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FRAMELET REGULARIZED SENSE CALIBRATION IN K-SPACE
WITH CONDITIONAL SENSITIVITY-MAP UPDATES FOR
PARALLEL MRI RECONSTRUCTION*

WEIPENG CHEN, HONGJIA CHEN, YAN-RAN LIf, LIXIN SHEN f, AND XIAOSHENG
ZHUANG §

Abstract. Parallel Magnetic Resonance Imaging (pMRI) shortens scan time by reducing the
amount of k-space data acquired from multiple receiver coils. Conventional model-based reconstruc-
tion algorithms typically exploit either coil sensitivity information in the image domain or inter-coil
correlations in the frequency domain. However, both approaches rely on assumptions that may fail
in certain scenarios, and each has its own strengths and limitations. In this work, we propose a
Calibration Observation Model (COM) that integrates the advantages of both image-domain and
frequency-domain methods to achieve efficient reconstruction. Furthermore, we introduce a three-
dimensional multi-coil regularization term based on the Two-Level Non-Stationary Tight Framelet
(TNTF) system, resulting in the TNTF-COM model, which effectively suppresses artifacts and
noise. Moerover, we develop a sensitivity update (US) method to further enhance reconstruction
quality, leading to the TNTF-COMEUS model. To ensure stable and reproducible calibration, our
method performs conditional sensitivity-map updates: the sensitivity-map is refreshed when the
reconstructed slice image becomes stable (i.e., the mean absolute error between consecutive recon-
structions falls below 10’4), with at most Tmax updates per run. Experimental results demonstrate
that the proposed model-based reconstruction approach achieves, and in some cases surpasses, the
performance of state-of-the-art deep learning—based methods, delivering high reconstruction accu-
racy and robustness. The implementation code and datasets used in this work are publicly available
at https://github.com/chenGTMES/COMEUS/.
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1. Introduction and Motivation. Magnetic Resonance Imaging (MRI) offers
high-quality, radiation-free imaging but suffers from slow data acquisition [8, 21]. Par-
allel MRI (pMRI) accelerates scans by undersampling k-space with multiple receiver
coils, requiring robust reconstruction from incomplete, noisy data. Classical image-
domain methods (SENSE [39]) rely on coil sensitivity maps, while frequency-domain
methods (e.g., GRAPPA [14], SPIRIT [31]) learn inter-coil correlations directly in
k—space. These approaches recover missing k-space samples by learning local cor-
relations among coils. Such strategies can be interpreted within the framework of
compressed sensing (CS) theory [34], where interpolation kernels are calibrated from
fully sampled auto-calibration data and subsequently used to estimate missing sam-
ples while enforcing consistency across coils. Since image reconstruction remains
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an ill-posed inverse problem, regularization techniques must be incorporated into the
optimization models to suppress aliasing and noise. Common choices include sparsity-
promoting priors on MRI images or coil images, such as total variation (TV) regular-
ization [57], wavelet-based regularization [4], and tight framelet regularization [24]. In
practice, both sensitivity maps and interpolation kernels are estimated from limited
auto-calibration signal (ACS) lines, and errors there can lead to residual artifacts and
instability, especially under aggressive undersampling [49]. These challenges motivate
a dual-domain strategy that couples image- and k-space constraints and integrates
strong, yet interpretable, regularization.

1.1. Related Work. The SENSE-based model operates in the image-domain,
leveraging multi-coil sensitivity information to effectively constrain and suppress un-
dersampling artifacts and noise. Representative algorithms in the k-space-domain,
such as GRAPPA and SPIRIT, enable accurate reconstruction of fine structural de-
tails in MRI images. Since image-domain data and k-space data can be interconverted
via Fourier transformation, numerous dual-domain optimization models have been
proposed in recent years to impose constraints simultaneously in both the image- and
k-space-domains.

Recent advances in dual-domain optimization for MRI reconstruction are pre-
dominantly driven by deep learning approaches. These methods typically employ a
variety of network architectures (e.g., convolutional neural networks, U-Net, genera-
tive adversarial networks) to achieve end-to-end learning and reconstruction in either
the image domain or the k-space domain. By exploiting the Fourier transform, data
can be seamlessly converted between the two domains, allowing information from
one domain to guide and constrain reconstruction in the other. Such cross-domain
interaction enhances the overall reconstruction performance [3, 29, 59, 60].

