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Abstract Most of the literature on clustered data models emphasizes two-level clus-
tering, and within-cluster correlation. While multi-level clustered data models can arise
in practice, analysis of multi-level clustered data models poses additional difficulties
owing to the existence of error correlations both within and across the clusters. It is per-
haps for this reason that existing approaches to multi-level clustered data models have
been mostly parametric. The purpose of this paper is to develop a varying-coefficient
nonparametric approach to the analysis of three-level clustered data models. Because
the nonparametric functions are restricted only to some of the variables, this approach
has the appeal of avoiding many of the curse of dimensionality problems commonly
associated with other nonparametric methods. By applying an undersmoothing tech-
nique, taking into account the correlations within and across clusters, we develop
an efficient two-stage local polynomial estimation procedure for the unknown coef-
ficient functions. The large and finite sample properties of the resultant estimators
are examined; in particular, we show that the resultant estimators are asymptotically

Electronic supplementary material The online version of this article (doi:10.1007/s11749-014-0419-x)
contains supplementary material, which is available to authorized users.

J. You - S. Liu

School of Statistics and Management, Shanghai University of Finance and Economics,
Shanghai, China

e-mail: johnyou07@163.com

A.T. K. Wan (X))

Department of Management Sciences, City University of Hong Kong,
Kowloon, Hong Kong

e-mail: msawan @cityu.edu.hk; Alan.Wan@cityu.edu.hk

Y. Zhou

Institute of Applied Mathematics, Chinese Academy of Sciences, Beijing, China
e-mail: yzhou@amss.ac.cn

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11749-014-0419-x&domain=pdf
http://dx.doi.org/10.1007/s11749-014-0419-x

418 J. You et al.

normal, and exhibit considerably smaller asymptotic variability than the traditional
local polynomial estimators that neglect the correlations within and among clusters.
An application example is presented based on a data set extracted from the World
Bank’s STARS database.

Keywords Asymptotic normality - Correlation - Nonparametric - Clustered data -
Two-stage estimation

Mathematics Subject Classification 62G08 - 62G20
1 Introduction

The analysis of clustered or longitudinal data has been the subject of one of the
most active bodies of research in statistics. Examples of this type of data abound in
many fields; see Diggle et al. (1994) and Baltagi (2008) for relevant examples. The
widespread attention enjoyed by clustered data models is amply justified by a number
of attractions, most notably, observation heterogeneity and more efficient estimation
of parameters owing to the richer source of information. The jointness of the equations
introduces additional information over and above what is available when the equations
are treated separately. Indeed, a great deal of the literature on clustered data models
has focused on ways of taking into account the interactions of the equations to improve
the sharpness of inference.

The traditional literature on clustered data models has focused on two-level cluster-
ing. In practice, three or higher level clustering also has sound practical applications.
Using data from 1960-1969 to 1980-1987, taken from the World Bank’s STARS
database, the example in Sect. 7 considers the estimation of production functions
for eighty-one different countries. For each country during both time periods, gross
domestic product is determined by real capital, labour supply, and the average level of
schooling of the work force. Given the likelihood that similar factors may be respon-
sible for the random effects, it seems reasonable to suppose that the error terms asso-
ciated with the production functions of different countries are contemporaneously
correlated. We also suspect an inherent jointness of the equations within the same
country across the different years of the same period, and across the two periods under
consideration. Our suspicion is confirmed by the test results of Sect. 7, which show
that the error correlations both within and across clusters are significant. This example
clearly illustrates that three-level data clustering arises commonly in practice. Indeed,
there is a strong body of empirical literature emphasizing three-level clustering. For
example, Beierlein et al. (1981) considered demand models of electricity and natural
gas for commercial, industrial and residential sectors over a period of ten years in
several northeastern US states; Chapman et al. (2003) discussed a clinical trial where
various biomarkers for kidney malfunctioning were collected from different patients
over a specified time period. Other studies involving multi-level clustered data models
abound, but these examples illustrate the range of applications for which this model
is appropriate.

The analysis of three-level clustered data models is complicated by the existence of
error dependency both within and across clusters, whereas with conventional two-level
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models the latter type of dependency is nonexistent. In fact, the majority of nonpara-
metric estimation methods developed for two-level clustered models ignore within
cluster dependency; e.g., Hoover et al. (1998). This can be justified theoretically when
the cluster size is finite and a kernel approach is used in estimating the nonparamet-
ric function, but does not apply under other circumstances (Wang 2003). In addition,
Welsh et al. (2002) showed that for time varying covariates, spline methods that take
into account the within-cluster correlations work better than kernel methods thatignore
this dependency. There has been some recent interest in the development of alternative
nonparametric and semiparametric estimation methods that properly account for the
within-cluster error dependency for two-level clustered data models. See the work of
Wang (2003), Fan et al. (2007), and Zhang (2009).

In the case of three-level clustered data models, empirical studies utilizing these
models are all based on parametric approaches. This is not surprising given the
absence of a rigorous theoretical nonparametric literature on this subject. For example,
the aforementioned study of Beierlein et al. (1981) employed an estimation method
that is a generalization of Zellner (1962) seemingly unrelated parametric regression
approach. To our knowledge, the recent contributions of Chen and Zhong (2011) and
Zhou et al. (2011) are the only theoretical nonparametric studies with an explicit focus
on the multi-level clustered models. Chen and Zhong (2011) developed ANOVA tests
for multi-treatment comparisons in clustered data models, allowing for the possibility
of missing data; however, their model assumes independence of errors both within
and across clusters. Assuming three-level clustering and an error components speci-
fication of the disturbances, Zhou et al. (2011) developed a nonparametric seemingly
unrelated regression approach to the estimation of the unknown coefficient functions.
The approach of Zhou et al. is based on undersmoothing and an estimation of the
covariance matrix of the errors, taking into account both within and across errors
dependency, which improves the performance of the nonparametric function estima-
tors. One limitation of this approach, however, is that the disturbances are restricted
to an error components’ specification.

