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ASYMPTOTIC BERNSTEIN TYPE INEQUALITIES AND
ESTIMATION OF WAVELET COEFFICIENTS*

SUSANNA SPEKTOR' AND XIAOSHENG ZHUANGH

Abstract. In this paper, we investigate the wavelet coefficients for function spaces Ai ={f:
lGw)* f(w)lp < 1}, k € NU {0}, p € (1, 00) using an important quantity Cy, () := sup{ﬁfwl—mz‘ :

fe Ai/} with 1/p+1/p’ = 1. In particular, Bernstein type inequalities associated with wavelets are
established. We obtained an sharp inequality of Bernstein type for splines and a lower bound for the
quantity Cp () with v being the semiorthogonal spline wavelets. We also study the asymptotic
behavior of wavelet coefficients for both the family of Daubechies orthonormal wavelets and the
family of semiorthogonal spline wavelets. Comparison of these two families is done by using the

quantity Cy ,(1).

Key words. Wavelet coefficients, asymptotic estimation, Bernstein type inequalities,
Daubechies orthonormal wavelets, semiorthogonal spline wavelets.
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1. Introduction and motivations. Almost any kind of practical sciences re-
quires the analysis of data. Depending on the specific application, the collection of
data may consist of measurements, signals, or images. In mathematical framework,
all of those objects are functions. One way to analyze them is by representing them
into wavelet decomposition. Such methods are not only used in mathematics, but
also in physics, electrical engineering, and medical imaging [6, 7, 10, 12, 14, 15, 20].
Wavelets provides reconstruction (approximation) of the original function (the collec-
tion of data). In order to characterize the approximation class, one has to establish
Bernstein inequality. We will first give some basic definitions before representing the
importance and applications of the mentioned inequality.

We say that ¢ : R — C is a 2-scaling function if

Y= 22 a(v)p(2 - —v), (1.1)
VEZ

where a : Z — C is a finitely supported sequence of complex numbers on Z, called
the mask (or low-pass filter ) for . In frequency domain, the refinement equation in
(1.1) can be rewritten as

P(2w) = a(w)p(w), w eR, (1.2)
where a is the Fourier series of a given by
a(w) = a@)e ™, weR, (1.3)
VEZ

. A 1 om
The Fourier transform f of f € Li(R) is defined to be f(w) = N / f(x)e™*dx
T JR

and can be extended to square integrable functions and tempered distributions.
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Usually, a wavelet system is generated by some wavelet function 1 from a 2-scaling
function ¢ as follows:

Y=2 b)p2-—v) or P(2)=b()(), (1.4)

VEZ

where b : Z — C is a finitely supported sequence of complex numbers on Z, called the
mask (or band-pass filter) for 1. For a more general approach on obtaining wavelet
functions from a d-scaling function, see [8, 17].

Many wavelet applications, for example, image/signal compression, denoising,
inpainting, compressive sensing, and so on, are based on investigation of the wavelet

coefficients (f, ;) and (f,1;,) for j,v € Z, where (f,g) := [; f(x)g(x)dz and
Q= 220(20 . —v),1p; ,, i= 27/24)(27-—v). The magnitude of the wavelet coefficients
depends on both the smoothness of the function f and the wavelet ¢. In this paper,
we shall investigate the quantity

Crp(¥) = sup |<f1¢)|, (1.5)

roxy 191
where 1 < p,p’ < o0, 1/p' +1/p = 1, k € NU {0}, and Ail ={f e LyR) :
(| (iw)* f(w)]||,» < 1}. This quantity is closely related to Bernstein type inequality in
wavelet analysis. The classical Bernstein inequality states that for any o € {NU{0}}",
one has [|0°f||, < RI®!| f||p, where f € L,(R™) is an arbitrary function whose Fourier
transform f is supported in the ball |w| < R. The quantity Crp(¥) in (1.5) is the
best possible constant in the following Bernstein type inequality

(5.0 < Cogp ()27 EFVPTD | | (i) * () - (1.6)

This inequality gives us a way of investigating the magnitude of the coefficients in
wavelet decomposition of the function. The coefficients tell in what way the analyzing
function needs to be modified in order to reconstruct the data (see [13]). On the other
hand, bound of type (1.6) gives a-priori information on the size of wavelet coefficients
which is important for such application as compression of data (see e.g. [6, 20]).
Also, such types of inequalities play an important role in wavelet algorithms for the
numerical solution of integral equations (see e.g. [5, 25]), where wavelet coefficients
arise by applying an integral operator to a wavelet; and for the estimation of wavelet
coefficients of the space of distributions with bounded variations derivatives (see [4]).
Note that

O _ g WL bl

Crp(¥) = sup ~ = - =" (1.7)
rear 19lp jear ¥y 141l
where for a function f € Li(R), rf is defined to be the function such that
pf(W) = (i) Ffw), weR (1.8)

For ¢ that is compactly supported, it is easily shown that the quantity Cj , (1) < oo
is equivalent to

v

$(0) =: ™ (0) =0 (1.9)

/z/;(:c):n”d:c =0 or
R

dxv



BERNSTEIN TYPE INEQUALITIES AND WAVELET COEFFICIENTS 291

for v = 0,...,m — 1. That is, ¥ has m wvanishing moments. Consequently, for
a wavelet 1 with m vanishing moments, we can investigate the magnitude of the
wavelet coefficients in the function spaces A’fl, e ,A”m/ for 1 < p’ < oo using the
quantity C,p,(¢).

On the other hand, a fundamental question in wavelet application is which type
of wavelets one should choose for a specific purpose. In [18], Keinert used a constant
G in the following approximation for comparison of wavelets.

iy G .
/Rf(x)wj,y(x)dxgg (]+1)(M+1/2)%f(M)(2 v, (1.10)

where f is sufficient smooth, ¥ has exactly M vanishing moments, and G); depends
only on . Keinert presented numerical values of Gj; for some commonly used
wavelets and provided constructions for wavelets with short support and minimal
G, which lead to better compression in practical calculation. By considering the
quantity C (1), the “~” in (1.10) can be replaced by precise inequality. In [16],
Ehrich investigate the quantity Cy ,(¢) for p = 2 and for two important families
of wavelets, namely, Daubechies orthonormal wavelets and semiorthogonal wavelets.
Precise asymptotic relations of quantities C 2 (1)) are established in [16] showing that
the quantity for the family of semiorthogonal spline wavelets is generally smaller than
that for the family of Daubechies orthonormal wavelets.

