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1 Model framework and notations

Let y be generated from the density
f(y,β,γ) (1.1)

on Ω, a measurable Euclidean space, where β and γ are q1× 1 and q2× 1 vectors of unknown
parameters. We consider inference on µ = µ(f) when the unknowns are estimated by model
averaging. Hjort & Claeskens (2003) considered the local misspecification framework

ftrue(y) = fn(y) = f(y,β0,γ0 + δ/
√
n),

where β0 is the true value of β, γ0 is fixed and known, and δ = (δ1, . . . , δq2) contains pa-
rameters that signify the degrees of the model departures in directions 1, ..., q2. As discussed
in the proposal, the local misspecification framework has the advantage of simplifying the
asymptotic analysis but its realism has been subject to criticism. Here, we study the asymp-
totic distribution of model averaging estimators under the general fixed parameter setup (1.1)
without invoking local misspecification.

Let θ = (θ1, . . . , θq)
T = (βT ,γT )T and θ0 denote the true value of θ, with θ ⊂ Θ ⊂

Rq. Define the likelihood function

Ln(θ) =
n∏
t=1

f(yt,θ),

and the log likelihood function ln(θ) = lnLn(θ). It is assumed that the first and second partial
derivatives of f(y,θ) with respect to θ exist. Let

Ψ(y,θ) = ∂ ln f(y,θ)/∂θ,



and
Ψ̇(y,θ) = ∂2 ln f(y,θ)/∂θ∂θT .

Then the first and second partial derivatives of ln(θ) with respect to θ are l̇n(θ) =
∑n

t=1 Ψ(yt,θ)

and l̈n(θ) =
∑n

t=1 Ψ̇(yt,θ) respectively, and the Fisher Information matrix is

F(θ) = EθΨ(y,θ)Ψ(y,θ)T .

We combine M sub-models within (1.1). Denote km as the number of parameters in
themth sub-model. It is assumed that a sub-model contains all q1 elements in β and some of the
q2 elements in γ. If all possible combinations of elements in γ are considered, then M = 2q2;
if only nested candidate models are considered, then M = q2 + 1. Let S = {1, . . . , q2},
Sm = {i1, · · · , ikm−q1} ⊂ S, Scm = {ikm−q1+1, · · · , iq2}, the complement of Sm, and γj be
the j th element of γ. Write γSm = (γi1 , · · · , γikm−q1

)T , γSc
m

= (γikm−q1+1
, · · · , γiq2 )T , and

θm = (βT ,γTm)T , where γm = (γ1, γ2, · · · , γq2)T such that γSc
m

= 0. Define the permutation
matrix

Πm = (eT1 , · · · , eTq1 , e
T
q1+i1

, · · · , eTq1+ikm−q1
, eTq1+ikm−q1+1

, · · · , eTq1+iq2 )T ,

where ej is a unit vector with the j th element being 1 and all other elements zero. Then we can
write θ′m = Πmθm = (βT ,γTSm

,0T )T = (θTSm
,0T )T , with θSm = (βT ,γTSm

)T . Similarly, we
have θ0,m = Πmθ0 = (θT0,Sm

,γT0,Sc
m

)T , where θ0,Sm contains the first km elements of θ0,m and
γ0,Sc

m
contains the remaining q − km elements.

Denote

Fm(θ0,m) = Eθ0,mΨ(y,θ0,m)Ψ(y,θ0,m)T = ΠmF(θ0)Π
T
m.

Assuming that partial derivatives exist, write

Ψm(y,θSm) = ∂ ln f(y,θm)/∂θSm ,

Ψ̇m(y,θSm) = ∂2 ln f(y,θm)/∂θSmθ
T
Sm
,

Am,n(θSm) = n−1
n∑
t=1

Ψ̇m(yt,θSm),

Bm,n(θSm) = n−1
n∑
t=1

Ψm(yt,θSm)Ψm(yt,θSm)T ,

l̇m,n(θSm) =
n∑
t=1

Ψm(yt,θSm), and

l̈m,n(θSm) =
n∑
t=1

Ψ̇m(yt,θSm).

