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This survey reviews spherical designs from a numerical-analysis 
perspective while retaining their connections with algebraic com
binatorics and discrete geometry. A finite set XN ⊂ 𝕊d is a spher
ical t-design when equal-weight integration over XN is exact for 
all spherical polynomials of degree at most t. We organize the 
subject around three themes: cardinality bounds, existence and 
nonexistence; certified and large-scale numerical construction; and 
approximation and computational applications. Particular attention 
is paid to the relations among polynomial exactness, covering and 
separation geometry, conditioning, and numerical stability. We also 
discuss applications to numerical integration, interpolation, hyper
interpolation, differential and integral equations, spherical signal 
and image processing.

© 2026 Elsevier Inc. All rights are reserved, including those for 
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1. Introduction

Numerical integration approximates an integral by a weighted sum of function values. The term 
quadrature is usually used in one dimension, whereas cubature refers to multidimensional integration 
[127]. Classical examples include Newton–Cotes formulas [52] and Gaussian quadrature [65]; broader 
accounts of quadrature and cubature may be found in [56,59,75,81,100,107,119,121,124]. Equal-weight 
formulas form a particularly important subclass because they avoid weight imbalance and can reduce 
the influence of random errors in sampled function values.
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In 1874, Chebyshev [126] studied equal-weight quadrature rules, seeking nodes x1, . . . , xt ∈ [−1,1]
such that

1

2

1 ∫︂
−1

p(x) dx = 1

t

t∑︂
i=1 

p(xi) (1)

holds for every polynomial p of degree at most t . He computed these rules for t = 2,3,4,5,6,7. 
In 1880, Radau [109] added the case t = 9 and noted that the case t = 8 involves complex nodes. 
More than fifty years later, Bernstein [27,28] proved that the equal-weight quadrature rules found by 
Chebyshev and Radau are the only such rules with all nodes real. Moreover, he proved that N > t2/16
if one allows more real nodes x1, . . . , xN than the polynomial degree t . Krylov [80] gave a simplified 
version of Bernstein’s proof. Subsequent contributions were made by Kuzmin [85], Geronimus [68], 
Salzer [111], Ullman [128], Kahaner [77], Gautschi and Yanagiwara [67], Wagner and Volkmann [129], 
and many others. A detailed survey is given by Gautschi in [66]. Equal-weight quadrature sums min
imize the effect of random errors in the sampled function values p(xi), a useful feature when these 
errors are substantially larger than the truncation error [66].

The passage from equal-weight quadrature on an interval to equal-weight cubature on the sphere 
has attracted sustained attention [26,57,80,81,112]. Sobolev and his school studied these formulas 
from the viewpoint of numerical approximation and invariant cubature; these works form an impor
tant precursor to the modern theory of spherical designs [119--122].

The formal concept of spherical designs was introduced by Delsarte, Goethals, and Seidel [57] in 
1977. Denote the unit sphere by 𝕊d := {x ∈ ℝd+1

⃓⃓∥x∥2 = 1}. Let XN := {x1, . . . , xN } ⊂ 𝕊d and let 
ℙt := ℙt(𝕊d) be the linear space of restrictions of polynomials of degree at most t in d + 1 variables 
to 𝕊d .

Definition 1. A point set XN ⊂ 𝕊d is a spherical t-design if

1 
|𝕊d|

∫︂

𝕊d

p(x) dωd(x) = 1 
N

N∑︂
i=1 

p(xi) ∀ p ∈ ℙt, (2)

where dωd is the usual (Lebesgue) surface measure on the unit sphere.

The surface area of 𝕊d is denoted by ωd ,

ωd := |𝕊d| = 2π
d+1

2 

Γ
(︂

d+1
2 

)︂ .

A spherical t-design is therefore an equal-weight cubature rule that is exact on ℙt . Fig. 1 shows a 
spherical 3-design (the six vertices of a cross-polytope) and a spherical 5-design (the twelve vertices 
of a regular icosahedron). The subject interacts with algebraic combinatorics [19,21], discrete geom
etry and coding theory [42,51,60], spherical packing [102], approximation theory [116], harmonic 
analysis [61,130,135], machine learning [93], and quantum information [101,142].

This survey focuses on the existence, numerical construction, and applications of spherical designs. 
Each section summarizes recent developments and open questions and provides references for further 
reading. Section 2 discusses cardinality bounds and existence, necessary conditions and nonexistence 
results, computer-assisted verification, and geometric properties, including covering radius and sepa
ration. Section 3 covers numerical construction methods, including optimization and fast algorithms. 
Section 4 explores extensions such as extremal, tε-, and nested designs. Section 5 details applica
tions in integration, interpolation, hyperinterpolation, PDEs, integral equations, and signal processing. 
The paper concludes with final remarks and an extensive reference list, highlighting both theoretical 
advances and practical implementations in the field.
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Fig. 1. Left: Spherical 3-design (cross-polytope). Right: Spherical 5-design (regular icosahedron). 

2. Existence, nonexistence, and geometry of spherical designs

In this section, we review cardinality bounds and existence theorems, necessary conditions and 
nonexistence results, computer-assisted verification, and geometric properties of spherical designs.

2.1. Cardinality bounds and existence

A fundamental problem in the theory of spherical t-designs is to determine their minimum cardi
nality. We write

Nmin(d, t) := min
{︁|X | : X ⊂ 𝕊d is a spherical t-design

}︁
.

The Delsarte–Goethals--Seidel lower bound [57] is

Nmin(d, t) ≥ D(d, t) :=
⎧⎨
⎩

(︁d+k
d 

)︁ + (︁d+k−1
d 

)︁
if t = 2k,

2
(︁d+k

d 
)︁

if t = 2k + 1.
(3)

A spherical t-design with N = D(d, t) is called a tight design. Bannai initiated a series of studies on 
the nonexistence of tight spherical designs in [20], establishing nonexistence results for tight t-designs 
in large dimensions. Later, in [22--24], Bannai, Damerell, and Sloane completed the nonexistence clas
sification of (t,d) for almost all cases: If a tight t-design exists on 𝕊d for d ≥ 2, then t must belong to 
{1,2,3,4,5,7,11}; moreover, if t = 11, then d = 23 (the 196560 = D(23,11) minimal vectors of the 
Leech lattice in ℝ24). In contrast, the 120 vertices of the regular 600-cell on 𝕊3 form an 11-design, 
but it is not tight since D(3,11) = 112.