In this paper, we shall investigate the quantity Cy ,(¢),p € (1, 00) mainly for the
family of Daubechies orthonormal wavelets (see [10]) and the family of semiorthogonal
spline wavelets (see [9]). We next give a brief introduction of these two families.

Let m be a positive integer. Let a2 and b2 be two masks determined by:

jaD (W) = cos®™(w/2) Y (m —1/1 * ”) sin?” (w/2), (1.11)
v=0
and
b (w) = €“aD (w + 7). (1.12)

It is well-known that |a2(w)|? is the Dubuc-Deslauriers interpolatory mask of order
m ([11]) and a2 can be obtained by factoring (1.11) via Riesz Lemma ([10]). The
Daubechies 2-scaling function @2 of order m associated with mask aZ and Daubechies
orthonormal wavelet 92 of order m associated with mask b2 are then given by

@ = \/% H@(2_€~) and 1@ = @(/2)@2(/2)
=1

The semiorthogonal spline wavelet g/}fn of order m is given by

2m—2
—1 v
TAOEDY (mel Nop (v + D)N{™ (22 — 1), 2z €R, (1.13)
v=0

where N, is the B-spline of order m. That is,

Npn(z) = %2(1)«”@) (x—v)77!, zeR (1.14)
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or equivalently,

No(w) = \/% <e—iw/2%)m - \/% <1 Z,fw)m, wER. (1.15)

Here for k£ > 1,

1 y>0
k b

y© y>0,
(y)’i={0 ) <0 and (y)§ =<4, y=0,
’ ’ 0, y<0.

Note that v is generated from the 2-scaling function ¢, := N,, via (1.4) by some
mask b5, (cf. [7, 9]).

These two families are widely used in many applications. For example, see [1, 5,
12, 21, 23, 24, 25] for their applications on numerical solution of PDE and signal/image
processing. Both of the Daubechies orthonormal wavelet ¢)2 and the semiorthogonal
spline wavelet 1> have vanishing moments of order m and support length 2m — 1.
The Daubechies orthonormal wavelet 12 generates an orthonormal basis {27 / 2D (27
—v) i j,v € Z} for La(R) (see [10]). However, the wavelet function ¥2 is implicitly
defined and the coefficients in the mask for ¥L) are not rational numbers. Though the
semiorthogonal spline wavelets generated by v are not orthogonal in the same level
j, they are orthogonal on different levels. And more importantly, the semiorthogonal
spline wavelet ¢ is explicitly defined and the coefficients for its mask are indeed
rational numbers, which is a very much desirable property in the implementation
of fast wavelet algorithms. We shall see that these two families significantly differ
with respect to the magnitude of their wavelet coefficients in terms of Cj,(1)L)) and
Ck,p(wrsn)-

We are using several strategies to study asymptotic and non-asymptotic behavior
of different kind wavelets. In Section 2, for k,m € N fixed and p € (1, 00), we shall
investigate the quantity Cj ,(¢5) in the Bernstein type inequality in (1.6) for the
family of semiorthogonal spline wavelets. One of crucial new ingredients is Proposition
1, which is essential in the setting of non-asymptotic behaviour of semiorthogonal
spline wavelets. In Section 3, we shall establish results on the asymptotic behaviors
(m — o0) of the quantities Cy , () and Cy,(¢) for both the scaling function ¢ and
wavelet function ¥ and for both the two families of wavelets. We shall generalize our
results to high-dimensional wavelets in Section 4. The last section are some technical
proofs for some results in previous sections.

2. Bernstein type inequalities for splines. In this section, we shall first
establish a sharp result on the Bernstein type inequality for splines and then present
a lower bound for the quantity Cj,(¥5,).

Recall that a function s is a spline of order m of minimal defect with nodes
th,h > 0,0 € Z, if

(1) s is a polynomial with real coefficients of the degree < m on each interval

(h(£—1),he), ¢ € Z;

(2) s € C™"2(R).

The collection of all such splines is denoted by S, . It is well known that any spline
5 € Sp.,n can be uniquely represented by

s(x) zz:cme(ac/h—y), xR (2.1)
vEZ
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Here N, is the B-spline of order m given in (1.14). One can show that for m > 2,
N, () = Npp—1(z) = Npp—1 (2 — 1), reR. (2.2)

The following result provides an exact upper bound for the Bernstein type in-
equality for any spline s € Sy, 5, (also cf. [3] for a special case p = 2).

THEOREM 1. Let k,m e NU{0}, 0 <k <m, and h > 0. Let p € (1,00). Then,
for any spline function s € Sy, 5, such that § € Ly(R), the following inequality holds:

k
_— or A
150y < K (57 151 (2.3

where Kp m 1 15 a constant depending on p,m, and k and is defined to be

1
Sreplg + g\ 7
D oezlae TP

(2.4)

Moreover, the constant Ky, 1, is sharp in the sense that there exists a sequence sj €
Sm.n such that

)
111,

Bl — (Qw/h)ka,mk, j — oo.
jllp

Proof. We first show that (2.3) is true for h = 1.
Recursively applying (2.2), we can deduce that

s/(k\)(w) = che_i”w(l — e_i‘”)k]\f/m?k(w)7 weR 0Lk <m.