Assuming that expectations exist, write

Am(θSm) = E
(

Ψ̇m(y,θSm)
)
, and

Bm(θSm) = E
(
Ψm(y,θSm)Ψm(y,θSm)T

)
.
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Assuming that appropriate inverses exist, write

Cm,n(θSm) = Am,n(θSm)−1Bm,n(θSm)Am,n(θSm)−1, and
Cm(θSm) = Am(θSm)−1Bm(θSm)Am(θSm)−1.

The Fisher Information matrix of θ0,Sm is given by

Fm(θ0,Sm) = Eθ0,Sm
Ψm(y,θ0,Sm)Ψm(y,θ0,Sm)T .

Denote θ̂Sm as the Maximum Likelihood estimator of θSm under the mth sub-model,
which is the solution of the log-likelihood equation

∑n
t=1 Ψm(y,θSm) = 0. Define θ̂′m =

(θ̂TSm
,0T )T , where θ̂Sm is an estimator of θ∗Sm

, the parameter vector which minimizes the
Kullback-Leibler Information Criterion (KLIC),

I (f(y,θ0) : f(y,θm),θ′m) = E

(
ln

[
f(y,θ0)

f(y,θm)

])
. (1.2)

By writing θ∗′m = Πmθ
∗
m = (θ∗TSm

,0T )T , we can obtain θ∗m. The parameters in θ∗m follow the
same order as in θ0. Taking expectations with respect to the true distribution, we have

I (f(y,θ0) : f(y,θm),θ′m) =

∫
f(y,θ0) ln f(y,θ0)dν −

∫
f(y,θ0) ln f(y,θm)dν. (1.3)

Define θ̂m as the Maximum Likelihood estimator of θm under themth sub-model, so the model
averaging estimator of θ is θ̂(w) =

∑M
m=1wmθ̂m, where wm is weight for the mth sub-model

and w = (w1, . . . , wM)T , belonging to weight setW = {w ∈ [0, 1]M :
∑M

m=1wm = 1}.
Now, the AIC and BIC scores under the mth candidate model are:

AICm = −2
∑n

t=1 ln f(yt, θ̂m) + 2km and BICm = −2
∑n

t=1 ln f(yt, θ̂m) + km lnn

respectively. The model weights based on these scores are given by

ŵxIC,m = exp(−xICm/2)/
M∑
m=1

exp(−xICm/2), m = 1, . . . ,M, (1.4)

where xICm is the AIC or BIC score from the mth sub-model. The model average estimators
resulting from these weights are commonly referred to as the S-AIC or S-BIC estimators,
defined as

θ̂(ŵAIC) =
M∑
m=1

ŵAIC,mθ̂m, and

θ̂(ŵBIC) =
M∑
m=1

ŵBIC,mθ̂m (1.5)

respectively. The regularity conditions required for the asymptotic results are as follows. All
limiting processes presented here are with respect to n → ∞ and the notations d−→, a.s.−→
and

p−→ denote convergence in distribution, almost surely and in probability, respectively.
We denote θ̂j(ŵAIC), θ̂j(ŵBIC) and θj,0 as the j th component of θ̂(ŵAIC), θ̂(ŵBIC) and θ0

respectively.
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Condition 1.1. The density f(y,θ) is measurable in y for every θ in Θ, a compact subset of
Rq, continuous in θ for every y in Ω, a measurable Euclidean space, and the true parameter
point θ0 is identifiable.

Condition 1.2. (a) E(ln f(yt)) exists and |ln f(y,θm)| ≤ Km(y) for all θ in Θ, where Km(y)
is integrable with respect to dν;

(b) I(f(y,θ0,m) : f(y,θm),θ′m) has a unique minimum at θ∗m in Θm.

Condition 1.3. (a) ∂ ln f(y,θm)/∂θi, i = 1, . . . , km, are bounded in absolute value by a
function integrable with respect to dν uniformly in some neighborhood of θ0.

(b) The second partial derivative of f(y,θm) with respect to θm exists and is continuous for
all y, and may be passed under the integral sign in

∫
f(y,θm)dν.

Condition 1.4. |∂2 ln f(y,θm)/∂θi∂θj| and |∂ ln f(y,θm)/∂θi · ∂ ln f(y,θm)/∂θj| , i, j =
1, . . . , km are dominated by functions integrable with respect to dν for all y in Ω and θm in
Θm.