On 𝕊2, the six vertices of the cross-polytope form a tight 3-design, since D(2,3) = 6, and the 
twelve vertices of the regular icosahedron form a tight 5-design, since D(2,5) = 12. On 𝕊3, the 24 
vertices of the regular 24-cell, corresponding to the D4 root system, form a spherical 5-design but are 
not tight because D(3,5) = 20. These vertices consist of the eight coordinate points {±e j : 1 ≤ j ≤ 4}
and the sixteen points 1

2 (±1,±1,±1,±1).
A complementary problem is to find quantitative conditions on N , d, and t that ensure existence 

for all sufficiently large N . In 1984, Seymour and Zaslavsky [114] proved that, for N sufficiently large, 
spherical t-designs on 𝕊d exist for all d, t ∈ℕ . However, this proof is nonconstructive and provides no 
insight into how to construct practical spherical t-designs, nor does it establish a quantitative bound 
on N in terms of d and t .

Wagner and Volkmann [129] gave the first quantitative sufficient condition: there exists a constant 
cd such that, whenever N ≥ cdt12d4

, an N-point spherical t-design on 𝕊d exists. Here and throughout, 
Cd and cd denote positive constants depending only on d. Bajnok [18] proved the upper bound
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Nmin(d, t) ≤ Cdt𝒪(d3),

which was subsequently improved to

Nmin(d, t) ≤ Cdt𝒪(d2)

in [108]; see also related work of Korevaar and Meyers [78,79] and Kuijlaars [82].
Korevaar and Meyers in [79] conjectured that

Nmin(d, t) ≤ Cdtd.

This conjecture attracted significant interest. For instance, Kuijlaars and Saff [83] emphasized its 
importance for d = 2 and revealed its relation to minimal energy problems. Mhaskar, Narcowich, 
and Ward [98] constructed positive quadrature formulas on 𝕊d using Cdtd points with nearly equal 
weights.

The conjecture was eventually solved by Bondarenko, Radchenko, and Viazovska through a series 
of works. In [31], Bondarenko and Viazovska proved that

Nmin(d, t) ≤ Cdtad ,

where the sequence {ad : d = 1,2, . . .} satisfies a1 = 1, a2 = 3, a2d−1 = 2ad−1 + d, and a2d = ad−1 +
ad + d + 1. Moreover, they showed that ad < d 

2 log2(2d) for d > 10. Later, in [32], they improved the 
result to

Nmin(d, t) ≤ Cdt
2d(d+1)

d+2 

based on the Brouwer fixed point theorem [105], the Marcinkiewicz–Zygmund inequality on the 
sphere [98], and area-regular partitions [36,83]. Finally, in [29], using topological degree theory [49], 
Bondarenko, Radchenko, and Viazovska proved the optimal bound

Nmin(d, t) ≤ Cdtd.

Viazovska was awarded the Fields Medal in 2022 for her remarkable work on sphere packing and 
spherical designs. Dai and Feng [54] extended their result to a general setting for spheres, balls, and 
simplexes with doubling weights.

2.2. Necessary conditions and nonexistence results

The nonexistence theory for tight designs concerns the equality case in the Delsarte–Goethals--
Seidel bound. However, a cardinality strictly larger than D(d, t) need not be attainable. A complemen
tary line of research, therefore, studies necessary conditions for prescribed triples (d, t, N) and seeks 
to identify forbidden cardinalities beyond the tight case.

Boyvalenkov, Danev, and Nikova [37] derived necessary conditions for spherical designs of odd 
strength and odd cardinality by applying polynomial techniques to the inner-product distribution 
of the points. Their results yield many nonexistence statements, asymptotic improvements over 
the Delsarte–Goethals--Seidel estimate in the odd-cardinality setting, and detailed conclusions for 
strengths 3 and 5. Boumova, Boyvalenkov, and Danev [33] developed related necessary conditions in 
the broader setting of polynomial metric spaces, especially for designs whose cardinalities are close 
to the classical lower bounds.

These ideas were subsequently refined by combining polynomial inequalities for extreme inner 
products with additional geometric arguments. The resulting developments include new structural 
bounds and nonexistence results for spherical designs [34], a method tailored to odd strength and 
odd cardinality with applications to spherical 7-designs [35], improved asymptotic lower bounds for 
the minimum possible odd cardinality at fixed odd strength [38], and further nonexistence results 
in small dimensions and asymptotic regimes [39]. This finite-parameter nonexistence theory com
plements the asymptotic existence results above: existence theorems identify cardinalities that are 
sufficient, whereas necessary conditions rule out specific parameter sets near the lower-bound regime.
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The main point is that these results impose restrictions beyond the universal cardinality bound 
(3). Their polynomial criteria encode information about the inner-product distribution and, in the 
odd-strength setting, exploit parity and positivity constraints that are invisible in the Delsarte--
Goethals--Seidel estimate alone. The precise auxiliary polynomials and admissible parameter ranges 
depend on (d, t, N); the cited papers contain explicit criteria and tables of excluded parameter sets. 
Thus, numerical failure to locate a design at a prescribed cardinality can be compared with an inde
pendent analytic obstruction rather than interpreted as evidence of nonexistence by itself.