VEZ
Consequently,
- p
[sF)||p = / ch,e_i”w mk(@)(1 = e ™)*| dw
R VEZ
2m N ik IP . »
:/ |as(w)(1—e i) | Z‘Nm_k(w—l—%‘ﬂ)‘ dw
0 LeL
2 [1— e 5y | Non ke + 270 A ;
-/ = @I Y | Sl + 200
0 > ez ‘Nm(w+27r€)‘ ez
—iw|k N P
|1—e | pZZGZ‘Nm_k(w+27T€)‘
< max — p ||§||£
wel0,27] e ‘Nm(w + 27r£)‘
Here ay(w) = >, ¢z cve” ™. Define
—iw|kp A P
1= %, ‘Nm,k(w + 2#6)‘
L(w) :=

— 5 , we 0,27 (2.5)
S rez [Nl + 2m0)
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Then, we obtain

[ERIFAS Jmax Lw) - (I35

L 1 (1—ew\"
Since N, (w) = N = , we have
™

— P 1 : m
‘Nm(w+2ﬂ£)‘ - 11— e "N w4 2m0] P,
2 Vo 2

and, similarly,

N P 1 i |P(m—k) Cp(m—k
R B e
= ey 2

Hence,
o (m— /
+2 ¢ p(m—k)
max L(w)l/p = max Lzl + 2| — = (QF)kamk.
wel0,27] w€0,27] ez lw 4 2me| 7" T
Therefore

s, < 2m) Kpm i3]

Next, for any h > 0 and s € Sy 5, we have s = > ¢, Np(-/h +v). Let
s1:= s(h-). Then s; € Sy, 1 and it is easy to deduce that

—

$(w) = hé1(hw) and gk\)(w) = h_k+lsgk)(hw). (2.6)

By what we have been proved, we get

(k —~
155 < @) K61 -

Now, it is straightforward to deduce (2.3) from above inequality using (2.6).

Finally, we show that the constant in (2.3) is the best possible one.

Let |@y(w)P 1= 5=®;(w — wp) and §(w) 1= @3(w)Nm(w), w € R, where ®;(w) is
a Feyer’s kernel of order j and wo is the point which realizes the maximum of the

function L(w) on [0, 27]. Note, 5 0% ®;(w)dw = 1. Then,

P
\s(k)||p—/ Zcue Nk (W)(1 —e ™)*| dw
vEZL
27 . o P
:/ @)1= e S [Nl + 270)| do
0

ez
, —— P
1 fem |1—67“’|ka[€2‘Nm,k(w—&—%'ﬂ)‘

21 Jo ZZGZ‘N;(W—I—QWK) !

1@ (w —wo)| 3 ‘N;(w +210)|” dw
LEL

. —_— P
11— eior s, ‘Nm,k(wo + m)‘

- o ; I8l
sz [Non (o + 2m0)

7 — oo.
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Consequently,
. . — py\ 1/p
15, L= e T ey | N+ 20)| ) |
_ —  max — > =(2m)" Kpmk, J— 0
151l w€l0,27] Doz ‘Nm(er?Wé)‘

which completes the proof. O

We remark that for p = 2, the function L(w),w € [0, 27] defined in (2.5) assumes
its maximal value at w = 7 and the constant K»,, ; can be obtained explicitly as
follows:

2 Yopez |1+ 20]72mR)
D ez 1 +2617Gm) 7

K2,m,k =7

which is related to the Favard’s constant (see [3]). For general p, L can be expressed
as

e CP(m = ), ) + C(p(m — k), —2) — (—52) """
Clpm, &) + C(pm, —2) — (=)

where ((2,y) := >0y ({ +y)~" is the Hurwitz zeta function.
For s € S, . Let f:=ps. Then f®) = s, which implies f € Sm+k,h- By
Theorem 1 and the definition of Cy ,(f) in (1.7), we have,

~ A k
Chon(s) leslle _ _flle o < h> 1

sl p®y, T \2m) Kok

L(w) = (2m)

w € [0, 27,

Moreover, by the definition of ¥ in (1.13), we have the following result.

PROPOSITION 1. Let 1/)% be the semiorthogonal spline wavelet of order m defined
in (1.13). Let k be an nonnegative integer such that k < m. Then

1\* 1
Ck,pwfn) = (E)

Kp,erk,k

Proof. Let f := ¢ . Then @ = 1251 By (1.13),

2m—2 v
f@) = P () = Z %Ngm(u + 1)N2($7k)(2x —v).
v=0

Consequently, f € Sp,44,1/2. In view of Theorem 1, we have

/(k\) 2 k
”ﬁﬂ Iy < (T) Kpmtkk = (4W)ka7m+k7k-
P

2
Now, by that Cy ,(5) = Hjlc‘/gl)zl" , we are done. O
P
From Proposition 1, when m is large enough, we see that Cy ,(¢3) ~ (47)~%. In
next section, we shall study the exact asymptotic behavior of these types of quantities
as m — oo for both the family of Daubechies orthonormal wavelets and the family of
semiorthogonal spline wavelets.
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3. Asymptotic estimation of wavelet coefficients. In this section, we shall
study the asymptotic behavior of wavelet coefficients for both Daubechies orthonor-
mal wavelets and semiorthogonal spline wavelets (also see [19] for the asymptotic
behavior of Battle-Lemari wavelet family). We shall discuss the asymptotic behavior
of the wavelet coefficients for Daubechies orthonormal wavelets in the first subsection.
In the second subsection, we shall investigate the asymptotic behavior of the wavelet
coefficients for semiorthogonal spline wavelets. In the last subsection, we shall com-
pare the asymptotic behaviors of wavelet coefficients for these two families based on
the quantities obtained in previous two subsections.

3.1. Wavelet coefficients of Daubechies orthonormal wavelets. In this
subsection we. shall discuss the asymptotic behavior of the following quantities:

1528 lps 1602 lp> and [l;tBllp, p € (1,00).

To facilitate our investigation on the asymptotic behavior of Daubechies orthonor-
mal wavelets, let us rewrite the mask aZ in another equivalent form. Let H,,(t) be a
2m-periodic trigonometric function defined by

L t
= Z hye ™ |Hnt)? =1 - cm/ sin?™ ! wdw, (3.1)
v=0 0

s -1 1
I'm+ 5
where ¢, = / sin®™ ! wdw = g ~ ’/ﬂ. Then, we have
0 vl'(m) 7T

|Hm ()| = a2 (-)]*>. Hence, H,, is the Daubechies orthonormal mask of order
m (cf. [16]).

To compare with the semiorthogonal spline wavelets, we need the following result
for the Daubechies scaling function 2.