In addition to purely deep learning—based approaches, several dual-domain algo-
rithms have been developed that integrate classical reconstruction models with deep
learning techniques, thereby enhancing both generalizability and robustness. For ex-
ample, GRAPPA-Net [47], built upon the classica]l GRAPPA method [14], performs
interpolation correction in the k-space domain, followed by end-to-end refinement us-
ing a U-Net that jointly corrects both k-space and image-domain data to improve re-
construction quality. Similarly, SPIRiT-Net [9] extends the traditional SPIRIT frame-
work [31] by combining k-space observations with correction models for interpolation
and calibration. To mitigate the challenges of coil sensitivity map estimation and
potential inaccuracies, SPIRiT-Net introduces image-domain corrections specifically
designed for multi-coil images. Moreover, SPIRiT-Diffusion [6] leverages the concept
of stochastic differential equations (SDEs), performing image degradation in the im-
age domain followed by interpolation correction via the SPIRIT method [31]. This
formulation yields a novel SDE process that aligns the diffusion dynamics more closely
with the underlying physics of the optimization model. In particular, a Complex Con-
volutional Neural Network (CCNN) [51] is employed to construct a Complex-Valued
Convolution Block and an Image-Domain Data Consistency layer, enabling supervised
refinement through the loss between reconstructed and reference images. Another
representative method is FRSGM [15], a SENSE-based framework that enforces k-
space consistency using coil sensitivity information. Inspired by GRAPPA, FRSGM
further incorporates an untrained, self-supervised module termed Spatially Adaptive
Self-Consistency [16, 41], which performs k-space interpolation and correction.

The aforementioned dual-domain deep learning—based reconstruction models rely
on data-driven training networks while incorporating classical physical and mathemat-
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FRAMELET REGULARIZED SENSE CALIBRATION 3

ical priors, which can enhance reconstruction performance under specific conditions
[17, 18, 23, 54, 55, 58, 61]. However, deep learning—based algorithms face a major
challenge in the field of medical image reconstruction: the underlying mapping process
of deep networks is often opaque and lacks interpretability, as it heavily depends on
data-driven learning. Consequently, such methods may exhibit poor generalization
when applied to out-of-distribution (OOD) datasets [2, 12, 33, 40, 46]. This limita-
tion is particularly critical in medical imaging, where even subtle reconstruction errors
may lead to misdiagnosis.

1.2. Sensitivity Problem. The accuracy of multi-coil sensitivity information
is a critical factor for SENSE-based reconstruction models. Coil sensitivity depends
on various factors, including the geometry, size, and number of receiver coils, the
static magnetic field strength, and the properties of the imaged object. Consequently,
obtaining a stable and deterministic sensitivity map is inherently challenging. To
mitigate sensitivity-estimated errors, calibrationless pMRI reconstruction methods
directly optimize multi-coil images, thereby eliminating the need for explicit sensitivity
information. These approaches impose sparsity or low-rank constraints on the multi-
coil images to restrict the solution space [10, 11, 32, 48]. The final reconstructed image
is then obtained via a weighted combination using the sum-of-squares (SoS) method.
In contrast, in SENSE-based or ESPIRiT-based models, sensitivity maps are typically
estimated from the central ACS lines of the acquired k-space data. However, under
highly aggressive undersampling patterns, obtaining reliable and accurate sensitivity
estimates remains challenging [39, 50].

To obtain more accurate and reliable sensitivity maps, ESPIRIT [50] introduces a
sensitivity estimation method based on the self-consistency condition. The core idea is
to transform the GRAPPA-type self-consistency equations into an eigenvalue decom-
position problem, where the eigenvectors correspond to the coil sensitivity maps. An-
other strategy reconstructs MRI images and sensitivity information simultaneously by
formulating a dual-optimization model. For example, SENSE3d [26] incorporates the
SENSE model as the data-consistency term and imposes smoothness constraints on
the sensitivity maps using a 3D directional Haar tight framelet system. By iteratively
updating the sensitivity with reconstructed images, SENSE3d achieves improved re-
construction performance. Moreover, in the context of deep learning, beyond purely
data-driven strategies, several studies have incorporated the mathematical and phys-
ical principles of coil sensitivity into the design of deep learning—based modules for
sensitivity estimation and updating. These modules are guided by the reconstruction
process itself, enabling iterative refinement of sensitivity information and ultimately
leading to improved reconstruction performance [19, 36, 53].