2.3. Computer-assisted verification of existence

Interval methods [110] provide a framework for proving the existence of exact spherical t-designs 
near numerically computed configurations [44,46,47]. The paper [46] presents a computational al
gorithm based on interval arithmetic. For a given t , the algorithm is designed to demonstrate the 
existence of a t-design with (t + 1)2 nodes on 𝕊2, and to compute narrow interval enclosures that 
are mathematically guaranteed to contain these nodes. Currently, there is no theoretical proof of the 
existence of a t-design with (t + 1)2 nodes for arbitrary t . This method establishes existence for 
t = 1,2, . . . ,100 by interval verification. The spherical t-design is generally not unique; therefore, the 
method aims to identify a well-conditioned solution. It involves computing an interval enclosure for 
the zeros of a highly nonlinear system of dimension (t + 1)2. Several specialized techniques have 
been developed to improve the efficiency of interval arithmetic in this context. All computations are 
conducted using the MATLAB toolbox INTLAB [110].

In [3], well-conditioned spherical t-designs on 𝕊2 are constructed and verified using interval 
methods up to t = 60. These methods also provide a guaranteed interval for the determinant, enhanc
ing the reliability of the results and confirming the geometric properties of the resulting spherical 
designs, such as separation and mesh norm. Using the supercomputing center at Jinan University, 
well-conditioned spherical t-designs have been constructed and verified using interval methods up to 
t = 160 with N = (t + 1)2, as detailed in [43] and [2]. In an invited lecture at the Forum for Women 
Scientists, ICCM2025, Shanghai, Chen [45] emphasized the importance and feasibility of interval meth
ods for proving the existence of spherical t-designs.

2.4. Separation and covering geometry

Throughout this subsection, we use the geodesic distance on 𝕊d defined by

dist(x, y) := cos−1(x · y), x, y ∈ 𝕊d,

where x · y denotes the standard Euclidean inner product in ℝd+1.
Given a finite set of distinct points XN = {x1, . . . , xN } ⊂ 𝕊d , the quality of the point distribution is 

characterized by the following quantities.

Definition 2. The mesh norm hXN of a point set XN ⊂ 𝕊d is

hXN := max 
y∈𝕊d

min 
xi∈XN

cos−1(y · xi). (4)

In other words, the mesh norm can be regarded as the geodesic radius of the largest hole in the 
mesh [3]; equivalently, it is the covering radius, i.e., the smallest radius for which N identical spherical 
caps centered at the points xi cover the sphere [123].

For comparison with the linear-programming literature, it is useful to introduce the equivalent 
inner-product covering parameter

η(XN ) := min 
y∈𝕊d

max 
1≤i≤N

y · xi . (5)

Since cos−1 is decreasing on [−1,1], one has
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hXN = cos−1(︁η(XN )
)︁
.

Fazekas and Levenshtein [62] obtained linear-programming bounds for the corresponding covering 
parameter in polynomial metric spaces; in the spherical setting their classical bound depends on the 
dimension and the strength, but not on the cardinality. Boyvalenkov and Stoyanova [40] subsequently 
derived cardinality-sensitive lower and upper bounds for η(XN ). Schematically, their estimates take 
the form

η−
LP(d, t, N) ≤ η(XN ) ≤ η+

LP(d, t, N),

where the two endpoints are obtained from signed measures and associated systems of orthogonal 
polynomials; their explicit forms and admissible parameter ranges depend on the parity of t . For de
signs of even strength, the lower estimate can improve the Fazekas–Levenshtein bound, while the 
upper-bound method also applies in several odd-strength and antipodal settings. In the geodesic con
vention used here, a lower bound for η(XN ) is an upper bound for hXN , whereas an upper bound for 
η(XN) is a lower bound for hXN .

Definition 3. The separation distance of a point set XN ⊂ 𝕊d is defined by

δXN := min 
xi ,x j∈XN , i≠ j

cos−1(xi · x j). (6)

Note that the separation distance can also be defined using the Euclidean distance |x − y|, since 
|x − y| ≤ cos−1(x · y) ≤ π

2 |x − y| for x, y ∈ 𝕊d .
A spherical t-design XN is said to be well-separated if

δXN ≥ λd N−1/d,

for some constant λd . This condition is usually considered in the regime N ≥ td (or N of order td). If 
two points xi and x j are very close, the condition number of the interpolation matrix becomes large. 
This is why well-separated spherical t-designs are desirable. Numerical evidence for the existence of 
well-separated spherical t-designs can be found in [3]. It was shown in [30] that there exist well
separated spherical t-designs with N points of the optimal order td .

The mesh ratio ρXN defined by

ρXN := 2hXN

δXN

≥ 1

is a good measure of the quality of the geometric distribution of XN : the smaller ρXN is, the more 
uniformly the points are distributed on 𝕊d [3,88]. Equivalently, ρXN can be interpreted as the ratio of 
the covering radius hXN to the packing radius δXN /2.

3. Numerical construction of spherical designs

In this section, we focus on the numerical construction of spherical designs on 𝕊d .

3.1. Optimization problems for finding spherical designs

To find spherical t-designs for a given t , one may formulate the point set XN as the solution to 
a system of nonlinear equations. This naturally leads to various optimization formulations, which in 
turn call for the development of specialized numerical algorithms.

We denote by

{Y k
ℓ : k = 1, . . . , Z(d, ℓ), ℓ = 0,1,2, . . .}

6 
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an L2-orthonormal system on 𝕊d of real spherical harmonics of degree ℓ and order k, normalized 
with respect to the surface measure dωd . Here Z(d, ℓ) is the dimension of the space of spherical 
harmonics of degree ℓ. Thus,∫︂

𝕊d

Y k
ℓ (x)Y k′

ℓ′ (x) dωd(x) = δℓℓ′δkk′ .

For d = 2, one has Z(2, ℓ) = 2ℓ + 1.

Lemma 1 ([53,57,118]). A finite set XN = {x1, . . . , xN} ⊂𝕊d is a spherical t-design if and only if the so-called 
Weyl sums vanish:

N∑︂
j=1 

Y k
ℓ (x j) = 0, k = 1, . . . , Z(d, ℓ), ℓ = 1, . . . , t. (7)

One way to convert this system into an optimization problem is to consider a nonnegative sum of 
squares of the Weyl sums. Sloan and Womersley [118] introduced the variational characterization

AN,t(XN) := |𝕊d|
N2

t∑︂
ℓ=1 

Z(d,ℓ)∑︂
k=1 

⃓⃓⃓
⃓⃓⃓ N∑︂

j=1 
Y k

ℓ (x j)

⃓⃓⃓
⃓⃓⃓
2

. (8)

It was shown in [118] that a point set XN ⊂ 𝕊d is a spherical t-design if and only if AN,t(XN) = 0. 
Since AN,t ≥ 0, any t-design is a global minimizer of AN,t with value 0. Conversely, if the global 
minimum of AN,t is strictly positive, then no N-point spherical t-design exists. Thus the problem of 
seeking XN can be transformed into the optimization problem of minimizing AN,t :

XN = arg min 
XN⊂𝕊d

AN,t(XN).

