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FINDING TRANSITION PATHWAYS ON MANIFOLDS*

TIEJUN LIt, XIAOGUANG LIf, AND XIANG ZHOU?

Abstract. When a randomly perturbed dynamical system is subject to some constraints, the
trajectories of the system and the noise-induced most probable transition pathways are restricted
on the manifold associated with the given constraints. We present a constrained minimum action
method to compute the optimal transition pathways on manifolds. By formulating the constrained
stochastic dynamics in a Stratonovich stochastic differential equation of the projection form, we
consider the system as embedded in the Euclidean space and present the Freidlin—Wentzell action
functional via large deviation theory. We then reformulate it as a minimization problem in the
space of curves through Maupertuis principle. Furthermore we show that the action functionals
are intrinsically defined on the manifold. The constrained minimum action method is proposed to
compute the minimum action path with the assistance of the constrained optimization scheme. The
examples of conformational transition paths for both single and double rod molecules in polymeric
fluid are numerically investigated.
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1. Introduction. A large number of interesting behaviors of randomly per-
turbed dynamical systems are closely related to rare but important transition events
between metastable states. Such rare events play a major role in chemical reactions,
conformational changes of biomolecules, nucleation events, and the like. Theoretical
understanding of such transition events and transition paths has attracted a lot of
attentions for many years [13, 9]. The classic model is the following Ito stochastic
differential equation (SDE) in R™ with small noise amplitude:

(1.1) dX; = b(Xy) dt + Veo(Xy) dW;.

In (1.1), the solution X; is R™-valued, b is a vector field R — R", ¢ is a matrix-valued
function R™ — R™*™ and W is an m-dimensional standard Brownian motion. The
drift term b(x) could be the gradient of a potential energy function or have a rather
general form. The diffusion matrix o(x) is assumed uniformly nondegenerate. b and
o satisfy the regular smoothness conditions such as the global Lipschitz continuity
and boundedness conditions.

According to the large deviation principle (LDP) developed by Freidlin and
Wentzell [9], in the asymptotic regime of vanishing noise ¢ | 0, the most probable
transition pathway in the time period [0,7] between metastable states can be de-
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scribed through the minimizer of the Freidlin-Wentzell action functional,

1

T .
(12) Sel) = 5 [ o7 @6~ bo) I

for a nondegenerate square matrix o. Based on this principle of least action, some
numerical methods, such as the minimum action method and its adaptive version
[8, 25], have been proposed and developed for a fixed time interval [0, T] of interest.
Another different formulation of the Freidlin—Wentzell theory, based on the Mauper-
tuis principle [14], is the geometric minimum action method (gMAM) on the space of
curves [10]. The path given by the gMAM can be viewed as the minimum action path
of the original Freidlin—Wentzell action for an optimal 7. In the special case that
b(x) = =VV(x) and o(z) = I, where V is a potential function and I is the identity
matrix, the minimum action path is a minimum energy path and the string method
[7] is applicable to identify this path.

In practical applications, the dynamics of the system of concern may be subject
to one or more constraints, such as the constant length of rigid molecules [5], the
conservation of mass [24, 15], or more general constraints [4]. These constraints
restrict the system to live in a particular manifold M C R™, determined by all the
constraints. Even when the stochastic perturbation is applied, the resulting stochastic
system still has to satisfy these physical constraints. Based upon this consideration, it
is natural and interesting to investigate the rare events occurring on manifolds. The
following problems are fundamental to address in the first step. What is the suitable
mathematical setup for the rare event study on manifolds? How to characterize the
most probable transition path? If one embeds the considered stochastic dynamics
on a manifold in the ambient space, does the resulting formulation depend on the
choice of embedding? How to design the effective path-finding algorithm with the
obtained results? The aim of this paper is to answer these questions and present
some preliminary numerical studies for some simple models.

We first outline our methodology and major points of this paper. There is an in-
trinsic formulation of the SDE on a Riemannian manifold, and one could “translate”
the classic Freidlin—-Wentzell LDP in Euclidean space to this manifold case; however,
the abstractness of this formulation hinders its practicability. We actually start from
a stochastic system in R™ with drift b and diffusion ¢ subject to independent (deter-
ministic) constraints {ci(xz) = 0} through Lagrange multipliers. By explicitly solving
these Lagrange multipliers in the stochastic version, we derive an SDE in the ambi-
ent space but in the projection form, which elucidates the connection between the
constrained SDE form and the projection form. This connection is a generalization
of similar results studied in [4], but with a more transparent proof. With this con-
nection, we obtain an SDE described by the projected drift IIb and the degenerate
diffusion Ilo for a projection operator II from R™ to the tangent bundle. And this
SDE indeed lives on the manifold with the unique drift &6 = IIb and the diffusion
o = Ilo. By using the generalization of the Freidlin-Wentzell LDP in the degener-
ated diffusion case, we derive the specific forms of action functionals by introducing
the generalized inverse of the projection operator II. Moreover, we prove that our
results of the action functionals depend only on IIb and Ilo, not on their extensions
and the embedding in R™. We also derive the geometric formulation of the action
functional on the space of curves and the Euler-Lagrange equation that the minimiz-
ing path must satisfy. We find that in the gradient case, i.e., b = —VV and o = I, the
projection-type string method works [6], while in general cases, the direct application
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of existing pathway finding approaches with projection does not apply. We instead
propose our constrained gMAM in the ambient space. In a nutshell, we present the
basic mathematical setup and investigate some essential ingredients for the study of
rare events on manifolds, and we demonstrate a viable numerical approach to compute
the optimal transition path.

The paper is organized as follows. We first discuss the SDE on manifolds and
the abstract form of the Freidlin-Wentzell action functional in the corresponding
setup in section 2. In section 3, we develop our model and discuss the variational
characterization of transition paths and the issue of embeddings following the idea we
mentioned above. Section 4 is devoted to the discussion of the numerical methods—
the constrained minimum action method. The applications to liquid crystal models
are presented in section 5, where we study the conformational transitions for rod
molecules on S? (unit sphere) and S? x S2. In section 6, we show some possible
extensions to general bead-rod chain systems. The summary is in section 7. The
detailed technical proofs and some discussion about the comparison of different action
functionals are in the appendix.

2. SDE and LDP on manifolds. We first give an introduction to the formu-
lation of describing the SDE on a Riemannian manifold and the formal extrapolation
of the classic Freidlin-Wentzell theory for this manifold setting. The SDE on the
manifold is most conveniently written in the Stratonovich sense [12],

L
(2.1) AXy = b(Xy)dt +VE D or(Xy) o AW,
k=1

on a compact differentiable d-dimensional manifold M without boundary. Here X €
M, the drift and diffusion b(z) and o (x) belong to T, M (the tangent space of M at )
and {W*}L_, are independent Wiener processes on R. We assume the nondegenerate
condition for diffusion,

dimspan{o.(z)}i_, =d Yz e M.

For the Brownian motion on Riemannian manifold (b = 0 and o is the orthogonal
projection operator related to the Laplace—Beltrami operator; see, e.g., [12]), [11]
proved the LDP for the short time limit and gave the rate function. The minimizing
path of this rate function for the Brownian motion is the minimizing geodesics on
the manifold from starting point to ending point. For the SDE case rather than
Brownian motion, we here formally “extrapolate” the existing result on the Freidlin—
Wentzell LDP in Euclidean R™ to the manifold case. It will be shown later that we
eventually work on the SDE in the ambient space and use the corresponding LDP for
the Euclidean case.

Under certain regularity conditions on b and oy, we can write, as least in a formal
way, the rate function (or action functional) for (2.1) when ¢ | 0 as

T .
(2.2) Srlg) = /0 L6, ) dt,

when ¢ € AC([0,T]; M), AC meaning absolutely continuous functions. Otherwise,

Srl¢] = +o00. Here ¢ is the time derivative d¢/dt. The Lagrangian in (2.2) L :
M x TM — R is defined as

(2.3) L(z,y) := 5 (a ' (y — b(x)),y — b(x)).

N~
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where (-,-) is the dual product between the cotangent space T*M and the tangent

space TM. Equation (2.3) can be treated as ||y — b(z)||4, where the norm in T M,

lyllam == (y,a"'y), is induced by the inverse of the nondegenerate a(z) = o(z)®o(x).
Remark 1. Note that the type (0,2) covariant symmetric tensor field

ZCTk X o € TO2M
k=1

can also be viewed as a mapping

a::Zak®ak:T*M—>T./\/l

k=1

by fixing its first or second argument [2]. From the nondegenerate condition, we have
that the mapping a is bijective; thus its inverse a = : TM — T*M is well-defined.

Remark 2. The classic Freidlin—Wentzell LDP is formulated for the Ito SDE. So,
it appears that the action functional, (2.2) and (2.3), would only correspond to the
SDE (2.1) interpreted in the Ito sense. Indeed, the LDP action functional, (2.2) and
(2.3), still has exactly the same expression no matter whether (2.1) is in the Ito sense
or the Stratonovich sense, because the LDP here is for the limit ¢ | 0. We use (1.1) in
Euclidean space to elaborate this point. Consider the following SDE with the same
form of drift and diffusion as the Ito (1.1), but in the Stratonovich sense:

(24) dXt = b(Xt) de + \/EO'(Xt) o th
We know (2.4) is equivalent to the following Ito SDE:
(25) dXt = ba (Xt) dt + \/EU(Xt) th,

where b5 () = bi(w) + 5 ¥y ity 5oy (w). By [9] or [3], if b — b uniformly
in the maximum norm as € — 0, for example, when ¢ and its derivative are uniformly
bounded for the situation here, then the Ito SDE (2.5) (equivalently, the Stratonovich
SDE (2.4)) and the Ito SDE (1.1) share the same large deviation result with the same
rate function (1.2) .

Therefore, under mild conditions, it is valid to take limit € | 0 for the e-dependent
drift function first to have an e-independent drift for the use of the action functional
in the Freidlin-Wentzell LDP.