Condition 1.5. (a) θ∗Sm
is in the interior of Θm; (b) B(θ∗Sm

) is nonsingular; (c) θ∗Sm
is a

regular point of Am(θSm), defined as the value for θSm such that Am(θSm) has a constant
rank in some open neighborhood of θSm .

Condition 1.6. The Fisher Information F(θ0) is a positive definite matrix.

Condition 1.7. The derivatives |∂[∂f(y,θ)/θi · f(y,θ)]/∂θj|, i, j = 1, · · · , q, are dominated
by functions integrable with respect to ν for all θ in Θ, and the minimal support of f(y,θ)
does not depend on θ.

Remark 1.1. Condition 1.2 ensures that the KLIC is well-defined. Condition 1.3(a) allows
us to apply the Uniform Law of Large Numbers. Condition 1.3(b) ensures that the first two
derivatives with respect to θSm exist. This condition allows us to apply Taylor’s Theorem
and Mean Value Theorem for random functions. Condition 1.4 ensures that the derivatives
are appropriately dominated by functions integrable with respect to dν. This in turns ensures
that Am(θSm) and Bm(θSm) are continuous in θSm , and that we can apply the Uniform Law
of Large Numbers to Am,n(θSm) and Bm,n(θSm). These assumptions are adopted from White
(1982) and Ferguson (1996).

2 Main results

Assume that the mth
o model is the true model, i.e., θmo = θ0. Denote θ̂0 and θ̂0,m as the Max-

imum Likelihood estimator of θ0 and θ0,m under the true model respectively. Any sub-model
containing all regressors of the true model is referred to as an overfitted model, contained by
the setO. The remaining sub-models are referred to as underfitted models, contained by the set
U . Let dm = exp

{(
κTPmoκ− κTPmκ

)
/2 + kmo − km

}
, where κTPmoκ ∼ X 2(q−kmo) and

κTPmκ ∼ X 2(q − km). Let wo
m be a vector with the mth element taking on the value of unity

and other elements zeros andwAIC,m = {I(m ∈ O/{mo})dm + I(m = mo)} /
{

1 +
∑

m∈O/{mo} dm

}
,

where I(·) is an indicator function. Under the mth model, the likelihood ratio test statistic is
given by

λm,n =
supθ∈Θm

∏n
t=1 f(yt,θ)

supθ∈Θ
∏n

t=1 f(yt,θ)
=

∏n
t=1 f(yt, θ̂m)∏n
t=1 f(yt, θ̂o)

.
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Lemma 2.1. Suppose that Conditions 1.1, 1.3 and 1.6 are satisfied and m ∈ O. Then we have

−2 lnλm,n = (Πmξn)T [(ΠmF(θ0)Π
T
m)−1 −Hm]Πmξn + o(1)

d−→ κTPmκ ∼ χ2(q − km),

where ξn = 1√
n
l̇n(θ0), κ ∼ N (0, Iq×q) and Pm = (ΠmF(θ0)Π

T
m)

1
2 [(ΠmF(θ0)Π

T
m)−1 −

Hm](ΠmF(θ0)Π
T
m)

1
2 .

Proof: See Subsection 3.

Lemma 2.2. For any underfitted model s ∈ U , under Conditions 1.1,1.2 and Conditions
1.3(b)-1.5, we have

n−1ln(θ̂s) = E(ln f(yt,θ
∗
s)) + op(1). (2.1)

Proof: See Subsection 3.

Lemma 2.3. Suppose that Conditions 1.1-1.6 are satisfied. Then

ŵAIC,m
d−→ wAIC,m, m = 1, 2, · · · ,M and ŵBIC ≡ (ŵBIC,1, . . . , ŵBIC,M)T

p−→ wo
mo
. (2.2)

Proof: See Subsection 3.

Let ∆m be a diagonal selection matrix such that

∆m =


Iq1

δ1
δ2

. . .
δq2

 ,

where Iq1 is an q1 × q1 identity matrix and

δj =

{
1, j ∈ Sm,
0, j 6∈ Sm,

The asymptotic distributions of the S-AIC and S-BIC estimators are established in the follow-
ing theorem.