In this paper, we develop a varying-coefficient approach to the estimation of
a three-level clustered data model. The varying-coefficient model, introduced by
Cleveland et al. (1991) and Hastie and Tibshiran (1993), has the important appeal
that it allows the coefficients that describe the effect of the regressor to vary non-
parametrically as a function of other variables, called the effect modifiers. Because
smoothing is applied only to the effect modifiers, the curse of dimensionality prob-
lem commonly associated with other nonparametric approaches can be avoided. The
varying-coefficient model has been an important development in the nonparametric
statistics literature, and has received much attention for its ability to avoid the difficul-
ties caused by high-dimension covariates. Throughout this paper, we work with the
following three-level clustered varying-coefficient model:

Ysit = Xsir1as1 (Usit) + -+ - + Xsitp, ¥sp, (Usie) + it
fors=1,....m,i=1,...,n,t=1,..., Ty, (1.1)

where Y;; is the observed measurement of the sth response variable of the ith individ-
ual at the ¢th observation point; (X§,, Usi)" = (Xiit1, - - -, Xssiep,» Usi) " is the observ-

sit?
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able covariate; a(-) = (af(),..., 0, ()" = (@11()s ..., Q1p;()s.nns Up,, ()T
are unknown functions with p; being the number of nonparametric varying coeffi-
cient functions in the sth group. In addition, &gj is the random error with E(e.;.) = 0,
Cov(e;)=X = (251S2)§rf,s2:1 > 0 and E(e.il.e_’iz_) = 022":1 Tox S| T, for iy #
iy, where &g is independent of the covariate (X§, Usi)' and €. = (e1i1,...,
ELiTys -+ > Emils - - EmiT,,) " - Model (1.1) says that the coefficients of X change with
U, the effect modifier. We assume that U is a single variable, but in general U can be
a low-dimensional vector of variables. Because only low-dimensional functions are
estimated, the model avoids the curse of dimensionality difficulties even if p; is large.
Also, note that (1.1) allows for unbalanced panels as 75 need not be the same for each s.
In addition, the form of X is not restrictive, and this makes (1.1) flexible. The popular
one-way error component random effect covariance structure is a special case of X by
setting &git = Msi + Vsit, Where g s” and vg;s” are i.i.d. over i and (i, t) respectively,
with both uy; and vy having a zero mean, var(ug;) = oszﬂ and var(vgjt) = aszv. Then,
Y = USQMITSITTS + o2 Ir,x1,, where 17, is a Ty-dimensional unit vector and Iz, x 7,
is a Ty x Ty identity matrix.

Model (1.1) is fairly general and includes a variety of data models as special cases.
Our emphasis here is on the inference aspect of model (1.1). Specifically, we aim to
develop methods of estimation that take into account the correlations within and across
clusters. While there have been some adaptations of the varying-coefficient approach
to clustered data models focusing on two-level clustering, few of the existing studies
make full use of the information implied by the correlation matrix of the disturbances.
For example, the estimation methods based on varying-coefficient models developed
by Hoover et al. (1998) and Fan and Zhang (2000) both assume independence of
errors within clusters. In addition, the estimation procedure used by Zhang (2009)
only partially utilizes the within-cluster correlation by estimating the random effect
functions but ignores the within-cluster correlation in the random errors. A related
study by Wang (2003) developed a nonparametric estimation method that takes full
account of the within-cluster correlations; however, her procedure pertains only to the
two-level clustered model and is not based on the varying-coefficient approach.

The method we develop here is a two-stage procedure. In the first stage, an under-
smoothing technique is applied to construct estimators that neglect the correlations
within and across clusters. These “pilot estimators” form the basis of the estimation
of covariance in the second stage; the final estimators of the unknown coefficient
functions are then constructed by local polynomial fitting based on information con-
tained in the estimated covariance matrix. We prove that the estimator of the unknown
function resulting from this two-stage procedure is asymptotically normal and has the
same magnitude of bias as (but a substantially smaller variance than) the estimator
that treats each equation separately. The pilot estimators obtained from the first stage
also allow the development of test statistics useful for detecting correlations within
and across responses.

The layout of the remainder of this paper is as follows. In Sect. 2, we present the
pilot estimators of the unknown coefficient functions and error covariance matrix,
while in Sect. 3, we develop test statistics to detect correlations within and among
responses. In Sect. 4, an efficient two-stage local polynomial estimator is constructed.
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The asymptotic and finite sample properties of this estimator are investigated in Sects.
5 and 6 respectively. Section 7 contains a real data analysis. In Sect. 8, we offer some
concluding remarks. Proofs of results are contained in an on-line supplementary file.

2 Pilot estimators of unknown coefficient functions and error covariance matrix

For a fixed s, if correlations within the response are ignored, a local linear regres-
sion technique can be employed to estimate the coefficient functions {oy; (), j =
1,..., ps} (e.g., Fan and Gijbels 1996). The procedure works as follows: consider
that Uy in the close neighbourhood of the local value u, ay;(Usit) can be approxi-
mated locally by

(xsj(Usit) ~ asj(u) + a;j(”)(Usit —u) = asj + bsj(Usit —u), j=1,...,ps,

where a; (1) = Odotgj(u)/0u. This leads to the following weighted local least-squares

problem. Find {(a;, bsj), j =1, ..., ps} that minimizes
n T Ps 2
D0 | Yaio— D dag + by (Usic — )} Xsitj | Kn Usic —w), (2.1
i=1t=1 j=1

where K, (1) = K(-/hs)/hs, K(-) is a kernel function and A a bandwidth. The
solution to problem (2.1) is given by

