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Summary

This document provides the proofs of the preliminary theoretical results of the captioned GRF
Proposal.

1 Model framework and notations

Let y be generated from the density
f(y.8,7) (1.1)

on {2, a measurable Euclidean space, where 3 and «y are ¢; x 1 and g2 X 1 vectors of unknown
parameters. We consider inference on g = p(f) when the unknowns are estimated by model
averaging. |Hjort & Claeskens (2003) considered the local misspecification framework

JirueW) = fu(y) = [y, Bo,v0 + 6//n),

where (3 is the true value of 3, =, is fixed and known, and § = (dy,...,d,,) contains pa-
rameters that signify the degrees of the model departures in directions 1, ..., g2. As discussed
in the proposal, the local misspecification framework has the advantage of simplifying the
asymptotic analysis but its realism has been subject to criticism. Here, we study the asymp-
totic distribution of model averaging estimators under the general fixed parameter setup (I.T))
without invoking local misspecification.

LetO = (0y,...,0,)" = (B7,~")" and 8, denote the true value of 6, with & C © C
R?. Define the likelihood function

n

L.(0) = [ £(w:.9).

t=1

and the log likelihood function [,,(@) = In L,,(0). It is assumed that the first and second partial
derivatives of f(y, @) with respect to @ exist. Let

U(y,8) =0In f(y,0)/00,



and '
U(y,0) =0%In f(y,0)/0000".

Then the first and second partial derivatives of /,,(8) with respect to 6 are [,(8) =37 U(y, 0)
and [,,(8) = >_1, W(y,, ) respectively, and the Fisher Information matrix is

We combine M sub-models within (I.1). Denote &, as the number of parameters in
the m™ sub-model. It is assumed that a sub-model contains all ¢; elements in 3 and some of the
@2 elements in . If all possible combinations of elements in ~ are considered, then M = 2%;
if only nested candidate models are considered, then M = ¢ + 1. Let S = {1,...,¢},

Sm = {i1,  yikp—q} T S8 = {ikm—qi+1, - ,z'q%}, the complement of S,,,, andTyj be
the j™ element of . Write vs,, = (vi,," - ,%k,m_ql) > Yse, = (%km_qﬁl, e ,%qQ) , and
= (BT, ~L)", where v,,, = (71,72, ,7g)" such that yge = 0. Define the permutation
matrix
_ (T T T T T T N\T
Iy = (ey, - €410 Cqrtins T Coiting, —g Carting, —g 410 ’eq1+iq2) ’

where e; is a unit vector with the j element being 1 and all other elements zero. Then we can
write 6, = 11,0, = (8",~v¢ ,01)" = (05 ,0M)", with O, = (B",~¢ )”. Similarly, we
have 6, = 11,,,0) = (907 5.5 Yo, S%L) , where 6, s, contains the first k,,, elements of 6y ,, and
Yo,s¢, contains the remaining q — k,, elements.

Denote
Fm(eo,m) - Eeo,m‘l’(% 007m)\1[(y7 OO,m)T - HmF(OO)HZwL
Assuming that partial derivatives exist, write

U (y,0s,) = O0lnf(y,0,)/00s,,
U,,(y,0s,,) = 9*Inf(y,0,)/00s, 0%

Am,n(osm) = nil Z \i]m(ytv Gsm)7
Bm,n(esm) - n_l Z \Ijm (yt; esm)qjm(yta OSm)T)
lnn(0s,) = > Un(y,6s,),and

n
Inn(0s,) = > Wy, 05,,.).
Assuming that expectations exist, write

An(0s) = E (\pm(y, esm)) ,and
Bn(0s,) = E(\Dm(yagsm)\ljm(?J,eSm)T)-
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Assuming that appropriate inverses exist, write

Cm,n(esm) = Am,n(eSm)_le,n(OSm)Amm(eSm)_17and

The Fisher Information matrix of 6, s, is given by

Fn(60,s..) = Eoy s Vin(y,005,,)¥m(y,60s,)"

Denote ésm as the Maximum Likelihood estimator of 8¢ under the m™ sub-model,
which is the solution of the log-likelihood equation >, , ¥,,(y,60s, ) = 0. Define ), =

(0% ,07)T, where @, is an estimator of @7 , the parameter vector which minimizes the
Kullback-Leibler Information Criterion (KLIC),

(F0:00): £0.6,).6,) = (1n | 22 ). (12)