Theorem 2.1. Suppose that Conditions 1.1-1.7 are satisfied. Then
√
n(θ̂(ŵAIC)− θ0)

d−→
∑
m∈O

(Gm/G)ΠT
mHSmΠm∆mF(θ0)β, (2.3)

θ̂j(ŵBIC)
p−→ 0 for j 6∈ Smo , and θ̂j(ŵBIC)

d−→ Zj for j ∈ Smo ,

where

Gm = exp
{

(ΠmF(θ0)β)T [Hm − (ΠmF(θ0)Π
T
m)−1]ΠmF(θ0)β/2− km

}
,

G =
∑

m∈OGm, β ∼ N(0,F−1(θ0)), Zj ∼ N (0, σj) and σj is the j th element on the diagonal
of matrix Σ = ΠT

mo
HSmo

Πmo∆moF(θ0)(Π
T
mo
HSmo

Πmo∆mo)
T .
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Proof: See Subsection 3.

Denote θ̂m = (θ̂1,m, · · · , θ̂q,m)T , where θ̂j,m is the jth component of θ̂m. Following
Buckland et al. (1997), we also consider the scaled SAIC and scaled SBIC estimators such
that

∑
k ŵxIC,mk

= 1, where xIC is AIC or BIC. This leads to the scaled SAIC and scaled
SBIC estimators of θj , defined as

θ̂j(ŵAICs) =

Mj∑
k=1

ŵAIC,mk∑Mj

k=1 ŵAIC,mk

θ̂j,k and θ̂j(ŵBICs) =

Mj∑
k=1

ŵBIC,mk∑Mj

k=1 ŵBIC,mk

θ̂j,k (2.4)

respectively.

Denote θ̂(ŵAICs) = (θ̂1(ŵAICs), · · · , θ̂q(ŵAICs)) and θ̂(ŵBICs) = (θ̂1(ŵBICs), · · · , θ̂q(ŵBICs))

Next, we establish the asymptotic distributions of θ̂(ŵAICs) and θ̂(ŵBICs).

Corollary 2.1. Suppose that Conditions 1.1-1.7 are satisfied. Then

√
n(θ̂j(ŵAICs)− θ0,j)

d−→
Mj∑
k=1

1{mk ∈ O}(
Gmk∑Mj

k=1 1{mk ∈ O}Gmk

)∆mk
F−1(θ0)∆mk

F(θ0)ηj

and
√
n(θ̂(ŵBICs)− θ0)

d−→ β,

where

Gmk
= exp

{
(Πmk

F(θ0)β)T [Hmk
− (Πmk

F(θ0)Π
T
mk

)−1]Πmk
F(θ0)β/2− km

}
,

β ∼ N(0,F−1(θ0)), ηj is the jth component of β and

1{mk ∈ O} =

{
1, mk ∈ O,
0, mk 6∈ O.

Proof: The corollary is a direct consequence of Theorem 2.1.

Furthermore, let the parameter of interest be µ = µ(θ), a smooth real-valued function.
Denote the sub-model estimator as µ̂m = µ(θ̂m)). Then the model averaging estimators of µ
based on SAIC weight and SBIC weight are

µ̂(ŵAIC) =
M∑
m=1

ŵAIC,mµ̂m and µ̂(ŵBIC) =
M∑
m=1

ŵBIC,mµ̂m,

respectively. Then by Theorems 2.1 and Theorem 7 in Ferguson (1996), we obtain the follow-
ing corollary.

Corollary 2.2. Under the assumptions of Theorem 2.1 and assuming that µ̇(θ) = ∂µ
∂θ

is con-
tinuous in a neighborhood of θ0, we have

√
n(µ̂(ŵAIC)− µ(θ0))

d−→
∑
m∈O

(Gm/G)µ̇(θ0)
TΠT

mHSmΠm∆mF(θ0)β (2.5)

and
√
n(µ̂(ŵBIC)− µ(θ0))

d−→ N (0, µ̇(θ0)
TΣµ̇(θ0)). (2.6)
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3 Proof of Theorem 2.1

Proof of Lemma 2.1. When m ∈ O, the last q − km components of the true value θ0,m are 0.
Given Conditions 1.1, 1.3 and 1.6, and assuming that Theorems 18 and 22 of Ferguson (1996)
are satisfied, then we have −2 lnλm,n = 2[ln(θ̂0) − ln(θ̂m)]. Now, expanding ln(θ̂m) about
θ̂0,m yields:

ln(θ̂m) = ln(θ̂0,m) + l̇m,n(θ̂0,m)(θ̂′m − θ̂0,m)− n(θ̂′m − θ̂0,m)T In(θ̂′m)(θ̂′m − θ̂0,m),

where In(θ̂′m) = − 1
n

∫ 1

0

∫ 1

0
vl̈m,n(θ̂0,m+uv(θ̂′m− θ̂0,m))dudv

a.s.−→ 1
2
Fm(θ0,m), as in the proof

of Theorem 18 of Ferguson (1996). Let o(1) represent a random variable matrix with each
element converging almost surely to 0 as n→∞. By l̇m,n(θ̂0,m) = 0, we have