There is a conjugate relation between the Lagrangian and the Hamiltonian for
the underlying LDP. The Hamiltonian corresponding to (2.3), H : M x T*M — R,
has the following form:

m

H(z,p):= )+ (p,on(z

N~

k=1

We show that (2.3) is indeed the Legendre transformation of the Hamiltonian, i.e.,

(2.6) Liw.y) = sup {{p.y) — H(z,p)}.

To show this, we calculate the critical point of (2.6)

8H o
(2.7) y= ) + Z p, ox( ()
k=1
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to get the optimal p*(x,y) = a~'(y — b(z)). Plugging this p* into the right-hand side
of (2.6), we immediately see that (2.6) holds. In addition, we have that p*(¢,®) is
equal to the generalized momentum defined as ‘3—5(¢,¢) = a " 1(¢ — b(¢)). We also

have that along a path ¢, H(¢,p*(¢,9)) = 5[1ll3, — 5116(6) 3+

The geometric action functional S for the SDE (2.1) on the manifold M can also
be formally generalized as for the Euclidean case in [10] by using the Maupertuis prin-
ciple (section 44 in [14]), which says that the geometric action (also called abbreviated
action) is the following line integration of the generalized momentum along a curve
v ={¢(a):a€|0,1]} on M:

Sly] = / (p*, dp)

with the constraint H(y,p*) = 0. In the case of (2.1) here, p* = a~1(¢ — b(¢)),
where ¢(t) is the t-parametrization of the curve y. Write ¢' = 2. Note that
H(v,p*) = 0 gives that [|¢|| % = ||b(¢)|[|pm. Thus, p* = a~! ((p'% —b(z)) =

’

a‘l(m 16(©)|lamr — b(x)). Thus, we have the geometric action functional for (2.1)

Q|€L®

(2.8) 8lg] = / (@™ (r(@)b(@) |t — (&) , dp)

where 7 = ¢'/||¢’|| m is the normalized tangent. It is clear that (2.8) is invariant for
specific parametrization of the curve ~.

3. Action functional for constrained SDE. The abstract formulation in sec-
tion 2 is intrinsically defined for a Riemannian manifold M. However, for real appli-
cations, the SDE of interest is usually written in an ambient space, say, R™, subject
to some constraints, such as the example of a polymer chain in section 6. Thus the
resulting trajectories of the SDE lie in the submanifold immersed in R™. For the
deterministic dynamics subjected to imposed constraints, one of the traditional ap-
proaches is to introduce the Lagrange multipliers. By explicitly solving the Lagrange
multiplier from the constraints, one can obtain a new dynamical flow in ambient space,
but naturally living on the submanifold determined by the constraints. This flow on
the submanifold is equivalent to projecting the original flow onto the tangent space
of the submanifold.

We shall take a similar approach to model the problem of the “constrained SDE”
and show the equivalence of the Lagrange multiplier approach and the projection
approach. The purpose here is to rigorously derive the correct form of the “projected
SDE” embedded in the ambient space. After we derive this SDE in the projection
form, we treat it as an SDE in the ambient space with degenerate diffusion, from
which we carry out the study of the action functional in LDP.

3.1. Constrained SDE in ambient space. Consider a stochastic dynamics
written as an Ito SDE in R"™,

(3.1) dX = b(X)dt + o(X) AW

subject to p = n — d independent constraints ¢;(X)=0,j=1,...,p.
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To incorporate these constraints, we introduce the Lagrangian multipliers p =

(1, -+, 1tp) T, as well as the Jacobian of the constraint functions
(Veu ()T
(Ves(a))" :

(3.2) G(z) = } e RP*™ and M(z) =G(x)G' (z) € RP*P,
(Vep(@))T

The matrix M can be considered as a metric matrix in the normal space spanned
by {Ve;(z)}. The independence of the constraints amounts to the condition that
M ~Y(z) exists for any x. Now we consider the constrained SDE of the form

(3.3) dX = b(X)dt + GT(X)du + o(X) dW,
where the Lagrange multiplier p is described by
(3.4) dp = o(X) dt + B(X) dW.

The driving Brownian motion W in (3.3) and W in (3.4) are the same. The functions
a(x) € RP and B(x) € RP*™ above will be determined by the constraints such that the
solution X; to (3.3) and (3.4) satisfies ¢;(X;) =0 Vj,Vt > 0 as long as ¢;(Xo) = 0.
The calculations by using the Ito lemma show the following result.

THEOREM 1. The functions a and B in (3.4) for the Lagrange multipliers have
the form

(3.5) a=—-M"1Gb+ %v% : (BBT)
and
(3.6) 8 =—-M"1'Go,

where B =GB+ o, and (V3c: (BBT)); := sz)mzl(ajkci)Bijkm.
If the primitive diffusion coefficient o satisfies the condition that

(3.7) a(z) := o(x)o(x)" = 0(z)I,

where 0 is a positive scalar, then (3.3) is equivalent to the Stratonovich SDE

(3.8) dx = P(X)(b(X) dt + o(X) o dW),
where
(3.9) P=I-G'™M'G

is the orthogonal projection onto the tangent space of the manifold arising from the
constraints:

M={zeR":¢j(x)=0,j=1,...,p}.

The action of the projection operator P in (3.8) is understood in the Stratonovich
sense.
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If a = 00" is not a scalar matrix, then the Stratonovich projection form (3.9) is
generally not true. But for the vanishing noise limit, we still have the following result.

COROLLARY 1. If the term o(x) in (3.3) is replaced by \/eo(x), then the con-
strained SDE (3.3), (3.4) can be transformed to

(3.10) dX = P(X) <(b(X) +R(X, a)) dt + Veo(X) o dw>,

where ||h(x,e)| ~ O(e).

The proof of this corollary is straightforward by direct calculations using (3.5) and
(3.6). The h term above actually comes from the Fy term in the proof of Proposition
1. Since the action functional is unchanged if the term h(z,¢) is taken out in (3.10),
due to the same argument in Remark 2, we can use (3.8) to study the transition path
problem, regardless of the condition (3.7). It should be noted that for finite noise,
(3.8) and (3.10) are different SDEs, although they share the same rate function at the
large deviation level.

3.2. SDE embedded in ambient space. We have shown the transformation
of an Ito SDE in the ambient space subject to constraints into a projection form by
introducing the orthogonal projection operator P. In comparison to the deterministic
case, the Lagrange multiplier u carries information of both the drift b and the diffusion
0. Therefore, the drift of the resulting SDE (3.10) has an additional term from the
diffusion o, except that oo is a scalar matrix. Since here we are interested only in
the transition pathways of these SDEs and the large deviation rate functions are the
same if the drift terms in these SDEs have only an order O(g) perturbation, we can
study (3.10) by taking out the extra h term, which is the following projected SDE:

(3.11) dx = P(X)(b(X) dt + VEo(X) o dW).

In what follows, we shall view this SDE in projection form as an extension in R™ of
the SDE intrinsically defined on manifold as in section 2.

Assume that a d-dimensional closed Riemannian submanifold M is a submanifold
in the ambient Euclidean space R™ (n > d) by isometric embedding. The Rieman-
nian metric on M is naturally induced by Euclidean metric in R™. We consider the
following Stratonovich SDE intrinsically defined on M (see (2.4)):

(3.12) dX =b(X)dt + \/Ezn:'&k(X) o AW},
k=1

where b and ok, M — T M, are vector fields on M and the driving Brownian motion
{WF¥ .k =1,...,n} is the standard Brownian motion in R". &(z) := [51,...,0,] is a
linear mapping R" — T, M for each x € M and is assumed to be nondegenerate on
M; that is,

span{ox(x) : k=1,...,n} =T, M Vx e M.
Write a(x) := & (x)o(x)T. The nondegeneracy of & implies that a(z) is positive definite
and invertible as a linear mapping from 7 M to T, M.

A special case of (3.12) is the Brownian motion, in which, by [12, Thm. 3.1.4],
b = 0|pm and 0 = Py, the orthogonal projection of the standard orthonormal basis
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on R™ onto the tangent bundle T M. Let P be a corresponding orthogonal projection
matrix from R™ to T M, i.e., P(z) = [Pi(z),..., Py(x)]; then the solution of dX =
P(X)o dW :=3"}_, Py(X) o dW* is the Brownian motion on M.

Extending b(z) and G4 (z) in (3.12) arbitrarily to the ambient space = € R", we
can identify (3.12) on M as the following extrinsic SDE on R™:

(3.13) dX =TI <b(X) dt + \/Ei ou(X) o dWﬁ) :
k=1

where II =11, is a projection matrix (not necessarily orthogonal matrix) from R" to
T, M. The tangent space T, M is now identified as Img(II,), a d-dim subspace of R"™.
The subindex of the projection II is sometimes dropped out henceforth if there is no
ambiguity. With probability 1, if the initial condition Xy = x € M, the solution of
(3.13) X, is always on the manifold M for any time ¢ > 0.

By identifying b in (3.12) as a vector field on R™, we require that

I(b(z)) = b(z) V& e M.
Let 0 :=[o1,...,0,]. We assume that o is nondegenerate in R", i.e.,
span {o1,...,0,} =R"
Then we further require that
Ilo(z) = o(x)

V x on M with the same range space T, M. When ¢ is the identity matrix in R", the
diffusion term is Il o dW, corresponding to the Brownian motion on M.

Equation (3.13) is the same as (3.11) if the manifold M is determined by the
p =n — d independent constraints; however, in (3.13) we do not assume that II must
be an orthogonal projection, although the results can be further simplified if II is
indeed orthogonal.

Next, we give some comments to emphasize that a indeed induces a metric on
Img(Il) = T, M. Since a(z) = 5(z)a(z)" and a(z) = o(z)o(z)T, then

(3.14) a(z) = Ha(z)[I" Vo e M.

Note that @ is a linear mapping from R™ to Img(II) with the same kernel space as "

and II". Thus, for any v € Img(II), there is a unique vector ¥ in Img(II) such that the
linear equation av = v holds. For such a v, we have v"0 = 9'av > 0 and the equality
©7av = 0 holds if and only if = 0. Thus, we can define a-norm on the subspace

Img(II) as follows:

(3.15) [vlla == v/ (v,0) = VoTo.