-~ ~ T
(asla s aspxa bSlv R bspS) = (D;:MWSMDSM)_ID;MWWYS» (22)
where
D _ Xsllv ’ XSITx? k] XsnTS i
* WUsii —wXu1, -, Uar, —wXgr, -, (Upr, —wX{, 1 ’

W, = diag(KhS Us11 —u), ..., Khs (UslTS —u), ..., Khs (UsnTs — u))

andY; = (Y511, ..., Yi7y, - .., Ysur,)T. Hence, the estimator of (a1 (u), . . ., ap, (1),
o (), ..., af Ds (1)) has the same form as (2.2). In particular, the estimator of o ()
isorgj(u) = e;’z P (D3, WD) ™! D;, W, Y, wheree; >, isa2ps-vector containing
zeros everywhere except for the jth element which equals 1.

The following assumptions are required for the derivation of asymptotic properties

Ofa\xj(u):

Assumption 1 For a given s, Usj;’s are generated from a distribution with bounded
support on [0, 1], and a Lipschitz continuous density function py,(-) that satisfies
0 < inf[g 1] ps: (1) < Supjo, 1] Pst(+) < 00.
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sil?
(&si1, - - -, &si7,) " s are independently and identically distributed fori = 1, ..., n. The
mean and variance of ;. are 0 and X, respectively. In addition, E (&g, i.ezzi.) = X5
for 1 < s1 # 55 < m, E(%) < ooand X" | 35 | Xel|* < ¢ < oo for
s=1,....mandt =1,..., Ty.

Assumption 2 For a given s, (X? --~,X§,-TX,Usi1,.--,UsiTS)’S and e;. =

Assumption 3 o; () has continuous second derivatives on [0, 1] fors = 1,...,m
and j =1,..., p;.

Assumption 4 K (-) is a density function with a bounded support on [—1, 1].

Assumption 5 The bandwidth h; satisfies nh8/(loglogn)!/?> — 0 and nh?/(log n)?
— 00 asn — o0.
To facilitate notations, we denote

S . oo .
Sj =/ u’ K(w)du, o] =/ w K2(ydu, Ty () = EX X5 | Usic = u),
o 00

() = (51D, oo, (DT () = (@ ()., (D),

() = @51 () B, (DT @y () = @y ()., By (D),

and Hy = diag(1, hy) ® I,,, where I, is a pg x p; identity matrix.
The following theorem demonstrates the asymptotic normality of (e (-), 62;’ ).

Theorem 1 Suppose that Assumptions 1 through S hold. Then

~ 2 ~ L

sl ()] 4 ) o]
o, (u) o (1) 2\ e, ()

L5 NO, D ar))

asn — oo, where ot;/ (un) = (a!l(u), A a:ps (u))* with a:j (u) = Bzasj (u)/auz,

T -7
Sy = (Z rst<u>pn<u>) > 0% Tat () pyr ()
t=1

t=1
—1
T o o~
ST ~S12
| D rewpewy ) o . )

=1 321 522
_ 2 T, ~ _ S2—6163 L 63— 6162
Lss = (O'St1st2)t15=1,12=1’ SIL=—"""—">% > 2= 5>

2 =6 2 — &

311 = §500 — 2616201 + 5702, 312 = (5T + $2)01 — 15200 — S102,
So1 = (67 + $2)01 — §15200 — G102, and 32 = 02 — 1(201 + 5100)-

Proof See the online supplementary file.
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If no contemporaneous correlations exist across the responses, then by arguments
used in Fan and Gijbels (1996), we can show that @ (-) is asymptotically efficient. In
the present case, however, aj ;j(+) cannot be efficient because it neglects the contem-
poraneous correlations across responses. Nevertheless, Theorem 1 shows that it is a
consistent estimator even though it is inefficient. We will use the regression residuals
obtained through the application of @; (-) to estimate the error covariance matrix and
contemporaneous correlations across responses. The residuals are

Esit = Ysit — Xsit1®s1 (Usie) — - -+ — Xisiep, Asp, Usiv),

s=1,....m,i=1,...,n,t=1,...,T;.

1

Hence, the error covariance matrix may be estimated by ¥ =

N At
=1 €.i.€; with

€i. = @1ty E1iTy» - - -+ emiT, )" - The following theorem gives the asymptotic
property of X.

Theorem 2 Suppose that Assumptions 1 through 5 hold. Then

- D
Vi (Vech(S) = Vech($)) 2> N (o, Ly 7,Covler ® 1)L T) ,

asn — 00,

where Vech is a column stacking operator that stacks only the elements on or below the
main diagonal of the matrix, ngz:l 1, IS the %2?;1 TS(ZTzl T, +1) x (Z;’l:l T,)?
elimination matrix, and €.;. = (1i1, - - -, €1iTy» - - - » EmiT,,) " -

Proof See the online supplementary file.

This estimated error covariance matrix allows the detection of correlations within
and across responses, as well as the construction of improved estimators of ; (-)
that properly account for these correlations. The subsequent sections explore these
properties in detail.

3 Detection of correlations within and across responses
3.1 Detection of correlations within response

The null hypothesis of interest is that the elements in &g;. = (&si1, ..., &7,)" are
independent, or equivalently, ¥, = E(ey;.€};) is a diagonal matrix. That is

. T 2 2 2
Hops : X5 = diag (Gsm, Oihgds+ns Usnsn) .