−2 lnλm,n = −2(ln(θ̂m)− ln(θ̂0))

= 2n(θ̂m − θ̂0)
T In(θ̂m)(θ̂m − θ̂0)

= 2n(Πm(θ̂m − θ̂0))
TΠmIn(θ̂m)ΠT

mΠm(θ̂m − θ̂0)

= 2n(θ̂′m − θ̂0,m)T In(θ̂′m)(θ̂′m − θ̂0,m)

= n(θ̂′m − θ̂0,m)T (Fm(θ0,m) + o(1))(θ̂′m − θ̂0,m).

To ascertain the asymptotic distribution of
√
n(θ̂′m − θ̂0,m), consider the following expansion

of l̇n(θ̂′m) about θ̂0,m:

1√
n
l̇m,n(θ̂′m) =

1√
n
l̇m,n(θ̂0,m) +

1

n

∫ 1

0

l̈m,n(θ̂0,m + v(θ̂′m − θ̂0,m))dv
√
n(θ̂′m − θ̂0,m)

= (−Fm(θ0,m) + o(1))
√
n(θ̂′m − θ̂0,m).

Hence
√
n(θ̂′m − θ̂0,m) = −(Fm(θ0,m)−1 + o(1)) 1√

n
l̇m,n(θ̂′m) and

−2 lnλm,n =
1√
n
l̇m,n(θ̂′m)T (Fm(θ0,m)−1 + o(1))

1√
n
l̇m,n(θ̂′m). (3.1)

To seek the asymptotic distribution of l̇m,n(θ̂′m), consider the following expansion about θ0,m:

1√
n
l̇m,n(θ̂′m) =

1√
n
l̇m,n(θ0,m) +

1

n

∫ 1

0

l̈m,n(θ0,m + v(θ̂′m − θ0,m))dv
√
n(θ̂′m − θ0,m). (3.2)

For the mth sub-model, write Fm(θ0,m) as

Fm(θ0,m) =


km × km km × (q − km)
Gm,1 Gm,2

(q − km)× km (q − km)× (q − km)
Gm,3 Gm,4


and let

Hm =

(
G−1m,1 0

0 0

)
.
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Note that the first km components of l̇m,n(θ̂′m) are zero, yielding Hml̇m,n(θ̂′m) = 0 and

Hm
1√
n
l̇m,n(θ0,m) = Hm(Fm(θ0,m) + o(1))

√
n(θ̂′m − θ0,m) =

√
n(θ̂′m − θ0,m) + o(1)

as the last q− km components of θ̂′m and θ0,m are equal. Substituting this result into (3.2), we
obtain

1√
n
l̇m,n(θ̂′m) = [I −Fm(θ0,m)Hm]

1√
n
l̇m,n(θ0,m) + o(1)

= [I − ΠmF(θ0)Π
T
mHm]

1√
n

Πml̇n(θ0) + o(1). (3.3)

From the Central Limit Theorem,

1√
n
l̇n(θ0) =

√
n

(
1

n
l̇n(θ0)

)
= ξn

d−→ ξ,

where ξ ∼ N (0,F(θ0)). Hence,

1√
n
l̇m,n(θ̂′m)

d−→ [I − ΠmF(θ0)Π
T
mHm]Πmξ,

so that, from (3.1) and (3.3),

−2 lnλm,n =
1√
n
l̇m,n(θ0,m)T [I −Fm(θ0,m)Hm]Fm(θ0,m)−1[I −Fm(θ0,m)Hm] (3.4)

× 1√
n
l̇m,n(θ0,m) + o(1)

=
1√
n
l̇m,n(θ0,m)T [Fm(θ0,m)−1 −Hm]

1√
n
l̇m,n(θ0,m) + o(1) (by HmFm(θ0,m)Hm = Hm)