Here AN,t is a function on the product manifold (𝕊d)N .
It is important to distinguish the preceding mathematical equivalence from what a numerical com

putation can certify. The failure of an optimization algorithm to reduce AN,t to zero does not by itself 
prove nonexistence, since the algorithm may have converged to a nonglobal local minimum or may 
have stalled before reaching a zero. A rigorous nonexistence conclusion requires either a certified pos
itive lower bound for the global minimum or analytic necessary conditions such as those reviewed in 
Section 2.2.

3.2. Newton-like method

For a general optimization problem, it is typically difficult to guarantee that a numerical algorithm 
will converge to a global minimizer. In this regard, Sloan and Womersley [118] examined the first
order optimality conditions of AN,t , and showed that stationary configurations satisfying a condition 
on the mesh norm are spherical designs and hence global minimizers. The main result in [118] states 
that if XN ⊂ 𝕊d is a stationary point set of AN,t and its mesh norm satisfies

hXN <
1 

t + 1
,

then XN is a spherical t-design. This result opened a pathway to proving the existence of spherical t
designs with a number N of points proportional to (t + 1)d for fixed d. Using a quasi-Newton method, 
a numerical example with d = 2 and t = 19 suggested that computational minimization of AN,t could 
be a valuable tool for discovering new spherical designs for moderate and large t .

7 
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In 2018, Womersley [133] considered the generation of efficient spherical t-designs with good geo
metric properties, where ``efficient'' refers to the number of points N being comparable to dimℙt(𝕊d). 
For fixed d and t → ∞,

dimℙt(𝕊
d) =

(︃
t + d

d 

)︃
+

(︃
t + d − 1

d 

)︃
∼ 2 

d! td.

Good geometric properties are characterized by a low mesh ratio ρXN . The results for 𝕊2 include 
computed spherical t-designs for t = 1, . . . ,180 and symmetric (antipodal) t-designs for degrees up 
to 325, all exhibiting low mesh ratios. These point sets provide excellent candidates for numerical 
integration on the sphere. Furthermore, the methods can also be used to explore spherical t-designs 
computationally for d = 3 and higher. Such work is based on quasi-Newton methods and utilizes 
supercomputer systems.

3.3. Barzilai–Borwein method

Newton-like methods use Hessian information or approximations to it, which may be computa
tionally expensive for large-scale problems. Newton steps are typically obtained by solving a linear 
system, without explicitly forming the inverse of the Hessian. The Barzilai–Borwein method [125] 
is a gradient-based method with modified step sizes, motivated by Newton’s method but without 
involving the Hessian. In [12], it is shown that if XN is a stationary point set of AN,t+1 and the 
smallest singular value of the basis matrix (i.e., the spherical harmonic evaluation matrix Y t+1(XN), 
see Definition 4) is positive, then XN is indeed a spherical t-design. Numerical examples are pre
sented for spherical t-designs with N = (t + 2)2 points for values of t + 1 up to 127 on 𝕊2. As the 
authors point out, this method demonstrates high efficiency and accuracy. Under the stated assump
tions, exact stationarity and positivity of the smallest singular value imply that the configuration is 
a spherical t-design and hence a global minimizer of AN,t . In numerical computations, stationarity 
residuals and computed singular values provide numerical checks; rigorous certification requires val
idated bounds for the relevant hypotheses. Numerical experiments indicate that the Barzilai–Borwein 
method is faster than the quasi-Newton method when constructing spherical t-designs with large 
numbers of nodes.

An and Xu [13] propose a regularized Barzilai–Borwein (RBB) method, which tunes the spectral 
gradient step sizes by constructing a regularized least-squares model. They employ the RBB method 
to numerically compute spherical t-designs up to t = 130 with N = (t +1)2 on 𝕊2. Xu [137] introduces 
an interpolated least-squares model, which unifies the two classical BB step sizes by modifying the 
degree of the independent variable in the original least-squares model. The results of [13] and [137] 
provide new perspectives for the study of BB-like methods, and by appropriately selecting parameters, 
both approaches can deliver efficient step sizes for gradient descent algorithms.

3.4. Newton and conjugate gradient methods on manifolds

The sphere 𝕊d is a compact Riemannian manifold. Consequently, numerical optimization methods 
on manifolds can be applied to find spherical t-designs. In [69], the authors consider the problem of 
finding numerical spherical t-designs on 𝕊2 for high polynomial degrees t ∈ℕ . Specifically, they com
pute local minimizers of the quadrature error AN,t . The same variational characterization was used by 
Sloan and Womersley in [118]. For the minimization problem, the authors employ several nonlinear 
optimization methods on manifolds, such as Newton’s method and conjugate gradient methods.

The paper [69] demonstrates that, by utilizing the Nonequispaced Fast Spherical Fourier Transform 
(NFSFT) on 𝕊2, gradient and Hessian evaluations can be performed in O (t2 log t + N log2(1/ϵ)) arith
metic operations, where ϵ > 0 is a prescribed accuracy. Using these methods, the authors present 
numerical spherical t-designs on 𝕊2 for t ≤ 1000, even in cases when N ≈ t2/2.

8 
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Table 1
Comparison of numerical construction methods for spherical t-designs on 𝕊2.