THEOREM 2. Let P be the Daubechies orthonormal scaling function of order m,
e., pP(w) = \/%7 1,2, Hn(27*w). Then, for p € (1,00),

X (gﬂ)l/p—lﬂ

: )
Tim [ @Bl =

Proof. Let ® := We have

1
\/—2_7TX[77T’7F].
— p
ISRl = [ fol PR dw = [ o [GB) - 80 + 0(0)]a.

Note that
(gﬂ)l—pﬂ

pk(I) Pd — pk
[l e do = B0

We next prove that
— P
I:= / |w|P* ‘(pﬁ — q)(w)‘ dw — 0, asm — .
R
In fact,

— p -~ p
I= / |w]P* ‘(p}z(w)‘ dw —|—/ |w|P* ‘apﬁ(w) —®(w)| dw=:1 + L.
lw|>m |w|<m
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By the regularity of ¢2 i.e., |g;§1(w)| < Ch|w|~C2108(m) (see [10]), obviously, I; — 0
as m — 0o. For Iy, let I := [—m, 7|, d > 0 be fixed, and Iy := [-7 + §, 7 — 6]. Then

o~ D — P
L= / |w|PE ‘cp}%(w) - @(w)‘ dw +/ |w|PE ‘cp}%(w) - @(w)‘ dw := Iy + Ixa.
Is I\IJ

For I3, we have Iss < C§ for some C' depending only on p, k, since g;:% and ® are
both bounded. For Iy, we have
p

dw+ [ |w|P*
Is

L (w/2) — B(w)| dw

V2r

121 < |W|pk /B w

1
O - —H,,(w/2
bt PR) ~ (o2
=: I3 + I3.

I3 — 0 as m — oo since J%Hm(wﬂ) converges to @ uniformly in I5. To see that

I3; — 0 as m — oo, by the definition of H,,, for w € [0, 7], we have

2
2 (3)] 21 - en st ()

4 4
>1- Cm% sin?m—1 (%) (3.3)
1 m
and
()1 (1) o

Moreover, by (cf. [16, Lemma 2])

vad 2
[T 1Hm (27 w)|
=1

WV
3

L= e (277%0) "

~
Il
—_

WV
2

2m
1— cm (g) (272m)" (3.5)
=1
0 —2m
> 1— (2—2m)l‘ >(1- 2—2m)1/(1*2 )

In view of (3.3) - (3.5), we have 1 > |[];2; Hp (277 'w)| = 1 — o(1). Consequently,

= [ ol PR )~ i)
pk|__—__ w -1, '
/|w| \/_H /2) <HH (2~ ) d

p
dw — 0, m — oo.

< / P
Is

Therefore, we obtain

1 —1-1
Ner: (gHm(2 ! w)—l)

" (gﬂ)l/p*1/2
(1+ pk)t/p’

hm |kl Hp ke NuU{0}. O



298 S. SPEKTOR AND X. ZHUANG

More generally, one can show that for @ € R such that 1 — pa > 0,

(27.‘_)1/;0—1/2
(1 = pa)t/e’

Tim_[lagB =7 (3.0)
where for a real number a € R, the function ,¢Z is similarly defined as in (1.8).
However, when 1 — pa < 0, i.e., & > 1/p, the constant ||opL ||, — oo as m — oc.
When k is fixed and m — oo, Babenko and Spektor ([2]) show that, for the
Daubechies orthonormal wavelet function 12 with m vanishing moments, one has

_ om)L/p=1/2 (1 _ 9l-pk 1/p
: By _
lim ||x¥2, = % P , keN. (3.7)

For £ = m and m — oo, we can deduce the following estimation, which in turn
gives rise to the asymptotic behavior of the constant (Cp,,(2))Y/™ (see Subsec-
tion 3.3).

THEOREM 3. Let ¥L be the Daubechies wavelet with m vanishing moments, i.e.,
PP (w) = \/%Hm(w/Z +m) 12, Hm (277 'w). Then, for p € (1,0),
21/ 2=™ . A(m)
V2r  (\/mp/2)L/P

2|, = C - (14 0(m™Y?)), (3.8)

/ 1
where C' is a positive constant independent of m,p and ;—m < A(m) < \/;, where
m
L(m+ 1) m

Cm V7(m) T
Proof. By definition,

—_— —~ p
loiRlE = [ ol (R0
— p o p
:/ ol |2 )| dw+/ 6= [0R )| dw = 1y + I
|w| < |w|>m

We first estimate I5. Since |H,,(t)] < 1,

e 2 /°° —mp gy, < 2 1 (1)’“?1 o
S —F— w W X . - ) m .
*S Vo s (VZrp mp—1\r7 Y

Next, we show that I; ~ C - &> - (v/mp/2)~1 - 27™P_ Again, by (3.3) — (3.5),

- —— w|™™P w ) w/4)? w/8)|?
h= /|w|§7r| | lle( /24 ) | Hpn (w/D) [Hp (w/8)]

0o p/2

X H ‘Hm (2_1_3w)‘21 dw
=1 )

(Var)p

> (1-o(1)) /k:wrmwmnwm+wwwm
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Obviously,

1
S Vo

Now, we use the property of H,, to deduce the asymptotic behavior of

/ || =P | Hyn (w/2 + )7 dw.
wl<r

I ::/ lw| ™™ |Hp (w/2 + )P dw.
|w| <

.2
t
Let u= s;ni We have
sin®(w/2)

w/2
|Hp(w/2 + 7)) = cm/ sin?™ 1 tdt
0

= % sin? (w/2)/0 u™ (1 — usin®(w/2)) " 2du.