=
1√
n

(Πml̇n(θ0))
T [(ΠmF(θ0)Π

T
m)−1 −Hm]

1√
n

Πml̇n(θ0) + o(1)

= (Πmξn)T [(ΠmF(θ0)Π
T
m)−1 −Hm]Πmξn + o(1)

d−→ (Πmξ)T [(ΠmF(θ0)Π
T
m)−1 −Hm]Πmξ

= κT (ΠmF(θ0)Π
T
m)

1
2 [(ΠmF(θ0)Π

T
m)−1 −Hm](ΠmF(θ0)Π

T
m)

1
2κ (3.5)

where κ = F(θ0)
− 1

2ξ ∼ N (0, Iq×q). Let Pm = (ΠmF(θ0)Π
T
m)

1
2 [(ΠmF(θ0)Π

T
m)−1−Hm](ΠmF(θ0)Π

T
m)

1
2

be a projection and rank(Pm) = trace(Pm) = q − km. Hence,

−2 lnλm,n
d−→ κTPmκ ∼ χ2(q − km). (3.6)

Proof of Lemma 2.2. Consider an underfitted model s ∈ U . Let Conditions 1.1-1.2, Condi-
tions 1.3(b)-1.5, and Theorems 2.2 and 3.2 of White (1982) hold. Then we have

θ̂Ss

a.s.−→ θ∗Ss
(3.7)

and
√
n(θ̂Ss − θ∗Ss

)
d−→ N(0, Cs(θ

∗
Ss

)). (3.8)
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As well, it can be shown that Cs,n(θ̂Ss)
a.s.−→ Cs(θ

∗
Ss

). Then by applying the Taylor’s Theorem
argument of Roy (1957), we have

ln(θ̂s) =
n∑
t=1

ln f(yt, θ̂s)

= ln(θ∗s) +
n∑
t=1

Ψs(yt,θ
∗
Ss

)(θ̂Ss − θ∗Ss
) +

n

2
(θ̂Ss − θ∗Ss

)TAs,n(θ̂Ss + α(θ∗Ss
− θ̂Ss))(θ̂Ss − θ∗Ss

),

where α ∈ (0, 1). Given Conditions 1.1-1.2 and 1.3(b)-1.5, and the proof of Theorem 3.2 of
White (1982), we have E(Ψs(yt,θ

∗
Ss

)) = 0. In addition, by the Laws of Large Numbers, we
have

n−1
n∑
t=1

Ψs(yt,θ
∗
Ss

)
p−→ E(Ψs(yt,θ

∗
Ss

)), (3.9)

and

n−1ln(θ∗s) = n−1
n∑
t=1

ln f(yt,θ
∗
s)

p−→ E(ln f(yt,θ
∗
s)). (3.10)

By Theorem 2.2 of White (1982), it can be shown that

As,n(θ̂Ss + α(θ∗Ss
− θ̂Ss))

a.s.−→ As(θ
∗
Ss

) (3.11)

Then, by (3.7)-(3.11), we obtain

n−1ln(θ̂s) = E(ln f(yt,θ
∗
s)) + op(1). (3.12)

Proof of Lemma 2.3. From Lemma 2.1, when m ∈ O, we have

ŵAIC,mŵ
−1
AIC,mo

= exp{AICmo/2− AICm/2}

= exp

{
−

n∑
t=1

ln f(yt, θ̂mo) +
n∑
t=1

ln f(yt, θ̂m) + kmo − km

}

= exp

{
− ln

(
n∏
t=1

f(yt, θ̂mo)
/ n∏
t=1

f(yt, θ̂o)

)
+ ln

(
n∏
t=1

f(yt, θ̂m)
/ n∏
t=1

f(yt, θ̂o)

)
+ kmo − km

}
= exp {(−2 lnλmo,n + 2 lnλm,n) /2 + kmo − km}
= exp

{(
(Πmoξn)T [(ΠmoF(θ0)Π

T
mo

)−1 −Hmo ]Πmξn − (Πmξn)T [(ΠmF(θ0)Π
T
m)−1 −Hm]Πmξn

+o(1)
)
/2 + kmo − km

}
d−→ exp

{(
κTPmoκ− κTPmκ

)
/2 + kmo − km

}
, (3.13)

where κTPmoκ ∼ X 2(q − kmo) and κTPmoκ ∼ X 2(q − km).