By writing 0} = 11,0, = (65" ,07)”, we can obtain €;,. The parameters in €;, follow the
same order as in 6. Taking expectations with respect to the true distribution, we have

T(f(4.60) : f(y.0,).6,) = / £(3,80) In £y, 60)dv — / £y 80)In f(y, 8,)dw. (13)

Define ém as the Maximum Likelihood estimator of 6,,, under the m™ sub-model, so the model

averaging estimator of 6 is (w) = S-™_ w,,8,,, where w,, is weight for the m® sub-model

and w = (wy, ..., wy)7T, belonging to weight set W = {w € [0, 1" : ¥ w,, = 1}.

Now, the AIC and BIC scores under the m!” candidate model are:
AIC,, = =257 In f (41, O,n) + 2k, and BIC,, = =257 I f (4, O,) + ki Inm
respectively. The model weights based on these scores are given by

M
Wye,m = exp(—xIC,,/2)/ Z exp(—xIC,,/2), m=1,..., M, (1.4)
m=1
where xIC,,, is the AIC or BIC score from the m" sub-model. The model average estimators

resulting from these weights are commonly referred to as the S-AIC or S-BIC estimators,
defined as

M:

WAIC m ms and

6(Wpre) Z WRIC,mOm (1.5)

respectively. The regularity conditions required for the asymptotic results are as follows. All

limiting processes presented here are with respect to n — oo and the notations i>, L2
and - denote convergence in distribution, almost surely and in probability, respectively.
We denote éj(vifAm), éj(virmc) and 6, as the j* component of é(virAIC), é(ijc) and 6,
respectively.



Condition 1.1. The density f(y, 0) is measurable in y for every 0 in ©, a compact subset of
RY, continuous in 0 for every y in 2, a measurable Euclidean space, and the true parameter
point 0 is identifiable.

Condition 1.2. (a) E(In f(y;)) exists and |In f(y, 0,,)| < K,,,(y) for all @ in ©, where K, (y)
is integrable with respect to dv;

(b) I(f(y,00m) : f(y,0,,),0,,) has a unique minimum at 6}, in ©,,.

Y m

Condition 1.3. (a) OIn f(y,0,,)/00;,i = 1,..., kn, are bounded in absolute value by a
function integrable with respect to dv uniformly in some neighborhood of 0.

(b) The second partial derivative of f(y,0,,) with respect to 0,, exists and is continuous for
all y, and may be passed under the integral sign in [ f(y, 0,,)dv.

Condition 1.4. |0*1n f(y,0,,)/90,00,| and |01 f(y,6,,)/00; - Oln f(y,0,,)/00;|, i,j =
1,..., ky, are dominated by functions integrable with respect to dv for all y in €2 and 0,, in
O,

Condition 1.5. (a) 0% is in the interior of ©,,; (b) B(0% ) is nonsingular; (c) 0 is a
regular point of A,,(0s,,), defined as the value for Og,, such that A,,(0s,,) has a constant
rank in some open neighborhood of s, .

Condition 1.6. The Fisher Information F(0,) is a positive definite matrix.

Condition 1.7. The derivatives |0[0f(y,0)/0;- f(y,0)]/00;|, i,j = 1,--- ,q, are dominated
by functions integrable with respect to v for all 0 in ©, and the minimal support of f(y, )
does not depend on 0.

Remark 1.1. Condition ensures that the KLIC is well-defined. Condition [1.3(a) allows
us to apply the Uniform Law of Large Numbers. Condition [I.3(b) ensures that the first two
derivatives with respect to Og, exist. This condition allows us to apply Taylor’s Theorem
and Mean Value Theorem for random functions. Condition ensures that the derivatives
are appropriately dominated by functions integrable with respect to dv. This in turns ensures
that A,,(0s,,) and B,,(0s,,) are continuous in 0s,,, and that we can apply the Uniform Law
of Large Numbers to A,, ,(0s,,) and B,, ,,(0s,,). These assumptions are adopted from White

(1982) and |Ferguson|(1996)).