We use a testing method that adopts the idea of Tsay (2004). It is based on the following
observations. First, if the elements in &,;. are mutually independent, then Zgj;, =
Esit Esit, are uncorrelated with Zg,,, = &sit; Esity» as long as 11 # 13 or tp # t4. Thus,
every Ts(Ty — 1)/2 combination of &g, &ir, (fI # ) in &5. = (i1, ..., EiT,)"
will also be uncorrelated with each other. Second, if the elements in &;. are mutually
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independent, then as n — oo, n™ > D Esit Esity 2> N, o
is the (#1, t»)th element of X;;. Then, it holds that

Sl] st stzstz) Where

2
O—Stlstz

n
Ay=n"1> 2y 25 NO.T) asn— oo,
i=1

where Zs; = (Zsi12, - -+ Zsil Ty, Zsi23s - s ZsidTys -+ > Zsi(T—1)T,) " Zsitirn = Esiy
&sit,, and

. . 2 2
= diag (FS121 Cs13,00+ s FS(R—I)Ts) with Ui 1, = 03 51 Ostosts -

In practice, &g, £it, 1S unobservable and may be replaced by €sir, Esit, , Where gy =

Yt — Xsit1®s1 (Usic) — -+ - — Xsi[p_ﬁsps(USit). The test of Hy, is based on the test
statistic
M, = AT,

where Zs; = (Zsi12, Zsi13s - - - » Zsi(T,—=DT,) s Zsu1t2 = 851t1851t27 and Ty has the
same deﬁnition as T'y except that Ty, , is replaced by Ty, s, = oftlm G2 o5t - Inaddition,
Ag = n_i Z -1 Zst
The following theorem gives the asymptotic distribution of M, under Hy,.

Theorem 3 Suppose that Assumptions 1 through S hold. Then under Hyg, asn — 0o,

Ms — X7, (r,—1) )2

Proof See the online supplementary file.

3.2 Detection of correlations among responses

To detect correlations among Y,;; and Y, ;; for 1 < s1 #% s < m, the null hypothesis
of interest is

Hogs, @ X5, = E(&4i em )= OT.vl x T, -

We define the following test statistic based on arguments along the lines of those
presented in Sect. 3.1:

o~

7 T -1
My, = AL T3 Ay,

5152 % §182
—~ 1 n B PN ~ ~ ~
where AS]SQ =n 2 Zi;l Zslszi with Zslsgi = (leszill PIIIRR ZS]XzilT_Q’ ZS1S2i217 s
~ ~ BN PSP
ZS1S2i2TX21 ceey ZSISZiT:vl T32) s Zslszitllz = Esyit1 Esnitr» and

—~ . '~ —~ —~ -2 ~2
FS1S2 = dlag (Fslszllv FS1S212’ Tt Fslsszl sz) 5 with FY1Y2t1t2 = O—VltlYlth’thZ‘Yzl‘Z'
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The following theorem gives the asymptotic distribution of M 159+

Theorem 4 Suppose that Assumptions 1 through 5 hold. Then under Hys,, as

D 2
n— 0o, My5, —> XTV] T,

Proof See the online supplementary file.

3.3 Detection of correlations within and among responses

Under the null hypothesis of no correlation within or among responses, ¥ = E(e.;.€5)
is a diagonal matrix. That is

. ) 2 2 2
Hy: X = (01111’012121 "'701T11T1""’Gmeme)'

Along the lines of arguments used in Sect. 3.1, Hy may be tested using the following
statistic:

M =ATT'A,

where A =n"2 2 ;| Z; with Z; = (Zi1j12, - -, Z1ijity» Z11i23, - - Z1izqys - - - »
Z11i(n-0Tr> £12i11_ -+ Z12i1T55 -+ -5 Z12iTy T - -+ > Zmomil2s - - - Zmmil Ty » Zmmi23»
< mei2T1 PRI mei(Tm—l)Tm)Ta Zslszitltz = Es1it) Eszity and I' = (Fyls‘z)ﬂ,s‘zzl’
with
[y = dlag( 55125 Dys13, -+ Dss(ry—)T,) »
FS]SQ = (Fslszlla s152125 777 FSIXZTs] T‘Z)
™ ~2 ~2
and 1_‘51~V2[1t2 - 051[151[1 Gsztzszlz'

The following theorem provides the asymptotic distribution of M.

Theorem S Suppose that Assumptions 1 through 5 hold. Then under Hy, as n — oo,

D
M= Xz T (S T—1)/2

Proof See the online supplementary file.

The statistics A/Zs, 1\2”2 and M for testing Ho,, Hos, s, and Hy have some distinct
appeal. The fact that they are all x> distributed under their respective null with degrees
of freedom independent of sample size means that they are easy to apply. Also, the
burden associated with the computation of M, Mm2 and M increases only linearly
with the magnitude of T;. Moreover, these tests are flexible in the sense that they
permit testing of block-diagonality in addition to diagonality in the error covariance
matrix.
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4 A two-stage procedure for estimating unknown coefficient functions

The difficulties associated with applying nonparametric regression to a three-level
clustered data model stem largely from the fact that kernel smoothing is a ’local’
technique, whereas correlations within and across responses are a ’global’ issue. For
the panel with a single response variable, Wang (2003) proposed a two-stage seemingly
unrelated kernel regression method that accounts for correlations within the response.
When correlations both within and across responses are present and represented by
a one-way error component structure, Zhou et al. (2011) proposed a two-stage local
polynomial estimation procedure that accounts for these correlations. However, their
method relies heavily on the assumption of a one-way error component structure,
which fails to represent common situations (e.g., in economics) where an unobserved
shock affects the behavioral relationship for a prolonged period.