Formally we can write v = @~ v, then ||v||z = \/{v,a~1v). Here (-,-) is the Euclidean
inner product of R™. Meanwhile, the a-inner product is also induced as (w,v), =
(a='w,v) = (w,a'v). For the special case that a(z) = I and II = II" (orthogonal
projection), av = Ilv = v for any v € T, M and thus both @ and a~! are I|7, o, the
identity mapping restricted on T M.

The vector field b and the diffusion tensor @ uniquely define a unique SDE (3.12)
on M. We extended the domains of b and @ to b and a, respectively, by introducing
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the projection I to have an equivalent SDE (3.13) embedded in the ambient space. By
viewing this projection form SDE (3.13) as an R™-valued SDE in the ambient space,
we can study its LDP and action functional. Obviously, the extended b, a and the
choice of II are not unique in the ambient space. Will the LDP result and the action
functional obtained from the ambient space depend on the nonunique extensions of
b(x) and a(x)? We next show that the answer is no and the final result of the action
functional of (3.13) depends only on the intrinsic flow b (i.e., IIb) and the d-norm

on M.

3.3. Action functional. Equation (3.13) on Euclidean R™ has degenerate diffu-
sion restricted in T, M, a subspace of R"™. The classic Freidlin—Wentzell theory [9] for
the nondegenerate case is not directly applicable. The Freidlin-Wentzell LDP result
has been generalized for the degenerate case. Refer to [3, 1, 20] and the literature
therein. Under certain mild assumptions for ITb and Ilo (sublinear growth, locally Lip-
schitz continuity in R™, etc.), it follows from [3] that the LDP of the Freidlin—Wentzell
estimate holds with the rate function given by

T . . 1T .
@16) Siel= [ Le.dde= it {2 | siar: o) - Hof}
if ¢ € AC([0,T],R") and S[¢] = +oo otherwise. Here Il = Il and ¢ = d¢/dt is
the time derivative. The norm || f[| is the 2-norm in R". Equation (3.16) implies that
for any path with finite action, its velocity ¢ must lie in Img(IT), which is just the
tangent bundle 7M. Let the two ends of the path be fixed at two given points A and
B on M, ie., $(0) = A and ¢(T) = B. Then ¢ € T'M implies that the path with
finite action must be in the admissible set

(3.17) A={p e AC([0,T;M):  ¢(0) = A, ¢(T)= B},
which is equivalent to
(3.18) A= {¢ € AC([0,T];R") : ¢ € Imglly, ¢(0) = A, $(T) = B} .

The Lagrangian L(z,y) : M x TM — R in (3.16) has the following form by
introducing u = o f(t) for each t:

(3.19) L(z,y) = i 1

2
uER",HIELllI;—Hb(m) 2 lella-

Recall that a(z) = o(z)o(z)" is nondegenerate and positive definite in R” and
lulle == VuTa 1 (z)u for u € R™. So (3.19) is a quadratic programming and the
solution w is unique in general. The following result relates the above minimization
problem to the a-norm we defined before.

PROPOSITION 1. For any vector v € T, M, we have that

. 2 g
(3.20) oomin [l = ol

where a is defined in (3.14) and || - ||z is defined in (3.15). In addition, the optimal
u* = all"a . Furthermore, if IIT =11, then u* = aa~'v.
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Proof. Write v := a—'v. By the definition of @ and @', we have av = [Iall"0 = v.
Introduce ! := u — all'¥, then IIl = 0. We have that

lul|?> =u"a tu= (I +all"®) (a1 + I177)
=2+ + TS + 3" Tall'
= % + "o = [l2IZ + [[vl1Z < [loll3-

So the conclusion holds and the optimal solution is u* = all'%. O
The following theorem is a direct consequence of the above result.
THEOREM 2. The Lagrangian (3.19) is equivalent to

(321) L(wy) = 5l ~ Bz 2

So, the Lagrangian (3.19) and the action functional are independent of the embedding
in the ambient space.
Following section 2, we have that the corresponding Hamiltonian for (3.19) is

(322) H(z,p) = (o). p) + 5 |}o(e) T

where (-,-) and || - || are the inner product and 2-norm of R", respectively. To verify
that (3.22) is the Legendre transformed L, we use the duality theory of optimization
and shall show that for any fixed z € M and y € T, M,

L) = sup ({y:p) = H(w.p))

(3.23)
= sup (0= ). 5) = o ITH?).

pER™

The Lagrange function £ : R® x R" — R associated with the constrained optimization
problem for the variable u in (3.19) is as follows:

1
E(u, )‘) = 5”“’”3 - </\7Hu —Y+ Hb(fv» )

where A € R is the Lagrange multiplier. The dual function g(A\) = min,ern L(u, A).
Straightforward calculation for this minimization shows g(A) = L(allT\,)\) =
—3loTIITA||2 + (A, y — IIb(x)). Since the strong duality holds for the quadratic pro-
gramming in (3.19), we have that L(x,y) = supycg» g(A), which is exactly (3.23) by
identifying p as A. It is not difficult to show that for finite L(x,y), the optimal p* in
(3.23) is in Img(II). So, the Hamiltonian H(x,p) in (3.22) is finite for € M and
p € T, M and is equal to —oco otherwise.
By the duality theory, we also have that

L
(3.24) Z—y =p* and u* = all'p*,

where u* is the minimizer of (3.19). It is also observed that p* is the unique solution
(in Img(I1)) of ap* = y — Ib(z) since all p* = Ilu.
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3.4. Geometric action functional on M. The geometric formulation of the
action function, developed in [10], does not involve time explicitly but allows the
variation of the time interval. If we consider the original formulation of Freidlin—
Wentzell theory as an analogy of Lagrangian mechanics for the trajectory of a particle,
then the geometric action functional in [10] corresponds to the Maupertuis principle
(section 44 in [14]) for the curve along which the particle travels.

In the following, we consider the geometric action functional S for the SDE (3.13)
on the manifold M. Suppose that a curve v on M is parametrized as v = ¢(«), with
a € [0,1], for instance, a being the normalized arc-length parameter. Then the
geometric action functional is the line integration along -~y

Sly] = / (p, dy)

subject to the constraint H(p,p) = 0, where p = 0L/0y(p,¢) is the generalized
momentum, L is the Lagrangian defined in (3.23), and ¢ is the time derivative. By
(3.24), this generalized momentum satisfies ap = y — IIb(z), and

(3.25) p=1a"'(¢—TIb(p)).

So, S has the following expression:

Slg] = / (@ (p — Th(p)), dg)
1
- / (@ (oA~ TIb(g)), ') da,

where the scalar-valued function A := da/dt € [0,+o0] is the change of variable
between the physical time ¢ and the arc length . Here ¢ = dep/ dt is the time deriva-
tive and ¢’ = dy(a)/ da is the tangent vector of the curve for the a-parametrization.
To derive the expression of A\ in terms of ¢ and ¢’, we use the condition that the
Hamiltonian along the path is constant zero [10, 14] as well as the formula for p in
(3.25):

1. . 1, . 1
H(p,p) = 5 (¢ +1Ib(0), o — 1Ib(0))z = S [|4lla — 5 [Hb(¢)lla = 0.
Since ¢ = ¢’ ), the above equation gives the important quantity

da
d le'lla”

(3.26)

Therefore, we obtain the expression of S for p € A,

. ~
A _ bllz
SMZ/ a 'y H ,” —1TIb(y) | ,¢" ) da

0 ¥’ lla

1 ~ I~

— [ @lall el - (50, da

0 a

This expression can also be obtained from the time-parametrized S2' in (C.3) by

using (3.26). Proposition 4 allows us to write (3.27) equivalently in the following
a-norm:

1 ~ ~
(3.28) Stel = [ IS~ (17Be) ), do.

(3.27)

a

We recall that II=1b = IT~'1Ib is not equal to b.
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The Euler-Lagrange equation for the geometric action functional S can be ob-
tained directly from the variational calculus or by using (3.26) to transform the Euler—
Lagrange equation for SQM into arc-length parametrized form. For the same curve
v=A{¢(t):t€[0,T]} = {p(a) : @« € [0,1]}, where da/dt = X is given by (3.26), the
following general result holds for the Fréchet derivativeof two functionals S™ and S:

5_‘§ — A—l(sS'lM
8¢ 3o
Thus, by (C.9) and (3.26)
58 P T ~ ~_1
(3.29) @:)\ —pA—J p+§(a]3)®(a]3):V(a ),

where p = a"1(¢/ A — b).

We finish this section by presenting a spherical manifold case which will be used
later.

Ezample 1 (sphere S?). Using the result in Example 3, we have the form of the
action functional S in (C.2):

5] = /OT |~ m(0)

’ ¢ b Zdt
a_<M7¢_ (¢)>a .

Note that the first term is exactly St of (C.5), so Sp[¢] < Shl¢]. Likewise, we have
the expression of the geometric action function (3.28) in this case, which is

Slel = / \/ (Immoz = (e, )2 /112 (112 = (', 00 /i)
— (b, ¢), + (b, ), (" 0), /NIl da.

4. Constrained minimum action method. The least action principle is to

solve the constrained minimization problem, (C.2),
inf SM[¢] = inf 1/T 26— ) Car
peAT C6eA?2 Jy a

and the geometric version, (3.28),

1
inf Sly] = inf [ [[TI7MIB)|o|IT ¢ |lo — (T 10D, ¢")  da.
it 8] = fnt, [ I — (1), do

The Euler-Lagrange equations have been derived in section 3. Thus, in prin-
ciple, the minimum action paths can be calculated by any numerical optimization
solver, such as the steepest descent dynamics. In the following, we briefly discuss
many practical aspects of this computational problem. Many of them have already
been investigated in the context without constraints during the development of the
minimum action method [8, 25, 10, 23, 22, 21]. Some of these techniques are quite
important for large-scale problems. The consideration of the constraints in the con-
strained minimum action method will also be discussed in detail.