2 Main results

Assume that the m! model is the true model, i.e., 8,,, = 6. Denote éo and éO,m as the Max-
imum Likelihood estimator of 6, and 6 ,,, under the true model respectively. Any sub-model
containing all regressors of the true model is referred to as an overfitted model, contained by
the set O. The remaining sub-models are referred to as underfitted models, contained by the set
U. Letd,, = exp { (kT P,k — kT Ppk) /2 + ki, — ki }, where kT P,k ~ X?(q—kyy,,) and
kT Pk ~ X?(q — k). Let w2, be a vector with the m™ element taking on the value of unity
and other elements zeros and Wy, = {I(m € O/{m,})d,, + I(m =m,)} / {1 + D e/ fmo} dm},
where I(-) is an indicator function. Under the m™ model, the likelihood ratio test statistic is
given by A

V— supgee,, [ [1— [y, 6) _ [T f(ye, 0m)

" SUpgeo H?:l f(y:,0) H?:l f (e, 00)
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Lemma 2.1. Suppose that Conditions|I.1}[I.3|and|l.6are satisfied and m € O. Then we have
=2y, = (&) (T F(00)IL,) ™" — Hiol L&, + o(1)
2y KTPuk ~ X2 (q — k),
where &, = 1,(80), k ~ N(0,1,x,) and Py, = (L, JF(80)1%)z[(TL,, F (85)1%) " —
H,p) (11, F (60)TIZ,) .

Proof: See Subsection 3]

Lemma 2.2. For any underfitted model s € U, under Conditions [[.1|[I.2] and Conditions
[I.3/b){1.5] we have

n,(0,) = E(In f (3, 07)) + 0,(1). 2.1)

Proof: See Subsection

Lemma 2.3. Suppose that Conditions|l.111.6|are satisfied. Then

~ d ~ _ /o~ A T P o
Waic,m ? Warc,ms M = L,2,--- M and Wy = (wBIC,17 e awBIC,M) * Wi (2.2)

Proof: See Subsection 3]

Let A,, be a diagonal selection matrix such that

q1

where I, is an ¢; X ¢; identity matrix and

5 — 1, j€Sn,
L0, € Sk,

The asymptotic distributions of the S-AIC and S-BIC estimators are established in the follow-
ing theorem.

Theorem 2.1. Suppose that Conditions are satisfied. Then
V(@ (iae) — 06) —5 > (G /G Hs, T A F(80)8, (2.3)

meQO
éj (Weie) LN 0forj & Sp,, and éj (Weie) LN Zj forj € Sy,
where
G = exp { (T, F(80)8)" [ — (T F(00)T1 ) JIL, F(80)3/2 — ki }

G=3coGm B~ N(0,F16y)),7Z; ~N(0,0;) and 0, is the j" element on the diagonal
of matrix ¥ =111, Hg, 1L, A, F(00)(I1., Hg, AT
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Proof: See Subsection 3]

Denote 0,, = (él,m, . ,éq,m)T, where éﬁm is the jth component of 0,,. Following
Buckland et al.| (1997), we also consider the scaled SAIC and scaled SBIC estimators such
that >, Wyrc,m, = 1, where x/C' is AIC or BIC. This leads to the scaled SAIC and scaled
SBIC estimators of §;, defined as

M; . M; .
~ N wA : A A N w , ~
ej(WAICS) = Z #9]7[{; and 9] (WB[CS) = Z #6]& (24)
o1 Dokt WAICm, o Dokt WBICm,
respectively.
Denote 8(Warcs) = (01 (Warcs), - ,0 (WAICS)) and é(WBIcs) (01(Wpics), - 0y(Wpics))

Next, we establish the asymptotic distributions of H(W arcs) and H(W BICs)-
Corollary 2.1. Suppose that Conditions are satisfied. Then

M;
Vil (arce) = B0s) 5 3 e € O}y {nf:; G A O F O,
and
Vi(6(Weics) — 60) —= B,
where

Gy = 5 { (T, F(00)B) [y, — (T, (0T, ) T, F(00)8/2 — i}
B ~ N(0,F(6)), nj is the jth component of 3 and

1, my €O,
1{mk60}:{0 ngo

Proof: The corollary is a direct consequence of Theorem

Furthermore, let the parameter of interest be 1 = (@), a smooth real-valued function.

Denote the sub-model estimator as ji,, = u( 1n)). Then the model averaging estimators of p
based on SAIC weight and SBIC weight are

M
(W) = E Ware,mflm and fi( W) 5 Wase m

m=1
respectively. Then by Theorems[2.1]and Theorem 7 in Ferguson (1996)), we obtain the follow-
ing corollary.