1.3. Contributions. The main contributions of this work can be summarized
as follows, highlighting the key advances and novel aspects introduced in this study:
1. Dual-domain Calibration Observation Model (COM): In SENSE-based re-

construction, the target image is estimated using pre-calibrated coil sensitivities.
However, sensitivities derived from ACS data inevitably contain errors. Such inac-
curacies break the consistency between the reconstructed image and the acquired
data, making it impossible to achieve a faithful match. This mismatch propagates
as residual artifacts and degraded image quality. To address this issue, we propose a
calibration observation model that integrates image-domain sensitivity priors with
frequency-domain inter-coil correlations. By reducing reliance on exact sensitivity
estimates, COM improves robustness and provides a more reliable foundation for
parallel MRI reconstruction.

This manuscript is for review purposes only.
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2. Multi-coil Adaptive Local Weight regularization via TNTF: The clarity of
MRI images is essential for diagnosis. First-order features (intensity variations) and
higher-order features (contrast and texture) offer complementary advantages but
are both challenged by noisy k-space data. To address this, we propose a multi-coil
regularization framework for COM using the TNTF system, termed TNTF-COM.
The first level employs directional Haar framelets to capture first-order features,
while the second level extracts higher-order structures from low-pass components.
Coil images are constructed from the observed data and reconstructed slices via
estimated sensitivity maps, and sparse TNTF regularization mitigates sensitivity
errors, suppresses artifacts and noise, and improves reconstruction quality. An
adaptive local weighted regularization strategy further removes the need for manual
parameter tuning, enhancing stability and usability.

3. Sensitivity-enhanced Reconstruction with Conditional Updates (TNTF-
COMEUS):To address the propagation of sensitivity estimation errors in SENSE-
based reconstructions, we propose the TNTF-COM Enhanced with Sensitivity Up-
date (TNTF-COMEUS) algorithm, which incorporates a k-space calibration reg-
ularizer to improve reconstruction fidelity. The sensitivity map is conditionally
refreshed based on reconstruction stability, with at most T ,.x updates. This con-
ditional update strategy enhances robustness, corrects sensitivity-induced artifacts,
and ensures reproducibility across datasets and runs.

4. Fully Optimization-based Framework with Convergence Guarantee: The
proposed TNTF-COMEUS algorithm is entirely optimization-driven, accompa-
nied by a rigorous convergence proof. Extensive numerical and visual experi-
ments demonstrate its superior performance compared with state-of-the-art base-
lines that incorporate multi-coil regularization, sensitivity updating, deep learning
enhancement, or dual-domain optimization. Results consistently show that TNTF-
COMEUS achieves strong generalization ability and robustness across diverse re-
construction scenarios.

1.4. Structure of the Paper. The remainder of this paper is organized as fol-
lows. In Section 2, we present preliminaries on parallel MRI reconstruction, including
the definitions of the SENSE model and the TNTF system. In Section 3, we first es-
tablish the theoretical foundation of SENSE calibration in k-space, and then introduce
the COM, TNTF-COM, and TNTF-COMEUS models in sequence. In particular, we
propose the ALWR method to automatically adjust the regularization parameters.
Comprehensive ablation studies are conducted to validate the effectiveness of each
component of the proposed framework. In Section 4, extensive experiments further
demonstrate the superiority of the TNTF-COMEUS model. Finally, conclusions are
drawn in the last section, and supplemental materials are provided in the appendix.

2. Preliminary Work. We briefly review the SENSE model and its mathemati-
cal formulation, and present the TNTF system [25], which we adopt for regularization.

2.1. SENSE Model. We first review the SENSE model [39] with ¢ coils, and
denote the imaging slice by x € R™ to represent the density of the hydrogen protons
in tissues. Here we consider a real-valued image model, where the phase information
is absorbed into the complex-valued coil sensitivity maps Sy, which is a commonly
used formulation in magnitude-based reconstruction.

The ¢-th coil received data can be described as:

(2.1) Yy =PFSix+n, (=12,...,c
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FRAMELET REGULARIZED SENSE CALIBRATION 5

where y, € C™ is the acquired Fourier coefficients (called k-space data), Sy € C"*™ is
a diagonal matrix representing the varying spatial sensitivity profile (including phase)
of the (-th coil, F' € C™*™ is the centered discrete Fourier transform (DFT) matrix
(see Appendix A for details), P € R"*™ is a diagonal matrix with 1 and 0 (indicating
the corresponding k-space data is sampled or not) at its diagonal elements, n, € C"*
is noise.

