period 1960–1969. Panel b the fitted residuals for period 1980–1987

educational level; in the 1980s, it was possible for a rise in the educational level of
the labor force to have a negative effect on the contribution of labor supply to GDP
because during the 1980s the US economy became less labor intensive, while the work
force became more skilled. In this situation, a more educated labor force had more
impact on GDP through its effect on capital formation than through the size of the
labor force itself. Figure 2a and b shows that the fitted residuals are fairly randomly
distributed around zero, providing support for the goodness of fit of the model.

8 Concluding remarks

Situations involving multi-level clustered data abound in practice, and the preceding
analysis clearly shows that the proposed method is useful. Throughout the paper, we
have made no assumption about the structure of the error covariance matrix �. This
is a merit from a generality standpoint, but when s and Ts are large, the number of
unknowns in � can quickly exceed the number of observations. How to reduce the
problem’s dimensionality while maintaining the flexibility of the error covariance is
an important question to address in the future.
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