Corollary 2.2. Under the assumptions of Theorem and assuming that [1(60) = g’g is con-
tinuous in a neighborhood of 6y, we have

Vi(i(Wae) = u(80)) == D (G /G)it(00) I}, H, T, A, F (60) 8 2.5)
meQ
and
Vi(fi(Wae) — 1(80)) — N0, j1(80)"S41(80) ). (2.6)
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3 Proof of Theorem 2.1

Proof of Lemma When m € O, the last ¢ — k,,, components of the true value 6 ,, are 0.
Given Conditions and and assuming that Theorems 18 and 22 of [Ferguson| (1996)
are satisfied, then we have —21n A, , = 2[1,,(6y) — 1,,(6,,,)]. Now, expanding 1,,(6,,) about

HAO,m yields:
ln(ém) l (00 m) + lm n(OO m)(e - 00 m) - n(é;n - éO,m)TIn(é;n)(é;n - éU,m)7
where 1,,(6',) fO fO Ol 00 mAuv(0 — 6 m))dudy =% L 5Fm(0o,m), as in the proof

of Theorem 18 of Ferguson (1996). Let o(1) represent a random Variable matrix with each
element converging almost surely to 0 as n — co. By l,,, ,(00,m) = 0, we have

2, = —2(00(6) — 1.(60))

= 20(0,, — 00)" 1,(0,,)(8,, — 00)

= 20(IT, (6,1 — 00))" T, (8,11, 1L, (6, — )
n(6),, — 00.m)"1,(6},)(6;,, — Oo.m)

~

= n(0,, — 0o ) (Fin(Bo.m) + 0(1))(@;1 - éO,m)‘

|
DO

To ascertain the asymptotic distribution of \/ﬁ(é;n — émm), consider the following expansion
of 1,,(8],,) about 6 ,,:

1. N/ _ L l ' v — v —6
%lm,n(em) = m (Hom) n/o lmn(00m+ (0 Oom))d \/_( 00.m)

= (=Fn(Bom) + 0o(1))V/n(8, — o.m)-
Hence /n1(6),, — 60.m) = —(Fn(B0m) ™" + 0(1)) J=imn(6},) and
1 1 . 5
NG %lm,n(am). (3.1)

To seek the asymptotic distribution of lm n(é ), consider the following expansion about 6,

—21In /\m,n = l.m,n(é:n)T(Fm(eo,m)il + 0<1))

1. . 1. I
_ A - — — . (3.2
\/ﬁlm,n(em) \/ﬁlm,n(ao,m) + n A lm n(00m + U(e 00 m))dv\/_( OO,m) (3 )
For the m" sub-model, write F,,,(6y,,) as
km X ko, km X (q — k)
Gm,l Gm,Q
Gm,3 Gm,4

and let



Note that the first k,,, components of i, ,(8",) are zero, yielding Hy, I (6,) = 0 and
1
NLD
as the last ¢ — k,,, components of é;n and 0, ,, are equal. Substituting this result into ll we

obtain

Hm im,n(eo,m) = Hm(]:m(GO,m) + 0(1))\/5(@71 - 00,m) = \/ﬁ(é;n - Oo,m) + 0(1)

%z‘m,n(eo,m) +o(1)

_ - nmf(eo)ngﬂm]%nmznw()) +o(1). (3.3)

—ln(0L) = I — Fn(O0,m) Hy)

From the Central Limit Theorem,

1 . 1. d
ﬁln(eo) =n (Elnwo)) =& — &,
where & ~ N (0, F(6y)). Hence,
%l’mé;) 1 - T, F (0TI H, )11,
so that, from (3.1]) and (3.3)),
oA, = %zmwo,m)m — Fon(Bom) Hol Fn (Bom) "I — Fin(Bo ) ]
< %%M%m+m>
= %zm,n(aam)ﬁfm(eomrl — Hm]%zmm(eOW) +0(1) (by HunFp(00.m)Hy
1 - . R .
- %mmz n(00)T[(IL,, F(8)T1E )~ — H,,] ﬁHmln(eo) +o(1)
(ngn)TK (OO)H ) m]ngn + 0(1)

4 (1,871, <wu1—nJ@
= KT, F(00)TI% )2 (T, F(6p)1%) ™" — H,) (L, F(66)T1%) 2

(3.4)

Hy)

3.