To describe our method, denote Xg_y) = (Esl, cee, Mg =1y Bss+ls Es,m),
Z(_S)(_s) = (Eslsz);’;’m#s and eg;. = (&1, ..., SsiTS)t- Note that
PINEINS
$(=8) H (=) (=)
3 - T
€1i. €1i.
. €s—1.i- Es—1,i-
= argmin s &5. — A ’ &5i. — A ’
BN e s T St Es+1.i- ¥ Es+1.i-
Emi.- Emi-
We first describe the method of estimating a;(-) = (ots1(-), ..., osp,)%, €. With

51 # s under the assumption of known X () and X(_g)(—s). This assumption will be
relaxed at a later stage.
Consider the pseudo responses

Y = (Y; ...,Y;‘iTS)T

sil»

= Ysi. — ES(*S)E(_—IX)(—S) (“—‘L‘-’ ~-v€§—1,i-’ €§+1,i-a ""efnb)r .
Conditional on Xg;; and Uk,
E(Y%) = Xsinnas1 (Usip) + - -+ + Xitp, @sp, (Usit)
and
Cov(Yi) = Ty — 5o By ) Za(sy < Doss-

The latter implies that the error variance of Yj;. can be reduced by taking into account
the correlations among the responses. Additionally, let Ay = ((SS,ISIZ)IT1 s =1 = s —

-1 1 tito\ T 1 .
Z(—9) Z gy () D5y aNd AT = (8557),' 1. The tth element of AJY]; is
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wok 1)y 1t yx 1y
Ys1t Z 8 st] - 8 st + z 8 Ysm
=1 1 #t

Denote asit; = as1(Usie ) Xsigg1 + - - + p, (Usie, ) Xsit, p, and assume that agje,’s are
known. We then have

T,
sokk _ oofty—1 ko tty .
st (ass) st 2 sss Asit
1 #t

= a1 (Usi) Xsit1 + -+ + s, (Usi) Xisitp, + (855) ™ lzaﬂeml
=1
Conditional on Xy and Uy, Y3 has a mean of ozsl(Usn)Xsnl + -+
sp, (Usit) Xsip, and variance (8;2)’18, which is smaller than o2 ,. So, applymg
a local polynomial estimation to Y5 can result in a more efficient estima-
tor of the unknown coefficient functions in model (1.1). Now, an estimator of
(as1(u), ..., o (u), agl u), ..., al S(u))’ has the form

(@ (), ..., afy (u), ag, B0, G G0)T = WD) T DI WY,

where D}, and W}, are the same as Dy, and Wy,, respectively, except that A is

* kokk *kk s*okk ok
replacedbyh andY = a7, .. YT ,Yng)

Clearly, in practice, &g, SQJZ and asj, are unknown. To make the estimator
operational, we replace these unknown quantities by 5. = (Esit, ..., EsiT,)",

/lefz and agj; respectively. Thus, a feasible two-stage local polynomial estimator of

(as1(u), ... oz ), af (), ..., oc;ps ()" is

@ @), ....af) (), o A” i (), &flfs ()" = DI W?,D:) DI W, Y

SPs su
where ?;** = (Y5 YS*I*i LY
T
e = @O v = A, |, i=1..n =1, Ty
1 #t
with A = (Ess - 25( A)E( —5)(=s) s( Y)) = (8 ltz)tl fHh=1> 23( —s5) — (231, ceey

Ts "tt
Zs,s 1s Es KR KR sm)’ 2(—s)(—s) = (Eslsz)sl,n;&s’ Y:;;k - zls Y;jt—i_ztl ;ﬁt l YsTtl

= (le, YTiT)r

~ ~ ~T \T
—Ys, — S s)z( () Blis ey B g i Bt i e s Ei) s
&5i. = (Esits -+ - 831’7}) . Esit = Yeit — Q1 (Usi) Xsie1 — - -+ — Uspg (Usit)XsitpS

and

Asit; = asl(USitl)Xsitll + - op (Usitl)XsitlpS-
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428 J. You et al.

In particular, a two-stage local polynomial estimator of ay; («) is given by

~TS T KTY* Tk \— VAT Y ke
asj (”) - ej,2ps (DsuwsuDsu) Dsuwqus ’

where €; 5, is a 2 pg-vector with zero everywhere except for the jth element which

equals 1.

5 Asymptotic properties of proposed estimators

The following assumption, in addition to Assumptions 1 through 5, is required for the

investigation of the asymptotic properties of (&!** (-), &!* “O)r.

Assumption 6 The bandwidth h* satisfies nh®/(loglogn)!/? — 0 and nh¥?/
(log n)2 — 00 as n — o0o. In addition, max|<s<,, by = o(h}).

’
The core asymptotic properties of (&€!°"(-), &l® ()T are summarized in the fol-

lowing theorem.

Theorem 6 Suppose that Assumptions 1 through 6 hold. Then

a;’ (u) o () 2 Sl ()
ht H;k_l f — , S ‘; + (h:Z)
[ [(&zsm) (w))] 2 (Szas<u>) o
LoNO, BT

(oes,0f)

asn — oo, where HY = diag(1,h}) ® L, o (u) = (e, (), ... e, ()" with
oy () = 020ty (u) /0u?,

—1

T -7 T
S = (Z rn<u)pst(u>) D BT g () s () (Z rsf<u>ps,(u>)
=1 t=1

=1
St Sz
Q1 - - ,
J21 I

and other symbols are defined in Theorem 1.
Proof See the online supplementary file.

T, _
Remark 1 Recall that Ay = (8% ,,)," ) = Zgs — zs(_s)z(js)(ﬂ)z;(ﬂ) < Yy

_ _ .. . -1 _
and Assl z Essl - This implies 8§§ z Gsté = (asztst - ES”(—I‘)ESS(—I)(—I) E;[sl(—t)) : z

2 -1
(0551)" ", where Xg—n = E(&it(Esits .-, Esii—1s Esivi+1s -+ EsiTy)") and
Yss(=0)(=t) = E((Esils s Esivt—1s Esistdls -+ EsiTy) (Esily -+ s Esiyt—1» Esiyt+1y -+
esit,)™). So, Z(Tas «) — Z(aya)) is a negative semi-definite matrix, or @ISt (),
A s, o
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@IS" ()T is variance superior to (af (-, &;T (-))*. Additionally, from Theorems 1 and

6, we can see that (@57 (-), @75 (-))7 and (@i(), &;7(~))’ have the same asymptotic

bias.