Based on the above preparation, the pMRI system with ¢ coil signals stacked
together can be represented as

(2.2) y=PFSx+n,

where y € C" is the vectorized form of all the k-space data. The block-diagonal
matrices P = diag(P,..., P) € R™*" and F = diag(F, ..., F) € C*™ constructed
as extensions of P and F, respectively. S € C*" is the multi-coil sensitivities, and
n € C°" represents the noise in the vector y. More precisely,

(7 S1 m

Ye Se Ne
In the SENSE;, the coil sensitivity information is roughly estimated from the ACS
data. Firstly, the blurry image x$°° is obtained using the ACS data for the ¢-th coil,
denoted as y7“*. The data outside the ACS region is filled with zeros. The blurry
image z3°° is obtained as z¢® = F'Ty3°*. Then, the sensitivity information s, for the

¢-th coil (where sy is the vectorized form of S, and S, = diag(s,)) can be estimated
using the following equation [26, 39]:

seli] = g li) 7

S (atefi])”

where s¢[i] and x7°°[i] represents the value of s, and z$°® at index i, respectively.

Obviously, the coil sensitivities satisfy the condition

c

(2.3) Z |seli]|*> =1, for every i.
=1

The SENSE reconstruction model, employing Eq. (2.2), utilizes the least squares
method to reconstruct the target image = from the k-space data y. This model is
formulated as

1
(2.4) min iH”P}"Sx—yH%.

The fidelity of the reconstruction is strongly influenced by the accuracy of the pre-
estimated coil sensitivity maps S. In practice, these sensitivities are only approxi-
mately derived from ACS data and are inherently subject to estimation errors. Since
the coil sensitivities are tightly coupled to the tissue distribution within the imaging
slice, inaccuracies in their estimation inevitably propagate through the reconstruction
model in (2.2), giving rise to structured artifacts and loss of image quality.

This manuscript is for review purposes only.
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2.2. k-space Calibration Models. Starting from the observation model (2.2),
the acquired k-space data y only contains measurements on the sampled locations
specified by the sampling operator P. To facilitate calibration-based reconstruction, it
is common to consider a completed k-space representation that combines the measured
data with model-based estimates on the unsampled locations. Specifically, we define

(2.5) §=PFSz+y,

where P = I — P denotes the complementary sampling operator. By construction, §
coincides with the acquired data on sampled locations and provides estimated values
by reconstructed x elsewhere.

GRAPPA [14] is a classical k-space calibration method that reconstructs missing
k-space samples by linear combinations of neighboring acquired samples across coils.
The calibration kernels are estimated from the ACS region and applied to interpolate
missing data. While GRAPPA is computationally efficient and effective for regular
Cartesian sampling patterns, its formulation is tightly coupled to specific sampling
geometries and relies heavily on sufficient ACS coverage. As a result, GRAPPA be-
comes less flexible under irregular sampling patterns or highly accelerated acquisitions,
which limits its applicability in more general settings.

SPIRIT [31] extends the idea of k-space calibration by enforcing a self-consistency
condition across all coils. Instead of directly interpolating missing samples, SPIRiT
assumes that the fully populated k-space data g should satisfy

(2.6) y =Gy,

where G is a block-structured convolution operator whose kernels are calibrated from
the ACS data. This formulation decouples the calibration model from the sampling
pattern, making SPIRiIT applicable to a wide range of Cartesian and non-Cartesian
sampling schemes.

Motivated by these properties, we adopt SPIRIiT as the k-space calibration model
in this work. Substituting (2.5) into the SPIRiT consistency condition (2.6), we obtain

1 _
(2.7) mxin§||(G—I)(7)]-'Sx+y)H§.

This function establishes an explicit coupling between the image-domain unknown x
and the k-space calibration constraint, which serves as a key building block of the
proposed framework.

The estimation of the SPIRIT kernels and the associated theoretical justification
are well studied in the literature. For completeness, the detailed kernel calibration
procedure and related derivations are provided in Appendix D and Appendix E.