First recall that one of our motivations for the manifold case is for the constraints
specified by the nondegenerate constraint functions cx(z) = 0, kK = 1,2,...,n — d,
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as discussed in Proposition 1. Thus the manifold M = {z € R" : ¢x(z) = 0,k =
1,2,...,n—d} and the projection II is the orthogonal projection P = I-GT(GGT)~'G
in (3.9). The inverse of @ appearing in the Euler-Lagrange equation can be calcu-
lated via ¢ "'II~! as shown in Proposition 3. The explicit formula for II7! is usually
solved from its definition. The basis vector for the space Ker(Il;) is & = Vei(z).
The explicit formula of II™! under a-norm can be expressed in terms of & = Ve,
following the same procedure as in Proposition 7. We also mention that when the
local coordinate representations for ¢! are conveniently available for some special
problems, the corresponding local coordinate form for the action functional (C.2) and
(3.28) can be derived and used to have a standard nonlinear optimization problem
without constraints.

The first thing to consider in any numerical scheme for the action functionals
(C.2) and (3.28) and their Euler-Lagrange equations (C.9) and (3.28), respectively, is
the “spatial” discretization for ¢ or a.. For Freidlin-Wentzell action functional (C.2),
the path to compute is represented as ¢ = (¢o, ¢1, P2, ..., dn) for a given time mesh
grid 0 =ty < t; <to... <ty =T such that ¢; = ¢(¢;). It is important to maintain a
good parametrization for the path in the configuration space to ensure good accuracy;
thus, the idea of the adaptive minimum action method (aMAM) in [25] should also
be applied here. The aMAM uses the moving mesh method to redistribute the time
mesh grid {¢;} when the current mesh grid does not meet certain criteria, for instance,
when the ratio max; ||¢;41 — ¢:||/ min; ||¢p;41 — @] exceeds some threshold (1.5 ~ 5
in practice). The aMAM solves a one-dimensional elliptic equation to obtain the
numerical mapping between the time ¢ € [0, 7] and a new variable a € [0, 1] (a similar
role for the arc-length parameter in some sense, but more flexible). The key element
in this moving mesh strategy is the monitor function w, which is typically chosen
as ||¢H to achieve arc-length parametrization for the discrete path. The alternative
choice with a similar effect is to choose w(t) = ||b(¢)||z by noting that the minimum
path satisfies ||¢||z = ||b]|z for the zero-valued Hamiltonian. The flexibility of selecting
other types of the monitor function w caters for other needs, for example, including
the second derivative [|026||~! in w to place more points in regions of high curvature.

Besides the redistribution of the mesh grid, the first and second derivatives of the
path can be calculated by the finite difference method as aMAM [25] did or by the
more advanced spectral element method proposed in [22] to achieve higher accuracy.

For the gMAM to solve (3.28), the curve « is represented by (¢o,@1,.-.,¥N);
and the above “spatial” discretization methods are all applicable in this geometric
setting. Likewise, the progress of the path evolution will eventually deteriorate the
mesh quality. Thus it is equally important as in aMAM to check the ratio max; ||¢;+1—
wil|/ min; ||@i+1— @il and perform reparametrization by interpolation when necessary.

For the calculation of the arc length of the curve p(«), it may be more natural to
use the geodesic distance on M to define the arc length, but it is practically convenient
to just use the Euclidean arc length. If the number of discrete images in representing
the curve is sufficiently large, these two choices of the distance between neighboring
images measured by geodesic or Euclidean metrics would not give much difference.

After the temporal mesh or arc-length mesh is redistributed, the interpolation
can be implemented by the cubic spline interpolation like in [8, 25]. Since for the non-
gradient system, the path usually has a sharp corner on the basin boundary, the high
curvature there would decrease the interpolation accuracy. The well-known WENO
interpolation is quite a feasible and efficient method to handle the discontinuous sec-
ond derivative (w.r.t arc length « or the « variable in aMAM).
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In the end, we discuss the issue of how to take care of the constraints. We select
a numerical scheme for the constrained nonlinear optimization, say, the augmented
Lagrangian method [18], which requires the input of an objective function, constraint
functions, and their gradients. In our constrained minimum action method, the objec-
tive function is the discretized version of the action functional S[¢o, @1, . .., ¢n], where
oo = A, oy = B are given on M. The derivative of the objective function is calculated
by the Fréchet derivative of the action functional, i.e., the Euler-Lagrange equation
(unconstrained version on R™). The constraints are cx(¢;) =0 Vk=1,...,n—d
andi=1,..., N—1, totally (n—d)(N —1) constraints. Their gradients can usually be
derived analytically for specific problems; otherwise, the derivative-free optimization
solvers have to be used. The augmented Lagrangian method solves the constrained
problem by sequentially solving unconstrained problems

rn(gn <S[¢] - Z Akick(¢i) + g Z Cz((bz))
kyi ki

and updating the Lagrange multipliers Ax; and the penalty factor u. When the path
is parametrized in time, the above S is S#¥'. During solving this constrained optimiza-
tion problem for a given mesh grid in [0,7], the mesh quality will be checked, and
when the adjustment for the mesh is needed, the mesh will be redistributed and the
path after interpolation will be used as the initial guess for the constrained discrete
optimization problem associated with the updated time mesh grid. When using the
geometric action functional S, the arc-length distribution of the discrete images on
the curve can be achieved in an alternative approach, rather than using interpolation
in the above aMAM idea; we furthermore impose N — 1 constraints for the arc-length
parametrization requirement: [|¢;y1—@ill* = [lpi—@i—1[|* fori =1,..., N—1. In this
way, the initial curve does not have to be exactly on the manifold or even arc-length
parametrized to satisfy all the constraints. The augmented Lagrangian method will
take care of both types of constraints. The calculations in the next section for our
examples of interest in this paper are implemented by calling the MATLAB fmincon
subroutine and incorporating the above two types of constraints.

One can also use the projected steepest descent dynamics to solve the constrained
optimization problem, that is, to solve the Euler-Lagrange equation, i.e.,

8T¢(T7 t) = —H%
This requires that the initial guess of the path ¢(0,-) should satisfy the constraints
{cx = 0}. The projection II is explicitly placed on the right-hand side to suppress the
“spatial” discretization error amounting to small deviation from the tangent space.
However, the 7-discretization will also bring a small deviation from the manifold,
even when the force at 7, is exactly on the tangent space. Thus, it is favored to
bring ¢("t1) = ¢(") — §7. (H%)(”) back to the manifold exactly so that the obtained

#"*t1) is on M. This cannot be done via the projection II on tangent space and
indeed it may be quite challenging for certain problems. But sometimes, for the
examples in our following section where the manifold is typically a sphere S?, this
procedure is quite easy and a simple normalization © — /||| works well. For general
situations, [6] offered a proposal of using the implicit scheme for 7 in developing the
constrained string method. A similar idea is to introduce components in normal
space, span {Vc¢g}, to correct the error from d7: to look for 71,...,v,—q such that
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k(@) = (¢ + 4,;Ve;(¢™)) = 0 V k. Overall, both of these methods
eventually bring some overhead of solving nonlinear equations for ¢("+1).

The last comment is about the choice of the initial path. Like any optimization
problem, the choice of a good initial path is essential to find the global minimizer
and this is the biggest difficulty for many practical problems with multiple local
minimizers. The general strategy we used for path-finding problems is to explore the
configuration space by using the minimum action method with simple guesses such as
straight lines. With a more clear understanding about the invariant structures such
as saddle points, heteroclinic orbits, etc., some new initial guesses can be proposed
to try in hope of new information about the configuration space. These two tasks
actually benefit each other. Usually, by this recursive procedure, one can both gain
deep insights of the configuration space and obtain the path whose action is as small
as possible. The details for specific examples can be found in the next section or the
previous work [23].

5. Examples. In this section, we apply the constrained minimum action method
to study the transition pathways for the motion of one class of liquid crystal molecules.
These types of macromolecules are usually modeled as rigid rods so the configuration
space for each rod is S2. More realistic models such as general bead-rod-spring models
have more complex intrinsic constraints for the molecular configurations; the details
are well-explained in Chapter 5 of [19]. The rigid rod model we are studying here is
the typical building block for those chain models.

shear

Fic. 1. Rigid rod polymeric model in shear flow. The length of the directed vector X is one.

Typically, there are many equilibrium states for the molecular configurations.
Depending on the interaction between molecules, there could be some spontaneously
preferred directions X for the molecules. In many cases where the ensemble statistics
are of interest, the direction X and —X is undistinguished due to symmetry. But at a
microscopical level, each individual configuration does switch between the symmetric
two metastable states X and —X. When these macromolecular polymers are added
into solvent (Figure 1), then the mixed solution has interesting hydrodynamic and
rheological features different from the Newtonian fluid. The study of complex fluid
mainly focuses on macroscopic quantities of polymeric fluid, such as viscoelasticity.
However, the change of macromolecular configurations at the microscopic level due
to thermal fluctuation and fluid shear is of its own interest, in particular when these
macromolecules, for instance, liquid crystals, are directly responsible for some physical
mechanisms in practice, such as color control for display devices.

In the following, we present two examples to understand the transition paths
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in the rigid rod model. In the first example, we study the single rod molecule with
quadratic potential in shear flow. Due to spherical symmetry, any linearly stable state
X has a symmetric stable one —X. The transition from X to —X corresponds to the
flip over process of the rod molecule. How the shear rate impacts this flip over process
is our interest. Our second example includes two rods with interaction between them.
This is the simplest case for the weakly interaction particle system [16]. To see how
the anisotropic diffusion tensor play roles transition path, we artificially assign two
different diffusion coefficients, o1 and o9, for the two rods and investigate the effect
of the ratio o2/c; on the transition pathways. Although the diffusion coefficient
(i.e., temperature) of two molecules seem to be the same in physical reality, our
manipulation of anisotropic noise in this model produces some interesting results,
which could be instructive in the general case of the state-dependent noise o(x) and
may be quite useful when the precise control of noise size for each individual rod (or
two groups of rods) is possible.