Suppose correlations exist only within and not across responses. The two-stage
estimator of (e} (-), & F (-))* then has the form

/

’
TS h ~TS ~TS T _ KTYF TYE \— Iy T pus Wk
(g (), ..., ozSTIfS ), agy (W), ..., asp ()" = D5, W, D )~ D, Wi Y™,
Ukk _ Vrkk V7 skok Uk \T
where Y;* = (Y|, ..., Y“TS, R stTS) ,
T
0 kK ~tt\—1 7k ~tt1~ .
Yol = (0 Yo — E O asity |» i=1,...,n,t=1,..., T
1 #t
h i1ty T vk _ Sty T Aty .
with 200 = (045°),," 15 Yo = 055 Yaie + Z,l# Oss Ysit, and

a\sitl = asl (Usit1 )Xsit11 +---+ &\Spj (Usit1 )Xsitlps .
Similar to Theorem 6, we have the following asymptotic result for (" (-), &!* )T
alS(u) o (1) W2 S o (u
NCTER: e - A i( : + o(h*?)
&t (u) o (u) 2\ Qoo ()

LN, =S )

(o, 0f)

as n — 0o, where

T -7 T -1
WW%ZMWM)Zﬁ%mm%meM)
t=1

=1 t=1
S S
&® N - .
S21 522
% /
. o~ P .
As 8! > o!!, we have E(Toi’a;) > E(Toi,a;), and accordingly (@!°"(-), @l® ()7 is

asymptotically more efficient than (&757 (), &!S" (-))".
On the other hand, if correlations exist only across and not within responses, then
the two-stage estimator of (af (-), &* (-))* has the form

’ !’
_ g _ _ -1 S
(@7 ), .. als ), aff ), ..., a5p ()" = D5 Wi,D) ™ D WE YT,
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ES T
whereY _( TP YSITS SnTS)
‘* T
(le"" S‘iT)
T ~T ~T -~ \7
—Ysz - v( Y)Z( —5)(— s)( 1i~""’€s71,i~’""€S+1,i"""€mi~) :

Similar to Theorem 6, we have the following asymptotic result for (e?5" (-), & 757 O)

nhi | Hy™! e - ocf(u) i Sla%(u) +o(h}?)
&l (u) o, (u) 2\ S, (u)
L N©, 57,y

(as,“;)
as n — 0o, where

-1

-7 T
St = (ertm)pg(u)) Zam st<u)p”(u)(ermu)pst(u))
t=1
(«‘11 &812)
o . )
21 S22

Because 8” > 8”?,, @757 (), &rST ()7 is also asymptotically more efficient than

@IST (), &STS ()™ under the case where correlations exist only across and not within

responses.
The following consistent estimator of E ) is required for the purpose of statisti-

cal inference such as the construction of piecewise confidence band of (e (-), & St O

~1
1 n T
5= (L2 e )

i=1t=1

1 n T
x— 20 2 )T XX Kng Ui — u)

i=1 =1

- S S
-(;szsﬁxgtn;(vﬁt—u)) ®(N N )

i=1t=1

The next theorem shows the consistency of SIS (@)

ET

(og,00)

Theorem 7 Suppose that Assumptions 1 through 6 hold. Then, sIs
as n — oo for any fixed u € U;.

(@5.0f)
Proof See the online supplementary file.
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6 Simulation studies

In this section, we conduct simulation experiments to investigate the finite sample
performance of the proposed estimation and testing methods.

Experiment 1 The data are generated from the following three-level clustered data
varying-coefficient regression model:

Yie = 51 (Usit) Xsit1 + - - - + sp, (Usit) Xisiep, + &sit»
s=1,....m, i=1,...,n, and t =1, ..., Ty,

where m = 3,7y = 2, Tp = 3 and T3 = 2, Xy1j;1 = 2&1i11 + &1i1, with &1 ~
i.i.d.N(0, 1) and &1;7 ~ iid. N(O, 1), X1ir2 = 1.5 4 &1i20 + &E1i, With &y ~
i.i.d.N(O, 1) and Elit ~ i.i.d. N(O, 1), XZitl = ‘522”1 + «‘;:2,'1, with %’2,‘;1 ~ i.i.d.N(O, l)
and &;; ~ ii.d. N0, 1), Xojro = 1 — & + &y, with & ~ 1.1.d.N(0, 1) and
&ir ~ iid. N(O, 1), X301 = &3ir1 + 83i1, with &35 ~ 1.i.d.N(0, 1) and &3;; ~
iid. N, 1), X3i;2 = 3 — &3i20 + &3i1, With &350 ~ 1.1.d.N (0, 1) and &3;; ~ i.i.d.
N(, 1), Uy ~11.d.U(0, 1), Up;y ~1.1.d.U(0, 1), Uzjy ~11.d.U0, 1), x11(Ujyj;) =
(U1i1/1.6)%, a12(Uris) = 2cos(mU1ip), e21(Uair) = Uz, 022 (Unir) = sin(2m Uziy),
a31(Usig) = 3U3;,, and a2 (Usir) = sin(wUsir) + Usir.