Method Per-iteration cost Storage Typical local behavior 
Newton-like O (N Zt ) O (Z 2

t ) (Hessian) Superlinear under standard assumptions 
Barzilai–Borwein O (N Zt ) O (N) Usually linear 
Manifold Newton/CG O (t2 log t + N log2(1/ϵ)) O (N)--O (N2) Newton: quadratic; CG: problem-dependent 
Trust-region O (t2 log2 t + N log2(1/ϵ)) O (N Zt ) Problem-dependent; often superlinear locally 

3.5. Trust-region methods

Trust-region methods [125] are a class of optimization techniques. Unlike line-search methods, 
which perform a line search in each iteration, trust-region methods compute a trial step by solving a 
subproblem that minimizes a model function within a trust region. This approach allows for the use 
of nonconvex models, making these methods suitable for nonconvex and ill-conditioned problems.

The function AN,t is generally nonconvex. In [135], the authors numerically solve the minimization 
problem using the trust-region method. The function AN,t is formulated as a band-limited expres
sion involving the spherical harmonic evaluation matrix Y t := Y t(XN) and its adjoint Y ⋆

t , allowing 
compact matrix-vector forms for AN,t , its gradient ∇ AN,t , and its Hessian ℋ(AN,t). To accelerate 
computations, NFSFTs are used for matrix-vector operations involving Y t and Y ⋆

t . Using FFT-based 
spherical harmonic transforms reduces the computational cost and makes the method feasible for 
large N ≈ (t + 1)2 on 𝕊2. This efficiency is crucial in the trust-region optimization framework, where 
AN,t and its derivatives must be evaluated repeatedly. Through the fast spherical harmonic transform, 
each iteration’s cost can be kept to 𝒪(t2 log2 t + N log2(1/ϵ)), thus facilitating efficient large-scale 
computations on 𝕊2. The paper [135] finds numerical spherical t-designs on 𝕊2 with t as large as 
3000.

3.6. Comparison of numerical construction methods

Table 1 summarizes the main computational features of the numerical construction methods dis
cussed above. Here Zt = dim(ℙt(𝕊2)) = (t + 1)2 denotes the dimension of the polynomial space.

The choice of method involves a trade-off between available derivative information, storage 
requirements, and convergence speed. The complexity and convergence entries in Table 1 are 
implementation-dependent summaries of the behavior reported in the cited numerical studies; they 
should not be read as unconditional guarantees. Limited-memory quasi-Newton methods with low
rank Hessian approximations are more directly comparable to the Barzilai–Borwein method in terms 
of storage and per-iteration cost.

4. Miscellaneous extensions of spherical designs

In this section, we focus on some extensions of spherical designs, including extremal spherical 
designs, spherical tε-designs, nested spherical designs, and designs on local spherical regions.

4.1. Extremal spherical designs

The formal definition of extremal spherical designs can be found in [3].

Definition 4. A set XN = {x1, . . . , xN } ⊂ 𝕊2 of N ≥ (t + 1)2 points is an extremal spherical t-design if 
the determinant of the matrix

Ht(XN) := Y t(XN)Y t(XN)T ∈ℝ(t+1)2×(t+1)2

is maximal subject to the constraint that XN is a spherical t-design, where Y t(XN) := 
(Y k

ℓ (xi))0≤ℓ≤t, 1≤k≤2ℓ+1; 1≤i≤N is the spherical harmonic evaluation matrix of size (t + 1)2 × N .

9 
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The paper [3] presents a method for constructing extremal spherical designs, which gives well
conditioned spherical designs with N ≥ (t + 1)2 points on 𝕊2. A crucial aspect of this approach is the 
application of interval methods, which are vital for demonstrating the existence of a true spherical 
t-design that closely approximates the computed points.

4.2. Spherical tε-designs

Although interval methods have confirmed the existence of spherical t-designs on 𝕊2 for t ≤ 100
with N = (t + 1)2, constructing designs with equal positive weights and polynomial exactness of 
degree t remains challenging in practice for large t . Zhou and Chen [140] relax the equal-weight 
constraint: the weights may vary within a prescribed interval, while the rule remains exact for all 
polynomials of degree at most t .

Definition 5. A spherical tε-design with 0 ≤ ε < 1 on 𝕊d is a set of points XN,ε = {xε,1, . . . , xε,N } ⊂ 𝕊d

together with weights w1, . . . , w N such that the quadrature rule

∫︂

𝕊d

p(x) dωd(x) =
N∑︂

i=1 
wi p(xε,i)

is exact for all spherical polynomials of degree at most t . The weights satisfy

|𝕊d|
N

(1 − ε) ≤ wi ≤ |𝕊d|
N

(1 − ε)−1, i = 1, . . . , N.

Since ε < 1, the weights are positive. Moreover, exactness for constants (polynomials of degree 
zero) forces 

∑︁N
i=1 wi = |𝕊d|, i.e., the mean of the weights is exactly |𝕊d|/N .

Spherical tε-designs serve as a bridge between true spherical t-designs and positive-weight 
quadrature rules. Since every spherical t-design is also a spherical tε-design for any 0 ≤ ε < 1, the 
existence of tε-designs follows from that of t-designs. The more interesting question is for which 
(smaller) values of N a tε-design exists; the additional freedom in the weights suggests that tε-designs 
may exist with fewer points than spherical t-designs. Numerical experiments in [140] demonstrate 
that by increasing ε, it is possible to maintain degree-t polynomial exactness with fewer points than 
those required by spherical t-designs. Related generalizations were studied in [139].

4.3. Nested spherical designs

On the sphere, function approximation approaches such as hyperinterpolation [116], multiscale 
analysis [86], and localized systems [87,103] rely on the polynomial exactness of spherical designs. 
In the approximation schemes considered here, reducing the error generally requires increasing the 
design strength t and, consequently, the number of nodes. In real-world applications such as signal 
processing or super-resolution imaging on the sphere, the design strength may need to be large to 
match the data resolution and achieve the desired accuracy. Consequently, the total number of nodes 
in a spherical design becomes a major determinant of computational cost and storage requirements 
at high resolution. Furthermore, spherical framelets such as those in [130,135] utilize a sequence 
of high-order cubature rules to achieve multiscale analysis and localization. In [133, Sec. 4.5], the 
importance of the nested property of spherical designs was discussed. Nested structures of cubature 
rules could significantly reduce storage and computational burdens. It is therefore desirable to have 
nested spherical designs for both theory and applications.