Last, we remark that we only report the results from the constrained minimum
action method based on the geometric action formulation. Thus, the objects we
calculated are curves in the phase space. The pathways from the constrained Freidlin—
Wentzell action functional are consistent with these results when the underlying time
interval is sufficiently large.

5.1. Flip over process of one rigid rod. Consider a unit sphere S? in R3.
X = (X1, X2, X3) € R3 Let V : R® — R be the potential energy with symmetry
V(z) = V(—x) and W; be a Brownian motion in R3. Write the normal vector n(z) =
z/||z|| € S®.. The motion of the rod molecule in consideration is described by the
equation

dX = (I - n(X)n(X)T) <(—VV(X) + KoX)dt + Eo th) :

where K is the matrix of the shear rate tensor in the Cartesian coordinate.
Here the noise is isotropic and the manifold M is S?2. The geometric action
functional in (3.28) is reduced to

1
8lo] = / I~ TIb() T2 || — (I~ TIb(p), ') dar
(5.1) 0

- / I 12| — (To(p), ') dav,

where ||p(a)]| =1V a.
We assume the following quadratic form of the external potential function V:

3
1

5.2 Viz) =Y =piz?, wh 0.
(5.2) (x) ;2““3:1 where pg > pa > p1 >
The two local minima of V on S? are e) = (1,0,0) and —e") = (—1,0,0); the two
local maxima are e®® = (0,0,1) and —e® = (0,0, —1); the saddles are e® = (0,1,0)
and —e® = (0, —1,0). In the example below, we simply set (1, 2, u3) = (1,2,3).

For the quadratic potential equation (5.2), the SDE then becomes the following
form:

(5.3) dX = (I —n(X)n(X)")(KX dt + 2 o dW}),

where K = diag{p1, pto, u3} + Ko. We consider two forms of shear rate matrix Ky
corresponding to different directions of the shear flow.
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5.1.1. Shear flow: Example 1. We first consider the following shear flow,
where x; is the streamwise direction, xo is the shearwise direction, and x3 is the
spanwise direction. So it is assumed that

0 412 0
(5.4) Ko=10 0 0
0 0 0

Here the shear rate 412 is a constant parameter.
The deterministic drift flow on S? is X = (I —nn")K X. The fixed points of this
flow are the three vectors on S2,

n = (1,0,0)T,

(5.5) n® = (—F12, 1o — p1,0)T/\/A%s + (2 — p1)2,
n® =(0,0,1)7,

and their symmetric counterparts —n(9, i = 1,2,3. In total, there are three pairs
of fixed points. Since pg > pe > p1 > 0 in the quadratic potential, (5.2), we can
derive the following linear stability results for infinitesimal perturbations. The pair
+n) is linearly stable (classified as sink and denoted as si; and si_, respectively)
with two stable eigen directions e(® and e(®). The pair of £n(3) is linearly unstable
(classified as source and denoted as so; and so_, respectively). The pair of +n® s
saddle point (denoted as say and sa_, respectively) with one stable eigen direction
e (the unstable eigen direction relies on #12). The separatrix on the unit sphere
between the two sources si;. and si_ is the great circle of S? in the plane spanned by
sa+ and so+.

The introduction of the shear rate in form of (5.4) only affects the orientation of
the saddle point, (5.5). The positive value of shear rate 412 has the effect of rotating
the saddle direction n(® counterclockwise (looking down from the zs-direction, i.e.,
vertical direction). The negative 12 gives the opposite rotation direction.

We are concerned with the flip over process of the rigid rod, i.e., the transition
between two symmetric stable fixed points si; = n(") and si_ = —n("). The minimal
action for this transition is related to the frequency of this process ( « exp(— inf S/e¢)
[9]). The smaller the minimal action, the more frequently the rod flips between two
stable states.

To resolve all possible minimizers of the variational problem inf,cge S‘[<p], the
initial guesses of the path should be carefully constructed. The idea of setting the
initial guess is as follows. Since on the separatrix between siy and si_ there are
four fixed points, so+ and sa+, we then construct the different initial paths passing
through these points, respectively. In consideration of the symmetry for the case of
so+, we only need to test three different initial guesses, which give three different local
minima of the action functional S. As a result, the obtained three minima correspond
to the minimal actions from siy to saddles sa_, sa4, and so_ (or so4 ), respectively.
The minimum among these three minimized actions gives the global optimum and
thus corresponds to the correct transition path between si_ and si;. Refer to Figure
2 for the plot of these three actions when the shear rate is varied. This evidence
shows that the shear of the flow field lowers the global minimum of the action and
hence increases the flip over frequency. At a high shear rate, the frequency could be
so large that the rod molecule would oscillate between the directions si_ = —n(") and
sip =n,
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0
shear rate

Fic. 2. The minimum actions (vertical axis) for three paths from siy to sa—, say and so+,
respectively.

Among the obtained three paths from different initial guesses, the global minimum
is the one passing the saddle sa_ or say, depending on the direction of the shear, i.e.,
the sign of §12. These paths are one of semi great circles entirely in the x1-z2 plane.
Figure 3 shows the global minimum action path starting from siy for 412 = 0,1, —1.
For instance, when 412 > 0, the saddle sa_ (the solid black line) is shifted closer to
si4 so that it takes less action for the system to escape from si_ to the separatrix by
selecting this saddle sa_. A similar picture holds for negative 412, where the saddle
sat (the dashed black line) is shifted closer to siy.

5.1.2. Shear flow: Example 2. Next we study the transitions with the follow-
ing shear rate tensor:

Y13

At
Ky = 0
0

o O O
o O O

The fixed points for this Ky become

n® = (1,0,0)7,
n® =(0,1,0)7,

n® = (=413,0, 3 — 1) " /\ /A% + (13 — 1),
and si— = —nW and si; = n(M) are sinks, sa_ = —n® and say = n? are saddles,
so_ = —n®) and so, = n® are sources. The heteroclinic orbits among these fixed

points are similar to the previous example in section 5.1.1: They are the great circles
connecting the neighboring fixed points. The separatrix between siy and si_ is also
the great circle in the plane of sa and so. The difference from the example in section
5.1.1 is that now the shear rate affects the location of the sources so4, while the
saddles sa4 are unchanged.
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(a) shear rate 412 = 0.

(b) shear rate 412 = 1.0 (c) shear rate y12 = —1.0

Fic. 3. Global minimum action paths for different shear rates. The two symmetric flip over
paths passing sa— are shown in white and black, respectively.

Again, we are interested in the transition from siy to si_ and shall examine
the minimum action paths with different initial guesses which pass through the fixed
points so_, so, and sa+, respectively. Figure 4 shows the minimum actions for these
three paths. From this figure, we can observe that a larger shear rate deceases the
actions both to the saddle and to the source. However, there is a competition between
these two local minima of the action. When the shear rate is small, the path passing
the saddle is the global solution. But when the shear rate is very large, the calculation
shows that the action to the source can be slightly smaller than the one to the saddle
so that the transition state changes from the saddle to the source. This suggests that
there is a bifurcation point of the parameter 475 (around 1.9 for this example in our
calculation) for the patterns of the global minimum action path.

The above conclusion can be better understood if we plot the global minimum
action path for 473 = 1 and 2 in Figure 5. The positive value of shear rate 413 has
the effect of tilting the unstable fixed point soy = n(3) (the solid red line) counter-
clockwisely in the z1-x3 plane (looking from the —zo-direction). Such tilts will pull
so_ (the dashed red line) toward si; (the solid blue line) and push so; away from
si4. However, when the shear rate is not strong, this push is not significant enough to
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FiG. 4. The minimum actions for three paths from siy to so—, soy, and sa+ (either sa— or
say since the minimal actions are the same due to symmetry), respectively. When 413 passes the
critical value {5 = 1.9, the global minimum path changes from passing o sa to passing so_, i.e., the
transition state changes from sa to so—. The right panel is the zoom of the left panel for a window
near y13 = 2.

14
0.51
< 0
-0.54
4 1
-1 0
X 11 X,
1
(a) shear rate 413 = 1.0. (b) shear rate 413 = 2.0.

Fic. 5. Global minimum action paths for different shear rates. (a) The transition path from
siy to si— through sa— and its symmetric mirror are both shown. (b) The path is the semicircle in
the plan spanned by so and si (r1-x3 plane). The initial guess of the path in the minimum action
method is the path in (a).

beat the action of the path through the saddle sa+ (the pair of curves shown in Figure
5(a)). When 413 continues to increase by passing the critical value 475, the shear-
induced tilt will become strong enough to lower the action to reach so_ significantly
so as to become a global solution.

In summary, when the shear of the fluid affects the unstable fixed points so4 of the
molecular configuration on S2, the competition of the minimum action paths passing
through the saddle sa+ or through the source so+ would generate a bifurcation of
the patterns of the global path. The same phenomena have been observed before,
for instance, in some planer (nongradient) system [17]. For real problems, the shear
rate tensor Ky may be the combination of the above two examples we have studied;
from the analysis above, we expect that the similar bifurcation of the pathways could
happen for a different size of the shear rate. It is also generally believed that the shear
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would lower the global minimum action and thus increase the flip over frequency.

5.2. Flip over of two rigid rods. Here, we study a slight generalization of
the previously studied single rod case, a toy model of two interactive rigid rods. Let
X1, X5 be the directed unit vector of two rods. We consider the following stochastic
dynamics on S? x S2:

(56) dX; = (I —nnl)(=VV(X,)dt — Va, U(X1, X2)dt + g1/e o dW)),
' dX o = (I — nonl)(=VV(X3)dt — V4, U(X 1, X2) dt + goy/e o dW ),
where n; = X;/|| X, i = 1,2; 01 and oy are two positive constants. Here U(x1,x2) :

S? x S? — R describes the interactions of these two rods. One common choice of this
potential U is the Maier—Saupe potential

(5.7) U(wy, @z) = Asin®(0 — 0p),

where 6 is the angle between @1 and xo (Figure 6), A is a positive number, and 6 is
the preferred angle. We assume 6y = 0 without loss of generality.