2.3. Two-Level Non-Stationary Tight Framelet System. To address the
ill-posed nature of parallel MRI reconstruction, we employ regularization to improve
stability and reconstruction quality. An effective regularization functional encodes
prior knowledge about the image, including first-order information (intensity vari-
ations) and second-order information (contrast and texture). To robustly estimate
second-order information, we extract it from a smoothed version of the image rather
than the image itself. This approach suppresses high-frequency components, enabling
more faithful computation of second-order features, particularly in the presence of
strong noise. Accordingly, we adopt the two-level non-stationary tight framelet sys-
tem introduced in [25] to extract these image features as prior knowledge.

This manuscript is for review purposes only.
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The first level of TNTF employs the directional Haar framelet (DHF) system
proposed in [24], with filters given by

IR 11 o 1o -1 a1 -1 11 0
a1 MTalo -1 PTalr o) WTalo o] ™Tal-1 of
249 Here, 79 is a low-pass filter, and the remaining filters are high-pass directional fil-

ters that capture local edge and orientation information. This design combines the
strengths of TV and classical framelet regularizations: it suppresses staircase arti-

VI O )
(SN

1

2 facts common in TV while avoiding the ringing effects often induced by long-support
253 framelets.
254 The second level of TNTF refines the low-pass component (obtained via 79) us-
255 ing a discrete cosine transform (DCT)-based tight framelet system generated from
256 the 3 x 3 DCT-II basis. This level incorporates smoothed gradient operators (e.g.,
257  Prewitt-type) to capture first-order features and higher-order difference operators for
258 curvature estimation [27, 45]. By extracting higher-order features from smoothed
259 components rather than noisy inputs, the model achieves robust and accurate struc-

260 tural representation even under severe noise.

261 Together, the two levels complement each other: the DHF captures edges and di-
262 rectional structures, while the DCT-based system refines contrast and texture, forming
263 a robust and adaptive prior for image reconstruction.

264 3. TNTF-COMEUS. To mitigate the impact of sensitivity map errors on re-
265 construction, we first propose a dual-domain optimization framework, termed COM,
266 which calibrates SENSE reconstructions to better fit the acquired data. To further
267 enhance COM, we incorporate a TNTF system to construct the regularization term,
268 which effectively suppresses undersampling artifacts and noise. The resulting model
269 is referred to as TNTF-COM.

270 Recognizing that errors in the estimated coil sensitivity maps are inevitable and
271  may degrade reconstruction quality, we further propose a sensitivity enhancement
272 strategy within TNTF-COM, leading to the development of the TNTF-COM en-
273 hanced with Sensitivity Update (TNTF-COMEUS) model.

274 3.1. Motivation for COM: Calibration Observation Model. Existing sen-
275  sitivity pre-estimation methods based on k-space calibration [30], such as ESPIRIT [50],}
276 are built upon the idealized self-consistency relation

277 GFSz = FSr,

78 where G denotes a linear k-space interpolation operator capturing inter-coil correla-
79 tions. By eliminating the image variable x, this condition reduces to

280 GFS =FS,

281 which serves as the basis for estimating the coil sensitivity maps S from ACS data.
282 In this framework, k-space calibration is primarily used as a preprocessing step
283 for sensitivity estimation, while its influence on reconstruction is implicit through
284 the fixed sensitivities employed in a subsequent SENSE reconstruction. When ACS
285 data are limited or noisy, errors in sensitivity estimation propagate into the SENSE
286 forward model and degrade reconstruction quality (see Section 4.3).

287 Motivated by this limitation, we propose to incorporate k-space calibration ex-
288 plicitly into the reconstruction process rather than using it solely for sensitivity pre-
289 estimation. Instead of eliminating the image variable, we directly enforce k-space self-
290 consistency on the estimated k-space data during reconstruction. This perspective is

This manuscript is for review purposes only.
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conceptually related to ESPIRIT, but differs in that calibration and reconstruction
are treated in a unified optimization model.

Building on the SENSE forward model, we aim to reconstruct the image = such
that it fits the acquired data y while simultaneously satisfying a k-space consistency
constraint. This leads to the proposed Calibration Observation Model (COM):

1 1 —
(3.1) min gHPJ"Sx*le%Jr5\\(G*1)(7’f51+y)||§~

Here, the first term enforces global data consistency induced by the SENSE forward
model, while the second term imposes calibrated k-space self-consistency by penaliz-
ing deviations from the SPIRIiT operator. Consequently, COM admits a joint least-
squares formulation that couples global image-domain encoding with local A-space self-
consistency. Compared with pure A-space interpolation methods, this coupling yields
a better-conditioned reconstruction problem, which helps explain the improved per-
formance observed even in the absence of additional regularization (see Section 4.2).
For notational simplicity, let