W

)

where k = F(6y)2& ~ N (0, I,x). Let Py, = (I, F(00)T1Z )2 [(IL,, F (6)1Z )~ — H,,,] (I1,,, F (80)I1Z )2

be a projection and rank(P,,) = trace(P,,) = ¢ — k. Hence,
21 Ay~ KT Pk ~ 2 (q — k). (3.6)

Proof of Lemma [2.2] Consider an underfitted model s € U/. Let Conditions [I.TIHI.2] Condi-
tions [1.3((b){1.5] and Theorems 2.2 and 3.2 of White| (1982)) hold. Then we have

05, =% 0% (3.7)
and
Vn(8s, — 60%) -5 N(0,C,(05)). (3.8)



As well, it can be shown that Cs,n(é s.) = Cs(0%,). Then by applying the Taylor’s Theorem
argument of Roy| (1957), we have

L(0) = > Inf(y.6,)
t=1

n

~ n -~ A
= 1n(0) + ) Wiy, 05)(0s, — 05) + 5 (6, — 05)" Acn(8s, + (05, — 05,)) (60, — 05.),

t=1

where o € (0,1). Given Conditions and [1.3(b){1.5] and the proof of Theorem 3.2 of
White| (1982), we have E(V(y, 85 )) = 0. In addition, by the Laws of Large Numbers, we
have

nt Y Wy, 05) - B(Ua(ur, 65,)), (3.9)

t=1

and

n U, ( Zlnf i, 0°) 25 E(n f(y,, 07)). (3.10)

By Theorem 2.2 of White| (1982), it can be shown that

Asn(Bs, +a(0% —0s)) 5 A (0%) (3.11)
Then, by (3.7)-(3.11)), we obtain
n'1.(0,) = E(In f(y:, 02)) + 0,(1). (3.12)

Proof of Lemma 2.3} From Lemma 2.1, when m € O, we have

= exp{AIC,,, /2 — AIC,,/2}

-1
AIC,M

= exp{_zlnf(ytaémo Zlnf yt7 +kmo _km}
oo {—m (H o émo>/nf<yt,éo>> i (H 60/ TT 0 a») P k}

exp{(—2In A, n+2In N, 0) /24 Ky — ki }
€xp { ((Hmoén)T[(Hmof(OO)ano)71 - Hmo]Hmén - (ngn)T[(HmI—.(eO)Hg)il - Hm]Hmsn
+0(1)) /2 + ki, — kim }
LN exp {(&TPmon — K,TPmm) /24 ky, — km} , (3.13)

wA]C mW

where kT P, k ~ X?(q — k) and kT P, k& ~ X?(q — k).
On the other hand, when s € U, from Lemma[2.2] we have
n_lln(é8> E(In f(y:, 05)) + op(1). (3.14)
9



Similarly, from the proof of Lemma[2.2] it can be proven that

N (0,,) = E(In f(ye, 80)) + 0,(1). (3.15)
By the definition of KLIC and Theorem of Bowden (1973), we have
E(In f (v, 60)) — E(In f (v, 65)) = 6 > 0. (3.16)

Hence, when s € U, by (3.14)-(3.16)), we have
Ware sWeern. = exp(AIC,,, /2 — AIC,/2)

N

= exp( Zl fyt, e —|—Zlnf yt, mo—k8>

t=1

( Zlnf Y1, 0m,) =" Zlnf v, 0

= exp <— (n‘lln(emo) — n_lln(es)) + ko, — ks>

1 U (Omo) 1" (05)+ (kmo —ks) /)

mo - ks)

= O,(exp(—n)) 2+ 0 asn — oo. (3.17)

As Wue € W, (3.17) implies that Wy, = O,(exp(—n)). Using (3.13)), (3.17) and

wAIC m = Ware mwmc Mo g Ware mwmc Mo’

N d
we haVe U)AIC —> wAlc.

Similarly, we can show that for any overfitted model m and m # m,,

Weic mwBICm =0,(1) - nkmo—km)/2 _P 0,

and that for any underfitted model s € U,
wBIC SwBIC Mo [exp(_n>]n_lln(émo)7n_1ln(é8)n(kmo7ks>/2 L 0.