U(X1,X5)

N

F1G. 6. Two rigid rods with interaction potential U.

The model we are studying in (5.6) has no effect of shear flow and is a reversible
system when o; = 09. In the following, we are interested in how different values of
the ratio o9/0; affect the transition paths. First we give the action functional form
for this example. We write the path as a pair ¢ = [p1,92] € R3 x R3. Denote
b(p) = [b1(p), b2(p)] € R3 x R3, where b;(p) = —VV (¢;) — Vi, U(p1, 2) corresponds
to the rod i. The geometric action functional (3.28) for (5.6) thus has the following
form:

2 2 2 2 2 2
01 03 07 03 07 03

N 1 2 2 2 2 ’ /
5.8 Syl :/ Houl® | fleal® [ ot (breh) (B2 h) 4
0

The constraint is ||¢1]] = ||¢2] = 1.

We choose the quadratic potential as in the previous example of one rod. V(x) =
xTKx/2. Here K = diag{p1, po, u3}, where pu; < po < pz. Next, we show the
following property of the drift low of (5.6) on S? x S? for the weak strength of the
interaction.

PROPOSITION 2. If the coupling constant A in the potential equation (5.7) satisfies

1
. A —mi i Mjl
(5.9) < g min i — ]
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then all fized points of the deterministic drift flow of (5.6) are the 36 points
(ieiaiej)a iaj:172737

where e; is the unit eigenvector of K for eigenvalue u;, for instance, e; = (1,0,0).
Moreover, the four points (e, +e1) are stable (classified as sink), the four points
(Les, tes) are unstable (classified as source), and other fized points are all saddles.

Proof. It can be verified that any fixed point (21, x2) must satisfy the following
equations:

(5.10) — K@y + 2A (@1, @) @y — 2A (@1, 22)° @1 + (2] Ky )z, = 0,
(5.11) — K@y + 2A (@1, @2) @ — 24 (@1, @2)° @o + () Kap)@s = 0,
(5.12) @] = [le2]l = 1.
If (@1, 22) = 0, (5.10) and (5.11) suggest ; and xo must be unit eigenvectors

of K corresponding to distinctive eigenvalues, respectively. It gives 24 fixed points
(+e;, te;) for i # j in this case.

If (z1,x2) # 0, (5.10) and (5.11) together imply that (x;,z2) (xT Kz1 — 21 Kx2)
=0, or, 21 Kr; = 3 Kzo = \. Furthermore, by considering (5.10) £ (5.11), we
have @, 4+ @2 are either zero vector or an eigenvector of K. The former case gives
the other 12 fixed points (+e;, -e;). The latter case that @1 £ @2 is an eigenvector
of K will eventually lead to an equality p; — p; = 4A (x1,z2). But since it follows
i — pj| = |4A (@1, z2)| < 4A||z1]|||z2] = 44, which contradicts condition (5.9), there
are no other solutions.

The conclusions of the linear stability are based on the calculation of the Jacobian
matrices at these fixed points. We neglect the details. o

In all, there are 36 different fixed points. From the above proof we know that
(ei, e;) is a fixed point even without the condition (5.9). If the condition (5.9) does
not hold, there may be other fixed points and it can be shown that there are at most
60 fixed points. In our numerical calculations, we choose K = diag{1,3,5}, 4 = 0.4
to satisfy the condition (5.9). In addition, we always let 01 = 1 but allow o3 to vary.

The transition path we will study is from the initial state (e1, —e1) to the final
state (—ey, e1), in which both rods flip over their initial directions. Since the initial
and final states both lie in the e;-es plane for each rod, then by symmetry consid-
eration, the transition paths, i.e., the minimizers of the action functional (5.8), must
also lie in this plane. Our numerical calculations based on S? x S? indeed verify this
fact. Therefore, we can visualize the obtained paths and interpret our results on a
lower-dimensional product space S! x S'. It is convenient to use local coordinates
(01,02) € [0,27) x [0,27) to denote a point of the path (¢1, ¢2):

@1 = [cosBy,sinb1,0], @2 = [cosba,sinby,0].

In this local coordinates representation, the initial and final states (e;, —e;) and
(—e1,e1) can be written as (61,62) = (0,7) and (m,0), respectively. There are 16
fixed points on S x S! in total. Further taking into account the spatial symmetry, we
only need to focus on four sinks and five saddles for (01, 62) € [0, 7] x [0, 7], as shown
in Table 1 and Figure 7. In the figure, the heteroclinic orbits between these fixed
points are shown in arrowed lines. The saddle point sas, at the center of the figure,
is on the separatrix of all four sinks in the phase space and its unstable manifold has
dimension 2. All four other saddle points have one dimensional unstable manifold for
each, i.e., they are index-1 saddles.
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TABLE 1
Four sinks and five saddles for (01,602) € [0,7] x [0, 7].

Stable points | S? x S? (61,02) || Saddle points | S? x S? (61, 02)
sty (e1,e1) (0,0) sa1 (e2,e1) (m/2,0)
si2 (e1,—e1) (0,7) saz (e1,e2) (0,7/2)
si3 (—e1,er) (m,0) sas (e2,—e1) | (w/2,7/2)
Sig (—e1,—e1) (m,7) saq (—e1,e2) | (m,m/2)

sas (e2,e2) (m/2,7/2)
-« @] >0
A sl2 sas s|4
920 sa, O sap
sa
v Si sa, si
°< o} >'®

o

FiG. 7. Fized points in 01-02 plane. Sinks are denoted by solid dots (e), saddles are denoted
by circles (o). The arrows shows the heteroclinic orbits of the deterministic drift flow. All saddles
have index 1, except sas has index 2.

The transition path we studied is from sis to sis, two diagonal nodes in Figure
7. In solving minimization problem inf, S[@], one critical issue is how to locate the
global solution rather than being trapped by the local ones. Since there is no efficient
global minimization solvers (we used the MATLAB subroutine fmincon for nonlinear
optimization), the selection of initial guess of path is crucial. We utilize the informa-
tion of the heteroclinic orbits in Figure 7 and propose the following five routes as our
initial guesses by choosing different fixed points as intermediate states:
A. siyg — sas — siz,
B. sis — sas — sas — sig,
C. sip — sag — siy — sa; — Sig,
D. sis — sag — sas — sis,
E. sio — saz — sig — saqg — st3.
Then, each choice of initial guess gives a local minimum action path and the obtained
minimized actions for the five solutions are plotted in Figure 8. The lowest value of
these five curves gives the global minimum action.
When o1 = o9, the same global solution can be achieved from initial guesses A,
B, and D. This global minimum action path is the diagonal line (sia — sas — sis)
in the 61-02 visualization (Figure 9(a)). However, when o9 # o1, the symmetric path
(sia — sas — si3) is not the global minimal solution; in fact, the path for the global
solution will pass through index-1 saddle point sas (if 03 > 01) or sag (if o2 < 01).
Take 09 = 1.2 > 07 = 1 as an example. The transition path corresponding to
the global minimizer of the action functional is shown in the right panel of Figure
9(b). The symmetry of the transition path is broken for this case of unequal diffusion
coefficients. This asymmetric path has three segments and accordingly the transition
process can be understood via three stages. The first stage is from sis = (e1, —eq)
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14 T
’ —_— S|2——Sas——3|3

si,—-sa,--sa_--si, 1

““““ S|2——sa2——3|1——sa1——3|3 |

si,—-sa,--sa_--si,

. Si,——sa,—-si,——sa,—-si,

action

Fic. 8. Numerical values of the minimal actions corresponding to five different initial guess
paths by varying the diffusion coefficient oa.

to sas = (e, es2), where the first rod does not move much and only the second rod,
which has the larger diffusion coefficient, rotates clockwise to the vertical position es;
then, at the second stage, which is from sas to sas = (es, e2), the second rod is almost
still and “waits” in the state es for the first rod to move from e; to es. Once both
rods reach the saddle state sas, the last state starts and both rods directly approach
the final state stz following the heteroclinic orbit in Figure 7 without any aid from
noise.

The above numerical results demonstrate a selection mechanism: the rod with a
larger diffusion coeflicient o is subject to large random perturbations with the same
white noise realizations, and thus it is easier to make transition movements first. We
may call this rod as an “active” rod. After this rod actively approaches a critical
state (eg here), it rests there, and the interaction U(x1,xs) starts to be the main
contributor to influence the system and the previously still rod (“passive” one) is
attracted by U from the active rod to the critical state, from where the entire system
has crossed all the barriers on the route of the transition. What is unexpected here
is that the two rods move in tandem during the first and second transition stages.
Taking an analogy of the so-called reaction coordinate in chemical reactions, we can
think of #5 as an excellent candidate for reaction coordinate at the first transition
stage and 6; at the second stage. When we varied o9 from 1 to 2 (o7 = 1 is fixed), the
numerical result shows the robustness of this set of reaction coordinates especially
at the first stage from sia to sas. Refer to Figure 9(c) for the plots of 40 (global
minimum action) paths for various values of o2 by equally dividing the o3 from 1
to 4.

In all, when the diffusion coefficients for the two rigid rods are identical, the
transition path is symmetric and both rods move simultaneously in the transitions.
If one of the diffusion coefficients is adjusted, then the rod molecule with the larger
diffusion amplitude will initiatively move into some intermediate state. Only after this
step will the other rod follow the movement in a similar fashion. The unbalance of
the noise amplitudes triggers an ordered process for each rod to make the transitions.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/10/17 to 144.214.74.89. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

FINDING TRANSITION PATHWAYS ON MANIFOLDS 197
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o ~
< 14 = 15 15

05 05 05

(a) o9 = 1. (b) o9 = 1.2. (C) o9 € (1,2).

Fi1a. 9. Global minimum action path(s) from siz to si3.