Sl (3 B TR

then the COM reconstruction problem can be written compactly as
(3.2) min || Az — b|3.
x

3.2. TNTF-COM: COM Model with Two-Level Non-Stationary Tight
Framelet. In this subsection, we first introduce a 3-dimensional multi-coil TNTF reg-
ularization framework for feature extraction and constraint in parallel MRI. Building
upon this framework and the COM model, we propose the TNTF-COM reconstruc-
tion model. To solve the proposed model, we further develop an estimation strategy
for the 3-dimensional TNTF regularization parameters. Finally, based on the PD30
algorithm, we derive the complete iterative solution procedure for the TNTF-COM
model and establish its convergence theorem.

3.2.1. Multi-Coil TNTF Framework and TNTF-COM Model. Based on
the calibration observation model (3.2), this subsection utilizes the TNTF system
introduced in the previous subsection to extract features from the multi-coil images.
Specifically, let T; € R™*™ denote the matrix representation of the DHF filters 7,
where ¢ = 0,1,2,3,4, and let D; € R"*™ denote the matrix representation of DCT
filters d;, where j = 0,1,2,...,8. Here, n = h X w denotes the size of the MRI image.
We denote the TNTF operator by W € RV"*" whose definition is given as follows:

W = [(DOTO)Ta TlTaT2T7T?:raT4T7 (DlTO)Tv(DQTO)Tr'-a(D8T0)T]T'

Here, N = 13 is the number of filters in the TNTF system for W, and the superscript
T denotes the conjugate transpose. DTy represents the low-pass coefficients obtained
through the decomposition by W. T;, for ¢ = 1,2,...,4, represents the high-pass
coefficients obtained from the first-level DHF tight framelet decomposition. Based on
the low-pass coefficients Tj obtained through the first-level DHF decomposition, D;T,
for j = 1,2,...,8, denotes the high-pass coefficients obtained from the second-level
DCT tight framelet decomposition.

This manuscript is for review purposes only.
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FRAMELET REGULARIZED SENSE CALIBRATION 9

The TNTF system can effectively suppress artifacts and noise in MRI images.
Based on model (3.2), we easily incorporate the TNTF system to constrain the re-
construction image u, leading to the TNTF-regularized reconstruction model:

1
(33 win {140 — 18 + oW, }.

where I' € RN"*Nn ig the diagonal regularization parameter matrix containing the
regularization parameters.

Previous studies have demonstrated the effectiveness of imposing regularization
constraints on multi-coil images [26, 28]. To apply the TNTF system for feature
extraction from the multi-coil images F~!(PFSz+y), which incorporates the acquired
k-space data y, we define the 3-dimensional multi-coil TNTF operator derived from
the TNTF system as W = diag(W, ..., W) € RVNXen where ¢ denotes the number
of receive coils. Building upon the above preliminaries, we employ the 3-dimensional
multi-coil TNTF system as the regularization framework, which leads to the proposed
TNTF-COM reconstruction model. Model (3.3) can be rewritten as:

1 _
(3.4) min{2||Ax—b§—|- |FW]:1(73]:Sx—|—y)||1}.

Here, I' € RNenxNen ig the diagonal regularization parameter matrix containing the
regularization parameters. In Section 4.2, we present a quantitative comparison of
reconstructions when the regularization system is applied to MRI image versus multi-
coil images, in order to demonstrate the effectiveness of the proposed 3-dimensional
multi-coil TNTF system.

3.2.2. ALWR: Adaptive Local Weighted Regularization. To address the
challenge of determining the value of I' and to avoid manual tuning of the regular-
ization parameter, thereby enhancing the stability of model solving, based on the
framelet coefficients of TNTF system, we first propose an Adaptive Local Weighted
Regularization (ALWR) method.

In particular, let ; denotes the j-th diagonal entry of I', and it corresponds to
the TNTF framelet coefficient v;. We define v; as the coeflicient at spatial location
k = (K1, K2), obtained through a tight framelet filter n—either the low-pass filter or
one of the high-pass filters from the TNTF decomposition—applied to the ¢-th coil
image. For notational convenience, we write this coefficient as vf;(/@), and denote the
associated regularization parameter by 'yf;(/-e).

To formulate the ALWR method, we first define the index set

Ii={(,k):Le{l,...;¢c}, ke {1,...,h} x{1,...,w}}.