On the other hand, when s ∈ U , from Lemma 2.2, we have

n−1ln(θ̂s) = E(ln f(yt,θ
∗
s)) + op(1). (3.14)
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Similarly, from the proof of Lemma 2.2, it can be proven that

n−1ln(θ̂mo) = E(ln f(yt,θ0)) + op(1). (3.15)

By the definition of KLIC and Theorem of Bowden (1973), we have

E(ln f(yt,θ0))− E(ln f(yt,θ
∗
s)) = δ > 0. (3.16)

Hence, when s ∈ U , by (3.14)-(3.16), we have

ŵAIC,sŵ
−1
AIC,mo

= exp(AICmo/2− AICs/2)

= exp

(
−

n∑
t=1

ln f(yt, θ̂mo) +
n∑
t=1

ln f(yt, θ̂s) + kmo − ks

)

= exp

(
−n

(
n−1

n∑
t=1

ln f(yt, θ̂mo)− n−1
n∑
t=1

ln f(yt, θ̂s)

)
+ kmo − ks

)
= exp

(
−n
(
n−1ln(θ̂mo)− n−1ln(θ̂s)

)
+ kmo − ks

)
= [exp(−n)](n

−1ln(θ̂mo )−n−1ln(θ̂s)+(kmo−ks)/n)

= Op(exp(−n))
p−→ 0 as n→∞. (3.17)

As ŵAIC ∈ W , (3.17) implies that ŵAIC,m = Op(exp(−n)). Using (3.13), (3.17) and

ŵAIC,m = ŵAIC,mŵ
−1
AIC,mo

/
M∑
m=1

ŵAIC,mŵ
−1
AIC,mo

,

we have ŵAIC
d−→ wAIC.

Similarly, we can show that for any overfitted model m and m 6= mo,

ŵBIC,mŵ
−1
BIC,mo

= Op(1) · n(kmo−km)/2 p−→ 0,

and that for any underfitted model s ∈ U ,

ŵBIC,sŵ
−1
BIC,mo

= [exp(−n)]n
−1ln(θ̂mo )−n−1ln(θ̂s)n(kmo−ks)/2 p−→ 0.

From above two formulae, we have ŵBIC

p−→ womo
.

Proof of Theorem 2.1. When m ∈ O, from the proof of the Lemmas 2.1 and 2.3, we have

ŵAIC,m = ŵAIC,mŵ
−1
AIC,mo

/

M∑
m=1

ŵAIC,mŵ
−1
AIC,mo

= exp {(−2 lnλmo,n + 2 lnλm,n) /2 + kmo − km} /{
∑
m∈O

exp

{
(−2 lnλmo,n + 2 lnλm,n) /2

+ kmo − km
}

+ op(1)}
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= exp
{

(Πmξn)T [Hm − (ΠmF(θ0)Π
T
m)−1]Πmξn/2− km + o(1)

}
/{
∑
m∈O

exp
{

(Πmξn)T

[(Hm − ΠmF(θ0)Π
T
m)−1]Πmξn/2− km + o(1)

}
+ op(1)}

d−→ exp
{

(Πmξ)T [Hm − (ΠmF(θ0)Π
T
m)−1]Πmξ/2− km

}/{∑
m∈O

exp
{

(Πmξ)T

[(Hm − ΠmF(θ0)Π
T
m)−1]Πmξ/2− km

}}
= exp

{
(ΠmF(θ0)β)T [Hm − (ΠmF(θ0)Π

T
m)−1]ΠmF(θ0)β/2− km

}
/{∑

m∈O

exp
{

(ΠmF(θ0)β)T [Hm − (ΠmF(θ0)Π
T
m)−1]ΠmF(θ0)β/2− km

}}
= Gm/

∑
m∈O

Gm = Gm/G, (3.18)

where

Gm = exp
{

(ΠmF(θ0)β)T [Hm − (ΠmF(θ0)Π
T
m)−1]ΠmF(θ0)β/2− km

}
β ∼ N (0,F−1(θ0)), and G =

∑
m∈OGm.