~ p
From above two formulae, we have wyec — wy,

Proof of Theorem 2.1, When m € O, from the proof of the Lemmas 2.1 and 2.3 we have

wAIC m wAIC mwmc mo/ § wAlC mwAlC ,Mo

=exp{(—2InXn,» +2InAp5) /24 ki, — ki } /{Z exp { (—2In N, +2In N, ) /2

meQ
+ km, — km} +0,(1)}
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= exp {(n&n)" [Hin — (L F ()LL) & /2 — ki + 0(1)} /{) | exp { (&))"

meO

[(Ho = T F(00)115,) " T /2 = ki + 0(1) } + 0,(1)}

s oxp { (&) [Hy — (T, F(O0)TIL) TT,E/2 — k) /{ 3 exp { (11,8

meO

(Hy = 1, FO)TE)1,6/2 - )
— xp {(TL,F(00)8)" [Hy — (T, F(O0)T1%) L, F(680)8)2 — i}
/X 0 (0, F(008) 1, (11, F(O)TE) 1,7 (008/2 ~ o } |

meO

=G/ Y Gum= Gu/G, (3.18)

meQ

where
Gm = exp {(Hm]:(OO)IB)T[Hm - (Hmf(OO)HZ;;)_l]Hm-F(OO)ﬂ/z - km}

B~N(©O0,F(6),and G =3 G
On the other hand, when m € U, from the proof of the Lemma[2.3] we obtain

Waie,m = Op(exp(—n)) and Wyem = Op(exp(—n)n(kmo_km)/Z). (3.19)

As © is a compact subset of R?, by Theorems 2.2 and 3.2 of White| (1982)), we can conclude,
for any sub-model m, that

0;, = O(1), 6, = O(1), 0,, “* 6}, (3.20)
and
A * 81Hf yt> m
Vn(0s, — 05 ) = \/_ Z T +0,(1). 3.21)

When m € O, by the definition of KLIC and Theorem of Bowden| (1973), we have 85 =
6o,s,, and 6;, = 6. Then by Theorem 3.3 of White| (1982), we have —A_ (05 ) = G |,
and hence

A 1 -0l .07,
Vin(fs, —65,) = G5k (= Z; %m)) + 0p(1). (3.22)

From the proof of Lemma , we have \/n(: >, %Zte*)) — Emm 5 &, where
&n ~N(0,Gg, 1). Hence

AIC m\/_ - 00)

M:

\/ﬁ(é WAIC 6O =

m=1

11



== Z wAIC,m\/E(ém - e;kn + 0:1 - 00) + Z wAIC,m\/ﬁ(ém - 90)

meU meO
= > Oplexp(=n)VnO,(1) + Y thucmy/1(0m — 65)
melU meQO
- Z UDA[C,m\/ﬁ<ém - 00) + Op(1>
meQ
= Z IDAIC,m\/ﬁ<ém - O:n) + Op(l)
meO
= ) uemVnIL, (0], - 6,,) + 0,(1)
meQ
= > e VnITL((85,,07)" = (855,07)") + 0,(1)
meO
= Z QI)AIC,m\/ﬁH;b((éSm - OEW)T> Og—km)T + Op(l)
meO
-1 1 xw 9In f(y,05,)
_ T Gg,1 0 7 2t 905, +0,(1)
) m O 0 0
meQ
— Z wAIC,mH%HSmHmAWEH
meO
5 D (GG} Hs, T A F (680)8
meQO

(3.23)

Similarly, we can prove that
M
\/ﬁ(é(wBlC) - 00) = Z wBlc,m\/ﬁ(ém - 00)
m=1
- Z wmc,m\/ﬁ(ém - 00) + Z wmc,m\/ﬁ(ém - 00)

meU me@
=" Op(exp(—n)ntme ™ m2)/n0, (1) + > thucm /11O — 6).
meU meQ

57T Hg, T, A, F(60)8,

where II7, Hg, 11, A, F(60)B ~ N(0,%),and ¥ = 117 Hg, 11, A, F(00)(IIL, Hg,, Hp Ap,)?
It is known that
Il]l
01
A, = 02

o )

5‘1 2

where I, is an ¢; X ¢; identity matrix and

5 — 1, 7€ Sn,,
710, 5 Sm,-
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As the m,th candidate model is the true model, when j € S,,,, 8,0 = 0. If ¢; is the j element
on the diagonal of matrix X, then o; = 0. This leads to 8, (W) RN 00 =0.Forj €S,

\/ﬁ(éj(VAVBIC) - ‘93',0) i> ZJ"
where Z; ~ N (0, 0;).
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