In addition,

A11(m) Ap(me) Az(s)
Cov((e1i1, £1i2, €21, €2i2, €23, €311, €3i2)") = | AT, (n4) Axn(n2) Axs(ne) | .
Al3(ns) AZz(ne) Aszz(n3)

with

l+n 7 n 00 n 0
11(m 33(1) ( . 1+n)’ 12(m) (0 . O)’ 13(n) (O 77)

IL+n n n 0
Axn(n) = n l14+n n and Axz(m) =0 7
n n l+ng 00

Further, we let (91, n2, 13, N4, 15, n6) = (0.5,0.5,0.5,0.5,0.5,0.5), (0.75,0.75,
0.75,0.75,0.75,0.75) and (1.0, 1.0, 1.0, 1.0, 1.0, 1.0).

Sample sizes of n = 100, 200, 300 are considered. In each case, the number
of replications is 1,000. We adopt the truncated Gaussian kernel with support on
[—1, 1]. The bandwidth A} is selected by the plug-in method, and 0.54} is used in the
first stage of the estimation. Three estimators are considered: the usual local linear
estimator which neglects all correlations (a(-)); the two-stage estimator which only
takes the correlations within the response into account (&7$(-)), and the proposed two-
stage estimator which takes both correlations within and across responses into account
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(aTs(-)). The efficiency of these estimators is evaluated via the root averaged squared
errors (RASE):

1
n Ts 2
RASE(qy; () = |:n1 DT @y Ua) - asj(Usit)}2:| :

i=1 =1

where o i (Usit) is any estimator of o (Usi). The results are summarized in Table 1,
where sm and std represent the sample mean and the standard deviation of the RASE
based on the replicated samples. We also report the RASE of the residuals defined
analogously.

We see from Table 1 that taking the correlations both within and across the
responses into account leads to an improvement in the performance of the unknown
coefficient function estimators of model (1.1). For example, when (11, 12, n3, 14,
ns.n6) = (1.0, 1.0,1.0, 1.0, 1.0, 1.0) and n = 300, the RASE of a{; (-) is only
around 80% of that of &1 (-), and 90% of that of &{; (-). The improvement obtained
from using @7S(-) appears to be more significant when the correlations within and
across the responses are stronger (i.e., the n’s are large) than when they are small (i.e.,
the n’s are small). Additionally, other things being equal, an increase in 7, the number
of observations, has the effect of improving the performance of all estimators of the
unknown coefficient function. On the other hand, the two-stage estimator does not
result in an improvement of the RASE of the residuals. At first glance, this may be
a somewhat curious finding. However, it is not uncommon for estimators designed
to reduce estimator variance to result in larger prediction residuals. For example, in
a linear regression with autoregressive errors, the feasible generalised least squares
estimator usually results in smaller estimator variance than the ordinary least squares
estimator, but this reduction in estimator variance is not always matched by a simul-
taneous reduction in residual variability.

Experiment 2 The purpose of this experiment is to compare our methods with Zhou
etal. (2011). As mentioned earlier, Zhou et al.’s method is based on a nonparametric
seemingly unrelated regression approach to the estimation of the unknown coefficient
functions, with the disturbances being restricted to an error component specification.
The basic model framework of this experiment design is the same as that in the last
experiment, but we only consider the scenario of m = 2,7y = 2 and 7, = 2 for
the first two groups, and assume that (11, 2, n3) = (0.5, 0.5, 0.5), (0.75, 0.75, 0.75),
(1.0, 1.0, 1.0), and

Ani(m) Aw(m3)
Cov((e1i1, €1i2, €2i1, €2i2)") =( ,

AT, (13) Ax(m2)

1+ n n 0
A =A = d A = .
11 () 22(n) ( S Ti)’ an 12(n) (0 77)
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A varying-coefficient approach 435

Zhou et al.’s estimator is denoted as (@75 (-)) in Table 2. From the Table, we can see
that the two estimators behave very closely to each other, meaning that our method
works well.

Experiment 3 (Testing for correlations within and across responses) The purpose of
this experiment is to investigate the properties of the tests proposed in Sect. 3. The
data are generated from the following three-level clustered data varying-coefficient
regression model:

Ysit = o511 (Usit) Xsit1 + - -+ + @sp, (Usie) Xsitp, + &sits
s=1,....m, i=1,...,n, and t =1,..., Ty,

where m = 2, Ty, Tz, Xiir1, X1ir2, X2ir1> X2ir2, Utir, Uair and aq1(Uy;;) have the
same definitions as in Experiment 1, «12(Uy;;) = 2cosraUyjy) + U12m a1 (Uziy) =

3V U2i: (2 — Uajy) sin((2.17) / (Ui +0.65)), and awp2 (Uair) = —0.54exp(Uair) /(14
exp(Uair)). In addition, n = 0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7 and 0.8, and

Cov((e1i1, €1i2, €2i1, €202, €2i3)") = (

A A
AL An) )’

I+n 71 n 00
Ai(n) = , Apm) = and
11(n ( 0 1+77) 12(n (0 770)

with

l+n 7 n
Ax(n) = n l1+n
n n l+n

Four tests are considered: M 1 and M 2 test for error correlations within the response
levels s = 1 and s = 2 respectively, M), tests for correlations between these two
response levels, while M tests for correlations both within and between the response
levels. In each case, we set the nominal significance level to 0.05. The empirical
powers of these tests are summarized in Table 3. The power value at n=0 is the true
significance level of the test in each case. We observe that the true test size in each case
is very close to the nominal 0.05 level, and all tests exhibit very reasonable power. As
n increases, the powers of all tests invariably approach 1, and the speed in which the
test power approaches 1 increases as n increases, ceteris paribus.