Since

1 1 1 1
—=/ umfldug/ umfl(l—usiDQ(w/Z))fl/Qdug/ w1 —w) Y 2du = ¢t
m 0 0 0
and
p/2

™ 1
In = 2/ |w| ™ - [% sin®™(w/2) / u™ (1 - usinQ(w/2))_1/2du] dw,
0 0

we obtain

()2 [ () Mg (3) e [ ()

2:mp/2
) dw = C(y/mp/2)~1 (1 + O(m~1/2)) and 1 <

)

(SIS

Now using that f:r,r (%

we conclude

22 Am)P
Vampr  Jmpj2

which completes our proof. O

lmdhlly = C 1+ 0(m™1?),

3.2. Wavelet coefficients of semiorthogonal spline wavelets. In this sub-
section, we mainly focus on the asymptotic behavior of wavelet coefficients for the
semiorthogonal spline wavelets. Next three theorems present the asymptotic estima-

tions of the following quantities: chpme, ||k1/) llp, and ||mwm||p, p € (1,00). Since
the proofs of the main results in this subsection share the similar idea of proofs in
previous subsection but with more technical treatment, we therefore postpone their
proofs to the last section.

For the scaling function ¢2,, which is the B-spline N,, of order m, we have the
following result gives the asymptotic estimate of ||, ||,
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THEOREM 4. Let (p;S;L := N,, be the B-Spline of order m. Let k > 0 be a
nonnegative integer. Then, for p € (1,00),

— 41/p 1
S = . S(260)7F (A m/2 (14 0(m™1?), (3.9
Hk@me (m)l_l/p (\/r,'np)l/p (fl) ( 1/51) ( + (m ))a ( )
where
.2
A = 51n€(51) ~ 0.72461,
X 1d2 26 — ) (3.10)
sin“(&1 —w
AN=———In—>—~ ~ 0.81
1 5 707 n & —w o 0.81597,

and & =~ 1.1655 is the unique solution of the transcendental equation & —2 cot(&1) =0
in the interval (0, ).

Similarly, for the spline wavelet function wfl, we have the following theorem:

THEOREM 5. Let k > 0 be a nonnegative integer. Let 15 be the semiorthogonal
spline wavelet of order m. Then, for p € (1,00),

2%/p (2 —4&) 7"

S — . AT (1 —1/2yy. 11
||k¢m||p (\/%)1*1/1) (\/m)l/p )\2 ( +O(m )) (3 )
where
C20e .
N = S —M/DST(E) 69706
(7T/2 - 52)52 (3 12)
1 d?® . sin?(u—7/2)sin®(u) '
A= 0 T @ e M2

and & = 0.2853... is the unique solution of the transcendental equation
(27€ — 4€2) cos(2€) + (3¢ — m)sin(26) = 0, € € (0,7/2).
Finally, to compare with the wavelet case for k = m, we also provide the following

estimation for the spline case with &k = m:

THEOREM 6. Let g/}fl be the semiorthogonal spline wavelet of order m. Then, for
p € (1,00),

— 21/p =\ 1 16"
S = . . J2=) . m-1/2y). (3.
Hmwm”p (\/%)1,1/1, <m) (\/m)l/p <7T4) (1+0( ). (3.13)

3.3. Comparison of Daubechies orthonormal wavelets and semiorthog-
onal wavelets. Now, by the results we obtained in the above two subsections, we can
compare the Daubechies orthonormal wavelets and the semiorthogonal spline wavelets
using the constants C, ,(f). Note that both Daubechies orthonormal wavelets and the
semiorthogonal spline wavelets have the same support length and number of vanishing
moments, thereby a comparison is possible in this respect.

We first consider the situation when k is fixed and let m — oo. For Daubechies
family, by Theorem 2 and (3.7), we can deduce the following result.
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COROLLARY 1. Let ¢2 and 1P be the Daubechies orthonormal scaling function
and wavelet function of order m, respectively. Let k > 0 be a nonnegative integer.
Then, for p € (1,00),

lim C . ,(p)) = lim (A __ (3.14)
m—soo | PAYM m—00 ”;%HP (1 -|—pk;)1/l? ’
and
D 1 — 91-pk 1/p
lim Cy,(¥2) = lim letinlly _ (7) (3.15)
m—00 m—00 |‘w£||17 pkf].

For the semiorthogonal spline wavelet family, by Theorems 4 and 5, similarly, we
have the following result.

COROLLARY 2. Let o3 and 3, be the semiorthogonal spline wavelet of order m,
respectively. Let k > 0 be an integer. Then, for p € (1,00),

. oy o DeoSlly _ op yok o _k
= — = 1 . .
lim Cy,p(pr,) = lim —F = (26) 7" ~ (2.331) (3.16)
and
S
lim Crp(¥3) = lim % = (2 — 4&) 7% ~ (5.1419)7F, (3.17)
m o0 m o0 wm »

where & =~ 1.1655 and & ~ 0.2853 are constants given in Theorems 4 and 5.

Comparing Corollaries 1 and 2, we see that for every k € NU{0}, the semiorthog-
onal spline wavelets are better than the Daubechies orthonormal wavelets in the sense
of asymptotically smaller constants. More precisely, we have

COROLLARY 3. Let ¥2 and 5 be Daubechies orthonormal wavelet and the
semiorthogonal spline wavelet of order m, respectively. Then, for p € (1,00),

/k
: : Ckyp(wfn) ' _ m
Jm |l <ck,,,(¢g) T or 4 (3.18)

Note that 57— ~ 0.61098 < 1. In other words, (3.18) shows that

the semiorthogonal spline wavelet constant C’k(wfn) is exponentially better than
Daubechies orthonormal wavelet constant Cy(1L)) for increasing k.

Since the number of vanishing moments increases with m, it is natural to consider
the behavior of the constants Cy(35) with k = k(m) = m. In this situation, from
Theorems 3 and 6, we have the following result, which shows that for smooth functions,
the ratio in (3.18) when k& = m is even more in favor of the semiorthogonal spline
wavelets.

COROLLARY 4. Let ¥EP and 5, be Daubechies orthonormal wavelet and the
semiorthogonal spline wavelet of order m, respectively. Then
. 1/m 1 . 1/m 16

m (Crp(Wi)) " =5, lim (Crp(s)) " =

m—00 2 m—00 )\271'4’

(3.19)
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and

/m
- (Crp SN\ 32
e (Cm,p(l/fg) Yo (8:20)

We end this section by comparing the asymptotic behaviors between the scaling
function ¢ and the wavelet function ¢ for both the Daubechies orthonormal wavelets
and semiorthogonal spline wavelets.