6. General bead-rod systems. We have studied the most probable transition
pathway for the stochastic dynamics with explicitly known projection operators. In
the theory of polymeric fluids, people are also interested in the stochastic conforma-
tional dynamics of the bead-rod system [5] with Lagrange multipliers as we discussed
in section 3.1. All of our derivations before can be applied in this special case. Let us
illustrate this point concretely as below.

bead 1
X1

F1G. 10. The schematics of the bead-rod polymer chain with K beads.

Consider a bead-rod polymer chain with K-beads (Figure 10), being described,
for instance, by the following over-damped stochastic dynamics:

(6.1) dX;:(MXQ+{Enr—E4nFQ)&+w@dW% i=1,2,... K,

where X; is the R? coordinate of the ith bead, u(X) is the drift part which includes
the effect of fluid velocity and driving potential at X, n; = (X ;41— X;) /|| Xi+1— Xl
fori=1,2,..., K — 1, and T; is the tension between the beads i and i + 1 such that
the constraints

(6.2) X1 — Xl =1, i=1,2,...,K—1,

are satisfied. We take the convention that Ty = 0 and nx = 0. It is obvious that the
tension {7;} plays the role of the Lagrange multipliers which will be determined by
the constraints (6.2).

Mathematically, (6.1) in engineering literature is not well-defined since the tension
force T; will involve the white noise W; as singular forces. Indeed, it can be perfectly
put into the framework shown in Proposition 1 with the constraints

1 .
CJ(m):§(||wj+l_mj||2_1)7 jzlv"'aK_lv
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and the relation between Lagrange multipliers:
dp; = =Tydt, j=1,...,K,
where & = (z1,...,zx) € R3¥. With this connection, (6.1) is transformed to
(6.3) dX = H(u(X)dt + o\/EdW),
where X = (X1,...,Xk), W = (W1,...,Wg), and the matrix [ = [ - GTM G
is an orthogonal projection as defined in Proposition 1. This formulation will be

particularly useful to design the projection type methods for the SDE (6.1). It is also
interesting to observe that the SDE (6.3) has an equivalent form

K-1
(6.4) dX = (u(X) +Y u;vcj(X))dt TloJZdW
j=1

(6.5) dX =11

K—-1
(u(X) +y ,u;ch(X))dt + o\/gdW],

where u"(x) = —M ~1Gu(x) is the “regular” part of the Lagrange multipliers includ-
ing only the drift.

Thanks to the result (C.5) in Appendix C, we have the Freidlin—Wentzell action
functional to the SDE (6.3) as

1

T .
(6.6) Srlg] = 4 / 16— Tu(g)|? at

subject to the constraints
e M= {¢|cj(¢>)=o, jzl,...,K—l} and ¢ € TyM.

Its geometric action functional has the form based on the result (3.27)

1
Sle] = / I/ [Tl — (', TTas) da
0

subject to the constraints ¢’ € T, M.

Based on the obtained optimization problem with constraints or its relaxation
form, we can compute the transition pathways correspondingly. We shall not develop
the study on this point here since it is beyond the main goal of this paper. Further
research on this topic will be a future study.

7. Summary. In this summary, we want to reiterate the mathematical impor-
tance of specifying how the constrained dynamical system is perturbed by noise when
one intends to investigate the transition paths in these constrained systems. Here we
considered the SDE whose solution satisfies constraints, i.e., stays on M, for any ¢,
rather than accommodates for constraints in the asymptotic sense. The asymptotic
limit € | 0 is only applied in the large deviation result. In formulating the action
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functional, we took the approach of using the local projection II to describe the con-
straints and solved the issue of degeneracy brought by this projection operator in the
augmented Euclidean space R™.

In the reversible case where the drift term is of gradient type and the diffusion
coefficient is an isotropic constant, we proved that the constraints actually do not
bring significant numerical difficulties and the original string method still works by
using the projected gradient force for each image on string: It is essentially the same
as solving the deterministic gradient flow on the manifold.

In the irreversible case, one needs to pay attention to the generalized inverse of
the projection operator in the calculation of constrained minimum action. The state-
dependent II ! term appears in the action functional and the path calculation. In our
current version of the constrained minimum action method and for all examples in
this paper, we assume that II and II! as well as their derivatives are all analytically
available. It may be rewarding to explore the numerically convenient extension of b
and a on M to the nonunique II, a and b in R™ in order to achieve a new form of
II~! that is easier to compute. We leave this idea to a future study. Additionally,
the resulting constrained optimization problem needs to be solved by good initial
guesses to find the global solution. The initial guesses in our example of rigid rod
models are built on some prior understanding of the phase spaces. For the numerical
results, when the liquid crystal molecules are influenced by macroscopic fluid or un-
equal diffusion coefficients, the global minimum action pathway we found here reveals
very interesting nonequilibrium phenomena, and these phenomena are believed to be
generic in irreversible systems and deserve further investigation.

Appendix A.
Proof of Theorem 1. By Ito’s formula and the constraint conditions, we have

1
0= dej(X) =(Ve; (X)) dX + 5v%j(X) S(dXdXT).
Comparing the terms involving Brownian motion, we get
GG'B+ Go =0,
which implies (3.6). The terms involving d¢ yield to
1
Gb+GTa) + 5v2c - (BB") =0,

which gives (3.5).
Substituting g into (3.3) and (3.4), we obtain

(A1) dX = (b(X) + GTa(X)) dt + Po(X) dW.
Notice that PT = P and GP = 0, then
P =1-2G"M'G+G"M'GG"M~'G = P.

This implies that P is the orthogonal projection to T'M.
To prove (3.8), from (A.1) we note

(A2) dX = (b(X)+GTa(X)) dt + (Po(X)dW - Po(X) o dW) + Po(X) o dW.
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From the relation between Ito and Stratonovich integrals, we have

K3

(Po(x) o AW — Po(X)aw) = % S 0(Po)y (Po) dt
7,k

1 1
=5 Z Ok (eiTPUej)eZPcrej dt = —562— Z Ok (GTM_lGO'Ej)EZPO'Ej dt
gk -k

2

::<F1)idt+ (Fg)idt,

where e;, €4, and e, are canonical basis vectors in the corresponding FEuclidean space,
and the partial derivative of a matrix is defined to take the differential to each com-
ponent. Fy actually vanishes if we assume oo is a scalar matrix:

1 _ 1 _
=——e] Zk(akGT)M 'Goejej Poe; dt — §eiTGT Zk O (M 1GO’) ejep Poe;dt
j 7,

1 _ 1 _
= —5 Z(@kGT)M 'Goeje} Poej = —3 Z((’?kGT)M 1GoejejTUTPek
3k gk
1

_ Ty -1 T 1 Ty o1 B
=3 ) (OGTYM~1Goo " Pey, = —59;@0 YM~'GPej, =0,

where the last equality comes from GP = 0. The expression for F» can be denoted as
Fy = Gy for some vector 7. Substituting this form into (A.2), we get

dX = (b(X) +GT(a(X) - 7(X))) dt + Po(X) o dW.

From d¢;(X) = (V¢ (X))T o dX =0, i.e., Go dX = 0, we obtain
Gh(X) + GG (a(X) — (X)) = 0.

This means that a(X) —v(X) = —M~1Gb(X). So (3.8) holds. O

Appendix B. Projection operator and its inverse. From the constraint
My = y — IIb(z) for the minimization problem (3.19), one may formally view u as
an element in the set II~!(y — IIb(x)) which has the minimal a-norm. To ease the
presentation, we redefine II™! as follows.

DEFINITION 1. Let IT be an orthogonal projection matriz in R™ and the diffusion
matriz a be a positive definite matriz. For any v € Img(Il), we define II" v as the
vector u* € R™ such that u* solves mingy—, || q-

The above defined IT1-tv for a given v € Img(II) is unique since a is not singular.
IT7! is a linear transformation defined on Img(IT). We point out that II=! is not an
inverse of II in the usual sense because although IT o II™! is identity restricted on
the space Img(II), it is generally invalid that I~ (ITv) = v. This generalized inverse
! : Img(IT) — R™ depends on the metric induced by a. If a(z) is a scalar matrix
and II is orthogonal projections, then Definition 1 directly shows that II™! is identity
restricted on Img(IT).

We next point out some useful properties of II”* and the connection to a-norm.
Two examples of the manifold cases are also shown for illustration.

PRrROPOSITION 3. II7! = all"a™!. If T =17, then II"! = aa" ! and a~ ! =
a” It

1
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Proof. The proof is straightforward from the proof of Proposition 1. O
PROPOSITION 4. If v € Img(Il), then

(B.1) [vlla = [T~ o]l
In addition, for vy, vy both in Img(I),

(BZ) <U1’U2>E = <U1,H_1’U2>a = <U1,H_1U2> .

Proof. (B.1) is Proposition 1. For the second part, (vi,vs)s = (v1,02) =
<H’U1,f172> = <U1,HT:52> = <’U1,a_1HT52>a = <1}1,H_11}2>a. O
PROPOSITION 5. For every w € Ker(Il) and v € Img(Il), we have

<H*1v,w>a =0.

Proof. Let u* = II"'w. Define ug = u* + 6w V6 € R. Then Huy = IHu* = v V 6.
So, the function f(#) := ||ug||2 has a minimal value |u*||? at 6y = 0. Consequently,
f'(6p) =0 and (u*,w) = 0 follows. O

PROPOSITION 6. For any vector v € Img(Il), it is true that

T tv|2 = <U,H_1U>a,
[vll2 = I o3 + flo — T2
Proof. The first equality is due to the fact v — II"1v € Ker(II) and Proposition 5.
Then it follows that [|v]|2 = (v,II7'v)_+(v,0 =~ tv) = [T 0|2 +(v,v — 1T~ tv) .
Since (II"'wv,v —H’lv>a = 0 due to Proposition 5, then |[v]|? = ||[II71v||2 + [jv —
1|2 O
ProprosITION 7. If dim Ker(Il) = K, and Ker(Il) = span{&, : k = 1,..., K},
then for any v € Img(Il),

[l = T~ 2 + 10113, = [lvllZ + 19113,

k) = <’U7€k>a7 k= 1,...,K.
holds, and II = II7, then

where M = (Mi;) = (£, &), 1,5 =1,2,..., K, and 0 = (0

When a is a scalar matriz, i.e., the condition (3.7)
lvl|2 = ||v]2, i.e., a-norm and a-norm are identical.