For a given filter 1, we denote the absolute coefficient value at position x for the ¢-th

coil as
\vﬁ(/@)|, (¢,k) el

To capture local structural features, we define the average absolute coefficient value
over a local 3 x 3 window centered at location k of the ¢-th coil:

oh(k):=== > |ui(k+7), (LK) EL

7€{-1,0,1}2

This manuscript is for review purposes only.



369

10 CHEN, CHEN, LI, SHEN, ZHUANG
Based on this, the ALWR weighting coefficient 'yf;(/-i) is defined as

0, if n is low-pass filter or O'f;(li) =0,

(3.5) fyf](n) = { mino,

a3 (%)

-max |vy,|, otherwise.

Here, min o, denotes the minimum value of {0’7,; (k) : (¢, k) € I}, while max |v,| repre-
sents the maximum value of {|v} (k)| : (£,x) € I}. Extensive quantitative experiments
demonstrate that ALWR achieves reconstruction performance comparable to, and in
some cases exceeding, that obtained using manually tuned regularization parameters
via exhaustive search, while producing visually indistinguishable results.

3.2.3. PD3O0 for the TNTF-COM Model. Model (3.4), which is particularly
well suited for nonsmooth and possibly nondifferentiable optimization problems, can
be efficiently solved by algorithms such as Proximal Alternating Predictor—Corrector
(PAPC) [5], the multi-step fixed-point proximity algorithm [22], and Primal-Dual
Three-Operator Splitting (PD30) [56]. In comparison with widely used methods such
as ADMM and FISTA, PAPC and PD3O avoid costly inner iterations and therefore
often achieve superior computational efficiency in practice. In this work, we adopt
the PD30 algorithm to solve model (3.4), and observe fast convergence in practice.

For a function f : R — R U {400}, its conjugate, denoted by f*, is defined as

f*(u) = sup (u,z) — f(2),

zER4

which is always convex, even if f is not.
For a convex function f on R?, its proximity operator with parameter § > 0 at
point v € R? is defined by

(1 )
prossy (1) = arg i, { el ull + 7).

To simplify the solution of model (3.4), let B = WF~'PFS and z = WF ™y,
and define the functions f and h as follows:

1
f(u) = 5llAz = b3, h(v) = IT(v+2)]h,
then the model (3.4) can be reformulated as
(3.6) min f(z) + h(Bx).

Based on the above notions and PD30 method, the model (3.6) can be solved through
the following iteration:

(3.72) P = (1= p8BBT)g* + 6B(a* — pV f(ah)),
(3.7b) ¢t = ProXsp« (tkH),
(3.7¢) oh Tt =gk — pV f(2*) — pBT "L

Here, p and § denote the step sizes of PD30 method, while ¢t and ¢ are auxiliary
variables. The gradient of f(z) is given by Vf(z) = AT (Ax —b).

This manuscript is for review purposes only.
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To implement this algorithm, we need the explicit the form of proxs,.. In fact,
based on Moreau decomposition, the subproblem (3.7b) can be formulated as

¢" T = (tF T 4 62) — proxg_.y, (1T + 62).

Here, the proximal operator proxs-1; corresponds to the well-known soft-thresholding
function. Specifically, for v € RV", the operation is defined element-wise as

proxs-15,(v)[j] = %max{\vﬂ —61y;,0}, forj=1,...,Ncn,
j

where the division is defined to be zero when v; = 0.
The following results are used to analyze the convergence of the PD30O method
for solving model (3.6).

THEOREM 3.1. Let G denote the SPIRiT interpolation kernel. Then, the Lip-
schitz constant L of the gradient for the function f of model (3.6) is less than or
equal to 1+ (||G|l2 + 1)%.

THEOREM 3.2. Let L be the Lipschitz constant of the function f of model (3.6).
The PD30 iterative algorithm parameters p and § satisfy the conditions p < 2/L and
pd < 1, ensuring convergence of the PD30 method for solving model (3.6).

The proofs of the above main results together with the detailed discussion on the
estimation of |G| are given in the Appendix.

We are now ready to present the TNTF-COM algorithm for solving model (3.6),
as detailed in Algorithm 3.1. Specifically, I" is updated every five iterations.

Algorithm 3.1 The TNTF-COM algorithm for solving model (3.6)

1: Inputs: Choose parameters p and ¢ such that p = 1.999/(1 + (||G||2 4+ 1)?) and
§ =0.999/p; set B=WF 1PFS and z = WF1y.