For the Daubechies orthonormal wavelets, again, by Theorems 2 and (3.7), we
have the following result.

COROLLARY 5. Let ¢2 and 1P be the Daubechies orthonormal scaling function
and wavelet function of order m, respectively. Let k1, ko > 0 be nonnegative integers.
Then, for p € (1,00)

- 5 1
iy 1Bl _ it (Has) " (3:21)
mooo I - _ 91l—pks2)1 _ ’ ’
T gyBll, (L2 Aphy — 1

For the semiorthogonal wavelets, similarly, using the results of Theorems 4 and
5, we have

COROLLARY 6. Let @2 and ¥2 be the semiorthogonal spline scaling function
and wavelet function of order m, respectively. Let k1, ko > 0 be nonnegative integers.

Then, for p € (1,00)
/\S l/m )\
lim (%) =\ (3.22)
"\ il %

4. High-dimensional wavelet coefficients. One of the simple ways to con-
struct high-dimensional wavelets is using tensor product. In this section, we discuss
the wavelet coefficients for high-dimensional tensor product wavelets. We shall mainly
focus on dimension two while results of higher dimensions can be similarly obtained
using the properties of tensor product.

Let ¢, be the one-dimensional scaling function and wavelet function that gen-
erates a wavelet basis in Lo(R). Then, in two-dimensional case, the scaling function
®(x1,22) = p(x1)p(r2) and we have three wavelets instead of one,

W' (21, 22) == (1) p(22),
W21, 22) = p(a1)¢p(x2), (4.1)

WP (21, 22) := (1)) (x2).

Let k = (k1,k2) € Z? be a two-dimensional index. Then, for a two-dimensional
wavelet function ¥, we can define Cy, ,(¥) similar to (1.5) by

Crp(¥) = su [(f, ¥)] _ Hk/‘il”p

. iy (4.2)
rear 1%l (¥,

where 1 < p,p’ < o0, 1/p' +1/p =1 and .Ai/ = {f € Ly(R?) : ||(iw)*f(w)|, <
1}. Here, for z = (z1,22) € Rk = (ki,ko) € Z2, 2F = 2Mak2. And for a
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function f € L1(R?), f is defined to be a function such that ;}(w) = (iw)kf,
w = (w1,ws2) € R% In particular, when ¥(z1,x2) = t1(x1)12(x2), one can easily
show that Ck ,(¥) = Ck, p(¥1)Chy p(¥2).

In two-dimensional case, the semiorthogonal wavelets can be represented by

T (21, 22) = Y5 (21) 95 (22) = ¥5 (21) N (22),
W2 (w1, 32) 1= 8 (1), (22) = N (21)003 (2), (4.3)
WA (w1, @) = 3 (2195 (22).

We can obtain that following corollaries using results in previous sections and the
properties of tensor product.

COROLLARY 7. Let W51 W92 and W52 be defined in (4.3). Let k = (k1,ks) €
N2. Then,

k1+k2
1 1 1
Crop(T51) > —
k’p( m) 2k \ 27 Kp,m-i—kl,lep,m—i-kg,kQ’

<y 1 1 k1+k2 1 ( )
Cr ) (E52) > ( ) , 4.4
p( ) 2 \ 27 Ky mtky ks Kpmtka ks

1 k1+k2 1
47

[\

)

$.3
Cup 3> ( L
pym+ki,ki D pmtka ko

where Kp m.1’s are constants defined by (2.4). Moreover,

lim Cp(W5") = (27 — 462) 7™ (26) ™,

Jim Crp(W32) = (2m — 46) 7" (260) ™™, (45)
lm Cp,(W53) = (27 — 4gy) P k2

m—r 00

where &1, &9 are constants given in Corollary 2.

In two-dimensional case, Daubechies wavelets can be represented by

U (2, 22) = YL (x1)eh (22),
WD2 (21, m2) == P (21)0D) (22),
U3 (21, m2) := YL (z1)YE (22).

Similarly, we have the following result.

COROLLARY 8. Let W21 wD2 and WD3 pe defined in (4.5). Then,

m

D1 k 1 — 91-pka 1/p ﬂ.—kQ
. R I <
Oy (¥,7) = ( Pk —1 ) (=l P2 S PR ER,

Do k 1— 21—pk‘2 1/p ﬂ.—kl
. 2y _ ks <
o, Oy (B ™) =7 ( pky 1 ) A= phyre 1S Up ke el
(1 _9l=-pkr 1 _ 9l—pk2

1~ C lIlD’3 — —k1—ko .
111 kap( m ) ™ pkl _ 1 ka _ 1

m—o0

1/p
) s (k’l,k'g) S {NU{O}}2
(4.6)
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5. Proofs of theorems 4, 5, and 6. In this section, we give the proofs of
Theorem 4, Theorem 5, and Theorem 6.

Proof of Theorem 4. By (1.14),

_ sm w/2 21 kp _ sin(w
R e e R A v

B 92— kp / o P(m/24k) (sin (w))mp/de
(\/271’) 0 w

_ T . mp/2 oo . mp/2
_ 92— kp (/ o Pm/2HR) <51n2(w)) P dw+/ o Pm/24k) | (San(w)) P dw)
(\/ 271—)17 0 w - w

227kp
=: (\/%)P (Il+12).

dw

For Iy with mp > 1, we have

00 1 1 mp—1
Ir < / w "Pdw = <—) )
n mp—1\m

To estimate I1, we use the same technique as in the proof of [16, Lemma 4]. Let & be
the point where sin?(w)/w takes its maximum value \; in (0, 7), i.e., & ~ 1.1655 is the

sin” (1)
3

1

root of the transcendental equation &, * — 2cot(¢;) = 0 and \; = ~ (0.72461

. Separate I to two parts as follows

&1 22 mp/2 T .92 mp/2
I :/ (sm (w)) .w—p(m/2+k)dw+/ (sm (w)) PR g
0 &1

w w

We first estimate I7;. Let

_ _ G -—w &G MG —w)
t=tw)=1In T In S @) In (6 ) w € (0,&).