Definition 6. Let Xt1,N1 ⊂ 𝕊d and Xt2,N2 ⊂ 𝕊d be a spherical t1-design and a spherical t2-design, 
respectively. They are called nested if Xt1,N1 ⊂ Xt2,N2 with t1 < t2.

Given the above discussion, it is natural to ask the following important questions.

10 
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(Q1) Do nested spherical designs exist?
(Q2) How many nodes are needed to extend a t1-design to a t2-design (t2 > t1)?
(Q3) What is the optimal bound for the number of points needed to extend a t1-design to a t2

design?

In [138], the authors answered these questions. They proved the existence of nested spherical designs 
for sufficiently large N , and established an upper bound of order N = 𝒪(t2d+1) that guarantees the 
existence of nested spherical designs. It is believed that such a bound is not optimal, and it is con
jectured that the optimal bound should be of order N = 𝒪(td). For some special cases t1 < t2, the 
paper [138] shows that there exist nested spherical designs with cardinalities of order cdtd

1 and cdtd
2, 

respectively, with the same constant cd .

4.4. Designs on local spherical regions

Positive-weight cubature formulas and equal-weight designs are distinct notions, even though both 
are governed by polynomial exactness and often use Marcinkiewicz–Zygmund inequalities as a prin
cipal tool [98]. For a local region Ω ⊂ 𝕊d , a design must be defined relative to the restricted surface 
measure on Ω and the corresponding polynomial space. Recent work develops such equal-weight de
signs for spherical caps and spherical zones, proves existence under suitable geometric assumptions, 
and studies their numerical construction and approximation properties [89,90]. These results should 
therefore be viewed as local analogues of spherical designs, rather than as automatic consequences of 
the existence of positive-weight cubature formulas.

5. Applications

Once (numerical) spherical t-designs are obtained, they can be applied in various areas, e.g., nu
merical integration and function approximation [3,4,73,74,136], multiscale analysis and signal process
ing [87,103,130,135], interpolation and hyperinterpolation [116], spherical partial differential equa
tions [134], and spherical integral equations [16].

5.1. Numerical integration and function approximation

The most direct applications of spherical t-designs are numerical integration [3,74] and function 
approximation [136]. In [3], an example of approximating an exponential function on the sphere is 
presented. In [136], the approximation of smooth and non-smooth functions by spherical harmonics 
using spherical designs is investigated. The decay behavior of the error is consistent with the error 
bounds for QMC designs in the literature [41]:

sup 
f ∈Hs(𝕊d),
∥ f ∥Hs ≤1

⃓⃓⃓
⃓⃓⃓
⃓
|𝕊d|

N

N∑︂
j=1 

f (x j) −
∫︂

𝕊d

f (x) dωd(x)

⃓⃓⃓
⃓⃓⃓
⃓
≤ C(s,d)

ts
, (9)

where Hs(𝕊d) is the Sobolev space with smoothness s > d/2, so that point evaluation is continuous, 
and C(s,d) is independent of the particular design. For a sequence of spherical t-designs satisfying 
the optimal cardinality relation N ≍ td , the bound t−s is equivalent to the QMC rate N−s/d . Such 
sequences provide fundamental examples of QMC designs. The numerical examples in [41] illus
trate their competitive integration performance. Moreover, [2] and [43] employed well-conditioned 
spherical t-designs to approximate integrals of singular functions with the help of homeomorphic 
transformations: the Atkinson transform and the Sidi transform (see [17,115] for details). Numeri
cal examples demonstrate the clear advantage of spherical t-designs compared with other quadrature 
rules and node configurations, including the bivariate trapezoidal rule and equal-area partition points; 
see [2, Sec. 5] and [43]. It should be noted, however, that spherical t-designs cannot be generated on 
the fly for arbitrarily large t; their construction requires dedicated numerical optimization.

11 



C. An and X. Zhuang Journal of Complexity 98 (2027) 102096 

5.2. Polynomial interpolation

For a given f ∈ C(𝕊2), the classical interpolation operator Λt is defined by

Λt f ∈ ℙt, Λt f (x j) = f (x j), j = 1, . . . , N,

where N = dim(ℙt(𝕊2)). The interpolant is expressed as

Λt f =
N∑︂

j=1 
f (x j) ℓ j, (10)

where ℓ j ∈ ℙt are the Lagrange polynomials satisfying ℓ j(xi) = δi j , i, j = 1, . . . , N . The Lebesgue con
stant for interpolation is defined by

∥Λt∥ := sup 
f ∈C(𝕊2)\{0}

∥Λt f ∥∞
∥ f ∥∞

= max
x∈𝕊2

N∑︂
j=1 

|ℓ j(x)|. (11)

For the well-conditioned spherical t-designs computed in [3], Figure 6.1 of that paper reports 
Lebesgue constants between 

√
t and (t + 1)2, with values relatively close to t + 1. Note that 

√
t is the 

growth rate of the Lebesgue constant for the orthogonal projection [4], which is known to be a lower 
bound for the Lebesgue constant for interpolation [117]. A nonlinear fit to the data in [3, Figure 6.1] 
gives 0.8025(t + 1)1.12 as an empirical estimate of the Lebesgue constant.

5.3. Hyperinterpolation

Hyperinterpolation, a discrete analogue of the L2 orthogonal projection, is a powerful technique 
for multivariate polynomial approximation introduced by Ian H. Sloan in 1995 [116]. The hyperinter
polation operator ℒL is constructed by replacing the Fourier integrals in the L2 orthogonal projection 
onto ℙL with a quadrature rule that exactly integrates all spherical polynomials of degree up to 2L. 
It is known [116] that for L ≥ 3, the number of quadrature points required for hyperinterpolation 
must exceed the dimension of the polynomial space. Thus, hyperinterpolation stands in contrast to 
interpolation, being a discrete projection method rather than a pointwise matching scheme. In what 
follows, we restrict the quadrature rules employed in hyperinterpolation to be spherical designs [4].