7 An application

We now consider an application of the proposed estimation and testing procedures
using a dataset extracted from the STARS database of the World Bank. We obtained
values of Gross Domestic Product (GDP) and aggregate physical capital stock (in 1987
prices converted into US dollars at the prevailing exchange rate) for 81 countries. We
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Table 3 Empirical test powers at the nominal 0.05 significance level

n n=00 n=01 n=02 n=03 n=04 n=05 n=06 n=07 n=038

M; 100 0.0630 0.1940 0.5400 0.7520 09140 09790 0.9956 0.9990 1.0000
200 0.0580 0.3140 0.7670  0.9950 0.9980  1.0000  1.0000  1.0000  1.0000
300 0.0520 0.4220 0.8780 0.9940 1.0000 1.0000  1.0000  1.0000  1.0000
M, 100 0.0540 0.3262 0.7650 0.9550 0.9890  1.0000 1.0000  1.0000  1.0000
200 0.0560 0.5490 0.9600  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
300 0.0530 0.6900 0.8780 0.9970 1.0000 1.0000 1.0000 1.0000  1.0000
100 0.0540  0.5920 0.9680 0.9970  1.0000  1.0000  1.0000  1.0000  1.0000
200 0.0510 0.8640 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
300 0.0470 0.9510 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
My 100 0.0480 04520 09220 09950 1.0000 1.0000 1.0000 1.0000  1.0000
200 0.0570  0.7410  0.9990 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
300 0.0460 0.8800  1.0000  1.0000 1.0000 1.0000 1.0000 1.0000  1.0000

)

also obtained the number of individuals in the workforce between the ages of 15 and
64 for all 81 countries, as well as average level of schooling (in years). We considered
data of the following two periods: 1960-1969 and 1980-1987.

Our interest in the STARS dataset is to determine how real capital, labor supply and
the educational level of workers affect GDP in all 81 countries during the two specified
time periods. We also think that the educational level of the labor force interacts with
real capital and labor supply. The three levels of correlation here are quite clear:
the correlation between capital, education and labor; the correlations between all 81
countries; and the correlation between data from the *60 to *69 period, and that from
the 80 to ’87 period. It makes sense, therefore, to specify the following three-level
clustered data varying-coefficient model to address our question of interest:

Yit = as1 (Usie) + Xsieoots2 (Usit) + Xsizats3 (Usie) + &sie, fors =1, 2,
i=1,....81,t=1,...,T,, (7.1)

with 77 = 10 and 7, = 8, where Y, Xsir2, Xsir3 and Us;; represent, respectively, the
log of GDP, the log of real capital, the log of labor supply, and the log of mean year
of schooling of the workforce for country i in year ¢ of period s (s = 1 for the period
1960-1969, and s = 2 for the period 1980-1987).

Using tests developed in Sect. 3, we look for correlations with and across the
responses. Table 4, which summarizes the results, shows that the correlations both
within and across responses are significant. The unknown coefficient functions are
then estimated based on the two-stage procedure in Sect. 4. The estimated coefficient
functions are plotted in Fig. la—c, in which the solid curve in each figure is for s = 1
and the dashed curve for s = 2. Figure 2a and 2b displays the fitted residuals for s = 1
and 2.

Figure 1a, which gives the fitted curves of «11(-) and a1 (-), shows that log GDP
generally increases with the log mean years of schooling during both the 1960s and
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Table 4. Testl.n g.results of Test statistic Value of test Critical value P value
correlations within and across .
statistic
responses
A?l 3428.54 61.61 0.0000
11712 2028.56 41.37 0.0000
M 8535.21 182.98 0.0000
11712 3056.21 101.84 0.0000
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Fig. 1 Panel a the fitted curves of «11(-) (solid curve) and a21 (-) (dashed curve). Panel b the fitted curves

of 12 (+) (solid curve) and a5 (+) (dashed curve). Panel c the fitted curves of a3 (+) (solid curve) and a3 (-)
(dashed curve)

1980s. It is also observed that log GDP is more elastic to changes in the years of
schooling in the 1980s than in the 1960s; this is not entirely unexpected given the
stronger demand for skilled labor as a result of the advances in technology experienced
in the 1980s. Figure 1b displays the fitted curves of «2(-) and w22 (-), showing the
effects of the log of real capital on the log of GDP as education, the effect modifier,
varies. These plots indicate that in both 1960s and 1980s, real capital has a positive
effect on GDP, but as education level rises, a decrease in real capital’s impact on GDP
is observed for the 1960s, while the effect is relatively stable for the 1980s. The reason
could again be related to technology; the educational level of the labor force was far
more important to capital formation in the 1980s than in the 1960s. This explanation is
corroborated by the plots of Fig. 1c, where it is shown that in the 1960s, labor supply
had a positive effect on GDP and exhibited a generally mild positive correlation with

@ Springer



A varying-coefficient approach 439

(a) _ (b) 1 _
e (=]
1 gg °
B o 4y
(] ”l i ) & gg °. (7]
E -igﬁo”f’?%@z& E
S o ° 9g 22 S
Pore A/ hy Ol
-0.5 o°e§ §: §6
Al § 3
1 § g
e 2
100 200 300 400 500 600 700 800 100 200 300 400 500 600

Fig. 2 Panel a the fitted residuals for period 1960-1969. Panel b the fitted residuals for period 19801987

educational level; in the 1980s, it was possible for a rise in the educational level of
the labor force to have a negative effect on the contribution of labor supply to GDP
because during the 1980s the US economy became less labor intensive, while the work
force became more skilled. In this situation, a more educated labor force had more
impact on GDP through its effect on capital formation than through the size of the
labor force itself. Figure 2a and b shows that the fitted residuals are fairly randomly
distributed around zero, providing support for the goodness of fit of the model.

8 Concluding remarks

Situations involving multi-level clustered data abound in practice, and the preceding
analysis clearly shows that the proposed method is useful. Throughout the paper, we
have made no assumption about the structure of the error covariance matrix . This
is a merit from a generality standpoint, but when s and 7 are large, the number of
unknowns in X can quickly exceed the number of observations. How to reduce the
problem’s dimensionality while maintaining the flexibility of the error covariance is
an important question to address in the future.
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