Then, we have

t(w)~a2w2+a3w3+---~a2w2 (1+%w+---), w — 0,
a2

where

1 d? | sin®(& —w)
= A= —go I TS~ 081507
1 5 g2 B &5 luo 0.81597

Then, similar to the proof of [16, Lemma 4], we can obtain

w=w(t)~ (A) V2Vt + et + ot + - - ),
dw 1
dt "~ 2/Ax

G —wt) ~ &l —et"? —egt — ),

(1+dt"/? +dot +---),
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for t — 0. Changing the variable of I1;, we have

&1 mp/2
I — / <M> o Pm/2HR) g
0 w

= /51 <m2(§71w)>mp/2 (€1 — w) PR gy
0

§1—w

where

alt) ~ (& 2/K1) T (Wt 1 4 fat )

Now by Watson’s lemma, i.e.,

T
1

/ e TS f( dtwg SO (s + 0+ ),ac—>oo (5.1)

0

nlstrnJrl

for function f having an infinite number of derivatives in the neighborhood of ¢ = 0
(c.f. [22, Theorem 3.1]), we have

-1
I = )\;’11?/2. (é-;f(m/2+k)2\/A_1) . ﬁ . (1 +O(m71/2))

mp/2
. Wor & A\ ~1/2
= 27’/%.(51) P <§—1> S(L+0(m™/7)).
For I15, we use
t=t(w)=1In I N D A6 £ w) w € (0,7 —&).

sin?(&; + w) sin?(&;) sin?(&; + w)’

mp/2
Similarly, we have ;2 = 2x//\17 (&)7F (%) - (1 4+ O(m~%?)). Consequently,

mp/2
I = var -(51)’“”-<ﬁ> ’ S(1+0(m~1?)).
Aimp &1

1/2
Noting that L ~ 0.31830 < (2—) ~ 0.78846, we conclude

5y 92—kp 2\/% e A\ mp/2 172
IR = S e )7 (&) (0 )
A

_ 4 1 2 —kp Al e/ 1 O —-1/2
7(\/%)1)71.%.(51) '<€1> S(1+0(m™7)),

which completes our proof. [

Proof of Theorem 5. Using the Fourier transform of the B-spline and the definition
of Euler-Frobenius polynomial Ea,,_1(2) for z = e

E2m71(2) 2m—2 [e%s)

—em—1i\7/ _ —i(m—1)w 2m
@m 1! Z Nop (v +1)2" =e “(2sin(w/2)) ZOO w+27r€ 5

(5.2)
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we can derive (c.f. [16, Lemma 4])

— 2k in -
D) = =] T w(;“/‘*\ o] | B
2k sin o 2m|
:iﬁ s w(7/4‘ <[ [2sinay2) ‘e;mm‘

where Z = ¢ and @ = m — w/2. Then, we obtain

AT MF T P e

lewsllg = F)p

29 p/2
_ 9—2kp sin2(u—7'r/2) am _ —2k . 4m .- ;
(\/ﬂ)p/m[( - ) (u—7/2)"2F (2sin(w)) (lzoo (2u+2ﬂ£)gm> :|4du
/
_4-2’2’“”(/*”/2 (M)Qm(ufn/z)‘%(sin(u))“m > 2 12
T (Ve Vs u—m/2 Lo (T

29 P/2
sin?(u — 7/2) am — /22 (sin(w)) 4™ o 1 W
o [( L) /) Ginu) (E@ o H@gm) } d

24 P/2
/2 sin?(u — 7/2) 2m 2k . am - L
+ . [(7u_7r/2 ) (u—7/2) (sin(u)) (ZZOO (u_,’_ﬂ_E)Qm) :| du
3m/2  roo | rain2(y —1/2)\ 2™ o2 (infan i [ S 1 ’ p/Qd
Jr/7r/2 * 3m/2 ( u—/2 ) (w=m/2) (sin(u) Z:z—:oo (u + me)2m u)
_ A2 I+ T+ Is+ Iy + I
7.W(1+ 2+ I3+ Iy + Is).

Here, & is the point where the function

w) sin2(u —7/2) sin2(u)
g(u) = (/2 — u)u?

takes its maximum value in (0,7/2), i.e. point at which ¢’(u) = 0. One can show
that & ~ 0.28532 is the root of the transcendental equation

h(u) := (2mu — 4u?) cos(2u) + (3u — ) sin(2u).
Note that ¢'(u) = % -h(u) and Ay = g(&2) =~ 0.69706.

We first estimate I5. By [16, Lemma 3], we have

I /52 2m,, —2k 271p/2 . ~
2 = s [g(w)*™(u—7/2)"**(1+ Ry +r(u)?]"" " du=: Ir1 + R,

where |Ry| < (2m —1)7!
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& )
Iy = / [9)2™ (u — 7/2)~2(1 + Ro(w))?])""” du,

where

Ra(u) = Ry +r(u), —7/240<u< &,
22U 7\ Ry, /2 <u<-—m/2+4.

0<0<m/2—¢& is fixed. Hence

1 /2 =8\
<
Rl < 5= + (n/2+5> ’

and

B —m /2446 /2
R= / [g(u)Qm(u - 7r/2)*2k] (14 Ry +r(w)? — (1+ Ry)P)du
—m/2
—7 /240 9
<ozo) [ [ow - n/2) " du
—7/2
Sin?™P §

(r — o)p(mth) "

sin™ §
(7 — §)2m+2k
For the estimation of I51, we shall employ the Watson’s lemma. We introduce
A2 . g'(€—v)
g€ —v) dv g(€-v)’
for v € [0,7/2 + &2]. We have ¢ — 0 as v — 0 and ¢ goes from 0 to oo monotonically

as v increases from 0 to m/2 + &. We can state the asymptotic expansion of ¢(v) near
v = 0 as follows:

p/2
< (p2° + o(1))5 - [ } < (p2P + 0(1))4 -

t=t(v) == Ing(€2) —Ing(€2 —v) = In

t(v) ~ asv? + azv® + -+ ~ a202(1 +az/agv+---),

where

= W (&) ~ 1.2229.

v=0  2&(m/2 — &) sin(26,)

Let s = v/t. Then
s(v) ~ V/Asv(1+bv+---), v—0.
Now s'(v) # 0, we can reverse this expansion,
v=0(t) ~ Ay Ps(L 4 crs+ eas® + ) ~ A P2(L 4 et oot + -4,
Also,

dv _ (/2 +v—E&) (&2 —v)sin2(& — v)
dt h(fg - ’U)
Asymptotic expansion of numerator and denominator at v = 0 and division yields

dv (7T/2 — Eg)fg sin(2€2)

@~ e )
1 2
N2A2v(t)(1+dw(t) +--)
1

(1+ et +egt 4 ---).