Given a spherical t-design XN = {x1, . . . , xN} ⊂ 𝕊2 with t ≥ 2L, we define the semi-inner product 
(·, ·)N for two continuous functions f , g ∈ C(𝕊2) by

( f , g)N := 4π

N

N∑︂
j=1 

f (x j) g(x j). (12)

It follows that for any p,q ∈ℙL ,

(p,q)N = (p,q)L2 =
∫︂

𝕊2

p(x)q(x) dω2(x),

since pq ∈ ℙ2L(𝕊2) and t ≥ 2L. Note that for f ∈ C(𝕊2), ( f , f )N = 0 implies f (x j) = 0 for j =
1, . . . , N , but does not imply f ≡ 0. Thus (12) induces only a seminorm ∥ f ∥N := √︁

( f , f )N on C(𝕊2).
The hyperinterpolant of a function f ∈ C(𝕊2) is defined by

ℒL f (x) =
L ∑︂

ℓ=0 

2ℓ+1∑︂
k=1 

( f , Y k
ℓ )N Y k

ℓ (x), x ∈ 𝕊2.

In particular, ℒL f ∈ℙL . Using the reproducing kernel

12 
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G L(x, y) = gL(x · y) =
L ∑︂

ℓ=0 

2ℓ+1∑︂
k=1 

Y k
ℓ (x)Y k

ℓ (y) =
L ∑︂

ℓ=0 

2ℓ + 1

4π 
Pℓ(x · y), (13)

the hyperinterpolant can be expressed as

ℒL f (x) = ( f , G L(x, ·))N = 4π

N

N∑︂
j=1 

f (x j) gL(x · x j)

=
L ∑︂

ℓ=0 

2ℓ + 1

N

N∑︂
j=1 

f (x j) Pℓ(x · x j), x ∈ 𝕊2,

which is the discrete analogue of the orthogonal projection

𝒫L f (x) = ( f , G L(x, ·))L2 =
∫︂

𝕊2

f (y) gL(x · y) dω2(y).

Spherical t-designs have been extensively applied in hyperinterpolation and its variants [4--10,93, 
94]. Due to space limitations, we only mention the work on approximating singular and oscillatory 
functions on the sphere via hyperinterpolation using spherical t-designs as nodes [10]. The efficient 
hyperinterpolation method of An and Wu [10] on 𝕊2 uses spherical t-designs to define the cubature 
rule for approximating functions of the form

F = K f ,

where K is a kernel function that is typically singular or highly oscillatory. The key idea is to precom
pute the modified moments

∫︂

𝕊2

K Y k
ℓ dω2 (14)

analytically or via stable iterative procedures, thereby avoiding direct numerical integration of the 
singular or oscillatory kernel K and significantly reducing the required number of quadrature points. 
For this variant, let n denote the output degree, corresponding to L above, and relax the cubature 
exactness to t = n + n′ with 0 < n′ < n. Define

Em(g) := inf 
p∈ℙm

∥g − p∥∞,

and let χ∗ ∈ ℙn′ be a best uniform approximation to f , so that ∥ f − χ∗∥∞ = En′( f ). Under the 
assumptions of [10], for continuous K , the L2 error bounds have the form

∥𝒮n(K f ) − K f ∥2 ≲ En′( f ) + En(Kχ∗),

∥ℒn(K f ) − K f ∥2 ≲ En′(K f ),

where 𝒮n denotes efficient hyperinterpolation and the implied constants depend on the kernel and 
the stated stability assumptions. These bounds distinguish the approximation of the smooth factor f
from that of the product K f . Integrable singular kernels are treated separately in [10] through L1 and 
L2 estimates.

For oscillatory spherical harmonics Y k
ℓ and singular kernels such as |𝝃 − x|ν or log |𝝃 − x|, the 

numerical experiments in [10] show improved accuracy and robustness for the tested kernels and 
point configurations using the same number of sampling points.

For a detailed survey on hyperinterpolation, we refer the reader to [7].
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5.4. Spherical partial differential equations

Hyperinterpolation has also been adapted to the numerical solution of differential equations on the 
sphere. Its role is to replace continuous spectral projections and inner products by discrete quantities 
evaluated at a spherical design. Because 𝕊d is a closed manifold, boundary conditions are absent; 
depending on the differential operator, one may instead require a normalization or compatibility con
dition, for example, a zero-mean condition for an operator with constants in its kernel.

Let Vn =ℙn(𝕊d) with basis {pℓ}dn
ℓ=1, where dn = dim Vn , and consider

L u = f .

A discrete Galerkin formulation seeks un ∈ Vn such that

⟨L un, pℓ⟩m = ⟨ f , pℓ⟩m, ℓ = 1, . . . ,dn, (15)

where ⟨·, ·⟩m is evaluated by a spherical design. The design strength must be chosen so that the 
products occurring in (15) are integrated exactly, or so that the resulting quadrature error can be 
controlled. The required degree therefore depends on both Vn and the action of L ; orthogonality 
alone does not justify the discrete system. Hyperinterpolation provides an efficient way to assemble 
the projected data and, in suitable settings, the projected differential operator; see [134].

For a time-dependent semilinear equation

∂u(x, s)

∂s 
= L u(x, s) + f (x, u(x, s)),

the nonlinear term is evaluated pointwise at the design nodes and then projected onto Vn by hy
perinterpolation. Thus, the nonlinearity is discretized by sampling and projection, rather than being 
automatically linearized. This construction leads to spectral or pseudospectral time-stepping schemes; 
an Allen–Cahn equation on the sphere is discussed in [134]. The same work also studies relaxed 
quadrature conditions, under which exact polynomial integration is replaced by quantitative stability 
and consistency estimates.