On the other hand, when m ∈ U , from the proof of the Lemma 2.3, we obtain

ŵAIC,m = Op(exp(−n)) and ŵBIC,m = Op(exp(−n)n(kmo−km)/2). (3.19)

As Θ is a compact subset of Rq, by Theorems 2.2 and 3.2 of White (1982), we can conclude,
for any sub-model m, that

θ∗m = O(1), θ0 = O(1), θ̂m
a.s.−→ θ∗m, (3.20)

and

√
n(θ̂Sm − θ∗Sm

) = −A−1m (θ∗Sm
)

1√
n

n∑
t=1

∂ ln f(yt,θ
∗
m)

∂θSm

+ op(1). (3.21)

When m ∈ O, by the definition of KLIC and Theorem of Bowden (1973), we have θ∗Sm
=

θ0,Sm and θ∗m = θ0. Then by Theorem 3.3 of White (1982), we have −A−1m (θ∗Sm
) = G−1Sm,1

,
and hence

√
n(θ̂Sm − θ∗Sm

) = G−1Sm,1

√
n(

1

n

n∑
t=1

∂ ln f(yt,θ
∗
m)

∂θSm

) + op(1). (3.22)

From the proof of Lemma 2.1, we have
√
n( 1

n

∑n
t=1

∂ ln f(yt,θ∗m)
∂θSm

) = ξm,n
d−→ ξm, where

ξm ∼ N (0, GSm,1). Hence

√
n(θ̂(ŵAIC)− θ0) =

M∑
m=1

ŵAIC,m

√
n(θ̂m − θ0)
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=
∑
m∈U

ŵAIC,m

√
n(θ̂m − θ∗m + θ∗m − θ0) +

∑
m∈O

ŵAIC,m

√
n(θ̂m − θ0)

=
∑
m∈U

Op(exp(−n))
√
nOp(1) +

∑
m∈O

ŵAIC,m

√
n(θ̂m − θ0)

=
∑
m∈O

ŵAIC,m

√
n(θ̂m − θ0) + op(1)

=
∑
m∈O

ŵAIC,m

√
n(θ̂m − θ∗m) + op(1)

=
∑
m∈O

ŵAIC,m

√
nΠ−1m (θ̂′m − θ′m) + op(1)

=
∑
m∈O

ŵAIC,m

√
nΠT

m((θ̂TSm
,0T )T − (θ∗TSm

,0T )T ) + op(1)

=
∑
m∈O

ŵAIC,m

√
nΠT

m((θ̂Sm − θ∗Sm
)T ,0Tq−km)T + op(1)

=
∑
m∈O

ŵAIC,mΠT
m

(
G−1Sm,1

0
0 0

)(
1√
n

∑n
t=1

∂ ln f(yt,θ∗m)
∂θSm

0

)
+ op(1)

=
∑
m∈O

ŵAIC,mΠT
mHSmΠm∆mξn

d−→
∑
m∈O

(Gm/G)ΠT
mHSmΠm∆mF(θ0)β

(3.23)

Similarly, we can prove that

√
n(θ̂(ŵBIC)− θ0) =

M∑
m=1

ŵBIC,m

√
n(θ̂m − θ0)

=
∑
m∈U

ŵBIC,m

√
n(θ̂m − θ0) +

∑
m∈O

ŵBIC,m

√
n(θ̂m − θ0)

=
∑
m∈U

Op(exp(−n)n(kmo−km)/2)
√
nOp(1) +

∑
m∈O

ŵBIC,m

√
n(θ̂m − θ0).

d−→ΠT
mo
HSmo

Πmo∆moF(θ0)β,

where ΠT
mo
HSmo

Πmo∆moF(θ0)β ∼ N (0,Σ), and Σ = ΠT
mo
HSmo

Πmo∆moF(θ0)(Π
T
mo
HSmo

Πmo∆mo)
T .

It is known that

∆mo =


Iq1

δ1
δ2

. . .
δq2

 ,

where Iq1 is an q1 × q1 identity matrix and

δj =

{
1, j ∈ Smo ,
0, j 6∈ Smo .

12



As the moth candidate model is the true model, when j 6∈ Smo , θj,0 = 0. If σj is the j element
on the diagonal of matrix Σ, then σj = 0. This leads to θ̂j(ŵBIC)

p−→ θj,0 = 0. For j ∈ Smo ,

√
n(θ̂j(ŵBIC)− θj,0)

d−→ Zj,

where Zj ∼ N (0, σj).
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