~

2v/Ast
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Now changing the variable in I; and noting g(&2 — v) = Age™ !, we have

l9(u)™ (u — m/2)" 2P 2du

&2
Ioy ~ /
—7/2

where
q(t) = (7/2 + v(t) — &) . %
) %(1 + fit!? + fot +
- %(1+g1t”2+ggt+...

By Watson’s lemma and choosing ¢ such that sin®(§/(m — d§)) < A2, we conclude that

---)7kp(1+61t1/2+62t+---)

2-&) " Jm -
Iy ~ Iy ~ 277 L : (14 O(m~1/?)).
2 21 2 2\/A_2 \/nTp ( (m )
Similarly, we can estimate the asymptotic behavior of I5. We use
t=1t(v) =Ing(&)—Ing(€+v)=In A2 v e (0,7/2 — &)
= = — = , , /2 — &3).
9(S2 g g€+ v) 2

Same technique implies

7 2*52)7@ \/_7 —
Ifw)\mp~(/ . (1 4+ 0O(m?)).
3 2 2v/Ao /mp ( ( )
Next, for I, ob ing th iod of 71 is m, we h

X r rvin ri E i

ext, for I, observing the period o pa (u OEG s m, we have

sin?(u — 7/2) sin®(u)
u—m/2

3mw/2
no=f (
/2

)m (u — mj2) 2 <

oo

24 p/2
1
5 )]

L=—

/2
e /”/2 sin?(u — 7/2) sin® (u) 2’”( R i 1 " .
I u—m/2 w-r = (ut w2 “
=1+ Is.
Consequently,
— &) kp
14 ~ 2)\311’. (7T/2 52) \/7_T . (1 + O(m71/2)).

2Vhy /D
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Next, we estimate Is. By Eapm—1(2) = (2m —1)! Z2m % Nop (v 4 1)2", we derive that
|Eam—1(2)] < (2m — 1)! for |z|] = 1 and

[ sin(u — 7/2)\ " —ok |Eam—1(e*™)| v
15‘/%/2{( ) e <2m1>!] o

o) .2 2m p/2 o)
ey o] aes o
T u ™ T

1 mp—1
—) , mp—1>0.

N

1
P —
= (mp — 1)n2k (W
Similarly,
—7/2 . 2 . 2m 2iu p/2
I :/ sin®(u — w/2) (u77r/2)72k | By (e2*)] du
o u—/2 (2m —1)!

N

—r ) 2m p/2 mp—1
1 1
g/ s\ g L (1 , mp—1>0.
oo u (mp — 1)k \ 7

In summary, we have

1 1 mp—1
Ll ———m | —
P (mp — 1n <7T>

and

1 (7.(./2_52)—@) \/E _1
In~ 5~ =1~ NP : (14 2Y).
L A 2v/As V/mp (1+0(m="7)

1
Due to — = 0.31830 < A2 = 0.69706, we conclude that
T

4.27200 Ly (M/2-&) T 172
5 AN NI N (1+0( )

_ 8 L) T e (g o),

ol 2Aomp

which completes our proof. O

Iwally =

Proof of Theorem 6. By definition,

mws Z YNom (22 — v).
Hence,
— - 272m [sin(w/4) 2m | Eom—1(Z)|
|mw7€L(w)| - \/ﬁ ( w/4 ) (2m — 1)!
_ 2 sin(w/4) . sin(@/2))%™ 3 S —
= \/ﬁ < w/4 > (2 ( /2)) l;c)o (a) T 27Tl)2m ’
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where Es,,_1 is the Euler-Frobenius polynomial, Z = ¢, and & = 7 — w/2. Setting
u=w/2=m7n/2—w/4, we obtain

ol =2 [ [(if“;ﬁ;;/”)m (s (fm WH "
() (£ i) |
() (S ) |
Ll (£ )]

L=—0c0
o0 i — 7/2)sin(w) \ ™ > 2P/
n /7r [(sm(u o~ /ﬂ-Q/)2 ( )) <Z_Z_:oo R ;£)2m> :| du)

4.272mp

(vV2m)r

(Ii + 12+ I3 + L).

Let

oo ()

Then g is symmetric about v = 7/4 and g(u) < g(w/4) = 64/7*. Similarly, using [16,
Lemma 3], we have

n~ [ " oy

—m/2
Introducing

g(m/4) 3

t=t(v) =In—1"— -
('U) ng(ﬂ'/4_'U)’ UE [0’47T]7
we can derive
d
alt) =~ 2@ =) AT (L et gt ).

Changing the variable u — 7/4 — v in Iy and using Watson’s lemma, we deduce

4. 2—2mp 4 - 2—2mp

W 2 v 4)]m,,/0 e g (t)dt

1 16\™P 1
e (7 ey
Vo w2 — 8\ 2mp

It is easily seen that Is = I due to the symmetry of g(u). Also, by the symmetry, we
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have Iy = I;. Using the fact that |E2,—1(2)| < (2m — 1)! for |z| = 1, we have

vt () (e
<(QV%)I;/W (szfu:r;f) Vﬁ / /2 (i) “

- 2 2mp 1 g 2mp— 17 1 1 i mp
S (V2mp2mp —1 \w © 2mp — 1 (2r)p—2 \ 72 '

Noting that 1/7% < 16/7%, we conclude

whi

— 2 T 1 16\™?
S|P — . . = (1 —-1/2
lmtinllp G Vs Vo (ﬂ4) (1+0(m™'?)),

ch completes our proof. 0
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