5.5. Spherical integral equations

Hyperinterpolation has also been successfully applied to the numerical treatment of integral equa
tions. It was initially formulated in [16] as a discrete orthogonal projection based on spherical t
designs for Fredholm integral equations of the second kind of the form

u(x) −
∫︂

𝕊2

K (x, y) u(y) dω2(y) = f (x), (16)

which can be written symbolically as (I −𝒦)u = f . Its practical implementation relies fundamentally 
on spherical t-designs: both the quadrature nodes used to approximate the integral and the points 
defining the hyperinterpolation operator ℒn are taken from a spherical t-design on 𝕊2.

Two principal techniques, both rooted in spherical t-design sampling, support the use of hyperin
terpolation for such equations:

1. Projection-based methods. Following the approach introduced by Atkinson and Bogomolny [16], the 
orthogonal projection is replaced by the hyperinterpolation operator ℒn , constructed explicitly from 
a spherical t-design. This leads to the discrete system

(I −ℒn𝒦)un = ℒn f ,

where un ∈ℙn is the numerical solution. The quadrature required to evaluate ℒn𝒦�-i.e., to approx
imate 

∫︁
𝕊2 K (x, y)u(y) dω2(y)�-is performed using the same spherical t-design, ensuring consis

tency with the hyperinterpolation framework.

14 
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2. Singular-kernel methods. For kernels that admit a factorization K = K1 K2 with K1 singular and K2
continuous, a specialized technique can be employed. In line with the ideas of efficient hyperin
terpolation, if the modified moments (14) for the singular part K1 are computable, the continuous 
factor K2u may be replaced by its hyperinterpolant—constructed via a spherical t-design�-thereby 
avoiding direct evaluation of the singular integral. This strategy, often combined with projection
based ideas, is examined in [63,64,70]. A key application concerns the singular kernel 1/|x − y| on 
𝕊2, for which Wienert [132] devised a fast algorithm that uses spherical t-designs as the sampling 
nodes, enabling efficient solutions of three-dimensional acoustic scattering problems.

The singular-kernel approach can also be used with collocation points chosen from a spherical 
t-design, yielding a quadrature-based (Nyström) method. This is carried out in [11], which builds 
on the relaxed quadrature rules of [9] and employs spherical t-designs as the sampling nodes for 
collocation and numerical integration. A promising open direction is to incorporate relaxed-quadrature 
results into projection-based methods—specifically, by relaxing the polynomial-exactness requirements 
of spherical t-designs while maintaining numerical stability—thus extending the applicability of the 
methodology to a wider range of sampling configurations.

5.6. Spherical data processing

In data processing, wavelets and framelets help capture the main features of the underly
ing signals through sparse representations. They have been developed for Euclidean data (see, 
e.g., [50,55,72,84,92,95]) over the past four decades. Wavelets on the sphere first appeared in 
[104,106,113]. Antoine and Vandergheynst in [14,15] used a group-theoretical approach to construct 
continuous wavelets on the sphere. Localized frames on the sphere were studied in [87,97,103]. Ex
tensions of wavelets/framelets on the sphere with more desirable properties, such as localization, 
tightness, symmetry, and directionality, were further studied in [58,76,96,99,131] and many references 
therein.

Chen and Womersley [48] study sparse recovery on 𝕊2 using spherical designs and nonconvex 
minimization. Their analysis gives error bounds for design-based sampling and replaces the ℓ1 penalty 
by an ℓq penalty with 0 < q < 1 in a basis-pursuit-denoising model. The numerical study compares 
several spherical-design-based configurations, including t-design and tε-design nodes, with extremal 
fundamental systems and tensor-product nodes, and also compares the cases q = 1 and 0 < q < 1.

Using high-strength numerical spherical designs and spherical framelet systems, the authors of 
[135] perform signal and image denoising by local thresholding with a suitably chosen spherical cap 
restriction. Many numerical experiments are conducted to demonstrate the efficiency and effective
ness of spherical framelets and spherical designs, including Wendland function approximation, ETOPO 
(Earth TOPOgraphy) data [1] processing, and spherical image denoising. See Fig. 2 for an illustration 
of spherical data processing using spherical tight framelet systems.

ETOPO and CMB (cosmic microwave background) data [25] are prominent examples of data de
fined on the sphere. Spherical framelets provide localized multiscale representations for such data. 
They can also be combined with spherical neural-network architectures [91]; current numerical evi
dence suggests useful computational possibilities, while systematic guarantees on generalization and 
robustness remain an open research direction. Nested spherical designs may be particularly valuable 
here because they permit the reuse of samples across resolution levels.

6. Final remarks

This survey has emphasized spherical designs as equal-weight cubature rules with exact polyno
mial integration, together with their algebraic and geometric structure. The modern theory contains 
two complementary components: existence and nonexistence results determine which cardinalities 
are possible, while numerical methods seek configurations that are both accurate and geometrically 
well distributed. Covering radius, separation, mesh ratio, and conditioning provide a common lan
guage connecting these components to approximation stability.
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Fig. 2. ETOPO data processing. Top row (from left to right): Original, noisy, and reconstructed ETOPO data. Bottom row: decom
position of the noisy ETOPO data into low-pass filtered data (left) and high-pass filtered data at two different scales (the two 
panels on the right) via spherical tight framelet systems. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

Several questions remain central. First, although Nmin(d, t) ≍ td is known for fixed d, the sharp 
asymptotic constants and the fine structure of attainable cardinalities remain largely open. Sec
ond, certified construction close to the minimal-cardinality regime is still difficult, especially in high 
degrees and dimensions. Third, the optimal-order existence of nested spherical designs remains un
resolved. Fourth, a quantitative theory relating polynomial exactness, covering and separation, matrix 
conditioning, and the stability of interpolation or hyperinterpolation would help explain when a de
sign is not only exact but also numerically effective.

Applications in statistics [71], quantum information [141], differential and integral equations, and 
spherical data analysis continue to broaden the subject. In these settings, exactness is only one crite
rion: computational cost, robustness to perturbations and noise, multilevel structure, and the ability 
to certify a computed configuration are equally important. These considerations suggest that future 
work should treat spherical designs not as isolated point sets, but as structured sampling systems 
whose algebraic, geometric, and numerical properties must be analyzed together.
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