Proof. Write v — II"*v = 3", Ai&; then these A\, minimize |jv — >, A\e&i]|2. So,
A= (A, A2, .., k)T satisfy MA = ©. Note that |jv — I 10||2 = || >, Me&kl2 =
ATMA=9"M~1% = ||9||3,;. The conclusion is then immediate from Proposition 6.

When II = IIT, ker(I) is orthogonal to Img(Il) in R™. If furthermore a(zx) is
scalar, then by (3.7), (v,&), = (v, &) /60(x) = 0. 0

When IT is the orthogonal projection induced by the constraints {cx(x) =0: k =
1,2,...,n—d}, then the basis of Ker(II) above can be chosen as & = Veg(x). In the
following, we show calculations of @~ and II™! for two simple examples.

Ezample 2 (planar projection). Consider a hyperplane in R, M = {z =
(x1,22,...,%n) + , = 0}, corresponding to the unique constraint c(x) = z, = 0.
Then the (orthogonal) projection IT = [";* (]. Write a = [Qi 2;;], where Aj;

has size (n — 1) x (n — 1). Then v € Img(Il) has the form v = (v,0)", where v; has
size n — 1. It is easy to calculate that

a=1Iall" = {A” 0]

0 O
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rq—1
~_1 All V1

0

A1_11 *
0

v,

and

_ A Al [A7te Al AL«
H—l — —1 :|: 11 12 l: 11 1:|:|: 1171 :|:|: 117 :| )
veaa v Al, Aga | 0 AI2A111U1 AI2A111 x]

Ezxample 3 (spherical projection). Consider the spherical case M = S%, where
d =n — 1. The constraint function is ¢(z) = ||z||> — 1 = 0. The projection onto the
tangent space is II, = I — n(z) ® n(z), where n(z) = x/||z| is the unit (L2-norm)
normal. The kernel space Ker(Il,) = span{n(x)}. The calculation shows that for
any v € Img(II)

== <U7na>ana

and

alv=a"1v— (v,n,),a  ng,

where n, = n/||n||, is the unit vector in sense of a-norm.

Appendix C. Euler—Lagrange equations and related discussions. In sum-
mary, the action functional for the SDE (3.13) is

i%f{%f0T|u|Zdt: ¢ — 1Ib(9) :Hu,} if p € A,

+00  otherwise.

(€1 8ol =

In (C.1), u is a function of ¢ and is equal to TI~* (¢ — ITb(¢)) for ¢ € [0, T] by Definition
1. Then the action functional (C.1) (for finite value) is written in terms of II"! as

2
dt,

a

(c2) s = | 16— e

which is defined over the admissible set A or the equivalent A’. By Proposition 2,
(C.2) is also equivalent to

2
Cdt.
a

(©3) stt=3 [ -0

In other words, (C.1), (C.2), and (C.3), are three equivalent forms of the action
functional.

In the following, we want to compare the action (C.2) or (C.3) to the action for
the following SDE in the ambient space without the projection of the random forcing
term, i.e.,

(C.4) dX = (IIb(X)) dt + 2o (X) dW,

whose solution X; is not exactly on M. The action for (C.4) is

(C.5) SL[g] := %/OT Hqs - Hb(¢)HZ dt V¢ € AC([0,T],R").
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Another case we want to compare with is the action for the SDE dX = b(X)dt +
VEo(X)dW in R,

T

() Sh0) =5 [ I6-b@lEdr vo e AC(D.TLRY).
This action functional (C.6) probably looks far from a constrained problem. But is it
possible that only in the last stage imposing the constraints for the action functional,
S% and St give the same minimizing path, as the constrained string method [6] works
for gradient systems? We shall offer counterexamples to show that all three functionals
in general have different minimizers by analyzing the Euler—Lagrange equations for
these functionals. We also give Remark 4 below to justify the constrained string
method proposed in [6].

To be specific, we consider the following three constrained optimization problems:

PO inf SO0 = inf 2 [ 16— ()2
(PO) int S0 = inf 5 [ 10— b(o))2ar.
P inf S N A P
2 it 8161 = jut 3 [ o -
1 /Ty, ~ 2
. M .
) 5™t =t [ o]

For (P0) and (P1), the constraint ¢ € A, i.e., ¢(t) € M is the forced constraint. But

for (Px), A is the domain for S™. We shall prove that the minimizing paths for these

three problems (P0), (P1), (Px), are generally not the same. The approach is to study
their Euler—Lagrange equations.

With the assumption for the state-independent diffusion a, we have for (P0),

I,

~23[6] = p+ JT(@)p in L2([0,T),R") space, where p(t) = a~ (¢ — b(¢)), J(z)
Vb(x), Ji; = gTb;. Thus the Euler-Lagrange equation in the constraint space L?([0, T’
M), which the minimizer path for (P0) must satisty, is

(C.7) " (p+ J"(¢)p) = 0.

Similarly, the Euler-Lagrange equation for (P1) is
(C8) ™ (5+ 7" (6)p) = 0.

where p(t) := a" (¢ — b(¢), J(x) := Vb(z) = V(IIb(z)).
For (Px), the Euler-Lagrange equation is

(C.9) O 5T %(E@@(&@:V(’d‘l)
for ¢ € A, where p := 5’1(q5—5), the tensor contraction (y®y : D)y := Zijk Yiy; Dij
with D = V(Ei‘l), Dijk = %(Ei‘l)ij.

PROPOSITION 8. In general, the solution of the Euler—-Lagrange equation for (P0)
is mot equivalent to the solution of the Euler—Lagrange equation for (P1). Therefore,
the minimizing paths for (P0) and (P1) are different.

Proof. We consider a simple case that I, = II ¥V 2 € M and II = II" (for
instance, Example 2). Assume a(z) = [ and b(z) = —VV(z) (gradient system).
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Thus, J(z) = J(z)T = =V2V(z), J = I1J, J* = JIL. Let ¢y and ¢, satisfy the
Euler-Lagrange equation for (P0) and (P1), respectively. Then

I (950 - J(¢0)b(¢o)) =0
and
1 (¢1 - J(¢1)Hb(¢1)) =0.
In general, IIJb is not equal IIJIIb. For instance, consider Example 2,

Jii 0
0 O

Jiw Ji2

=

| |

The Euler-Lagrange equation for (P0) has an extra term Jyaby if writing b = (by, b2).
This extra term comes from the normal space since only b; is used in defining the
SDE on the manifold. O

PROPOSITION 9. If a(z) = o?(x)] (scalar matriz) and 11, is an orthogonal
projection ¥ x € M, then (P1) is equivalent to (Px). If a(x) is not a scalar matriz,
then (P1) is not equivalent to (Px) in general.

Proof. If a is a scalar matrix, then II™! is identity, and |||, = ||- || by Proposition
7, so (P1) is equivalent to (Px).
When a is not a scalar matrix, then in general || - ||, > || - ||z by Proposition 7.

So, S! is larger than S™. We shall see that the (constrained) minimizers of these
two functionals are also different, i.e., (P1) is not equivalent to (Px). To show this,
we continue to consider Example 2 with a state-independent a(xz) = a V z. Since
here II is independent of z, then the Euler—Lagrange equations for (P1) and (Px) are,
respectively,

1 (a—%jé1 (a1 — JTTa Yy — JTHa—lnb(¢1)) —0 (P1),

a1l — (@ LT — J Ha Y, — J A Ib( ¢,

IS

0 (Px),

:3 3 3 _ |41 A2 ik —1 _ |Bun B2
Using the notation in Example 2 where a = { aly Am}, and writing ™+ = [BIz 322}

and J = [jﬁ "12} where By, J11 are both of size (n —1) x (n — 1), and b = (b1, ba),

Joo |7
&1 = (P11, P12), O = (Ps1, Ps2), we can further calculate the above Euler-Lagrange
equations for (P1) and (Px) as

B¢ — (BinJu — J{yBi1)éi1 — Ji, Biibi(¢) = 0
Al_lldi*l - (A1_11J11 - JirlAl_ll)Q;)*l - JlTlAfllbl(¢*) =0
The Euler-Lagrange equation for (Px) only involves Afll, i.e., a; thus it defines a
boundary value problem of the second-order differential equation intrinsically on the
plane M. The Euler-Lagrange equation for (P1) involves a~!, which includes Ajs
and Ago. It is only when A5 = 0 can we have Al_l1 = Bi1, and it follows that (Px) is
equivalent to (P1). However, in general, the diffusion tensor a cannot guarantee Afll
is equal to Bi1; therefore (Px) is not equivalent to (P1). O

Remark 3. Given a(x), there are various ways to design an augmented a(z) to
satisfy the consistence condition @ = IIaII". By Proposition 7, the condition such that
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(P1) < (Px) for a general Riemannian manifold M is the following orthogonality
condition under the a-metric:

(C.10) (0,8,=0  VoelImg(), ¢eKer(Il).

When IT = IIT, this condition means that Img(II) or Ker(II) is an invariant subspace

of the matrix a!.

Remark 4. If we consider the following gradient system on a manifold in which
a(z) =1, b(x) = =VV(z), b = —1,VV(z), and assume that Il = IIT, then we can
simplify the Euler-Lagrange equation for (Px) (or equivalently (P1) since a(x) = I
here) by noting the fact that (wJv) = (vJw) holds for any v,w € Img(Il) (note

J = Vb), i.e., [I(JT — J)v = 0. The resulting Euler-Lagrange equation is as follows:

H(¢S+ T = N - jTHb(¢)) —1I (¢— jTHb(¢>)) = 0.

It is easy to verify that if ¢ = +11b(¢), then b = :I:j(¢)q5 = j(¢)Hb((b), and the
above Euler-Lagrange equation holds. This justifies, from the large deviation for
this special gradient system, the constrained string method in [6] which geometrically
solves ¢ = £11b(¢).
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