2: Initialization: 2° = SoS(F~1y), ¢" = WSz°.
3: for k=0,1,... do

4: if k mod 5 =0 then

5: [' = ALWR(WSzF)

6: end if

7. Mt = (I — pdBB")q" + 6B(z* — pV f(2*))
8 gFtl = (tFHL 4 62) — proxs_ip, (P + 62)

9: okt = ok pr(ICk) _ pBqu+1

10: end for

3.3. TNTF-COMEUS: TNTF-COM Model Enhanced with Sensitivity
Update. Sensitivity is crucial for SENSE-based MRI reconstruction models, as it
determines the reliability of the data consistency constraint. However, sensitivity in-
formation is highly variable, as it depends on the physical properties of the receiver
coils, electromagnetic field characteristics, and individual imaging traits. The sensitiv-
ity information used in current SENSE-based MRI models is typically pre-estimated
using ACS data, which often does not perform well. Therefore, based on model (3.2),
we propose a method for updating the sensitivity information in TNTF-COM.

Due to diag(s¢g)r = diag(z)se, where s, € C™ represents the vectorized form
of the sensitivity information of the ¢-th coil and x € R"™ represents the vectorized
form of the reconstructed MRI image, model (3.2) can be rewritten to update the
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12 CHEN, CHEN, LI, SHEN, ZHUANG

sensitivity information s = {sg}§_,, given the image x. Here, the vectorized form of
the sensitivity information s is denoted as s = [s{,...,s/]T € C°, where c is the
number of coils.

We refer to “US” as the sensitivity-update step that augments TNTF-COM. Given
the current image estimate x € R", we update the coil sensitivity maps s = {s¢}§_;
from model (3.2) by solving the linear least-squares problem

1 1 _
(33) min 2 [PFXs — yl + (G — D(PFXs + )|,

Here, X = I. ® diag(z) € R"*°" ensures the validity of the operation. I. denotes
the ¢ X ¢ identity matrix and ® denotes the Kronecker product. The minimizer of the
above problem is given by solving the following linear system

(39 XF'P+PG-D"(G-DP)FXs=XF '(I-PG-1)"(G-1))y.

The linear system (3.9) can be solved by the conjugate gradient (CG) method [35].
Finally, we project the result onto

]D){s seCcem, Z| +(—1n]* =1, forj1,2,...,n},

i.e., § = projp(s), normalizing coil sensitivities per pixel so that the coil-wise energy
equals one.

Rather than using an event-triggered criterion, we update the coil sensitivity maps
on a conditional schedule. Sensitivity updates are attempted when the reconstruction
stabilizes, with at most Ti,ax = 3 updates. To assess stability7 we compute the mean
absolute error (MAE) between consecutive reconstructions z* and x*+1,

MAE(z*, 21 Z |z* 5] — 2" j]

)

where n is the number of pixels in the slice image. An update is accepted only if
MAE(z*, %+1) < 107*, ensuring that refinements occur only under stable conditions.
This gating mechanism mitigates the overfitting of S to transient fluctuations while
maintaining regular refinement and reducing computational overhead.

In summary, we refer to this dual-model cross-optimization reconstruction algo-
rithm as TNTF-COMEUS. The complete procedure is outlined in Algorithm 3.2. To
avoid reduced efficiency caused by excessive sensitivity updates during convergence,
we limit the sensitivity map to at most three updates.Specifically, line 14 vectorizes
the sensitivity map S, line 15 updates S using the conjugate gradient (CG) method
(with a maximum of five iterations), line 16 projects the updated S onto D, and line
17 reshapes it back into matrix form for subsequent reconstruction. By iteratively
refining the sensitivity map based on the reconstructed image z* from Algorithm 3.1,
TNTF-COMEUS improves sensitivity estimation accuracy and enhances the data-
consistency constraint in model (3.2).

4. Experiments and Results. We evaluate the proposed TNTF-COMEUS
(abbrev. COMEUS) against strong model-based and deep learning baselines using
both quantitative metrics and visual comparisons. We first describe the experimental
setup (metrics, sampling masks, baselines, datasets), then benchmark runtime and
iteration counts, and finally report reconstruction accuracy across multiple datasets
and acceleration factors. Unless otherwise stated, all results are averaged over multiple
random trials with identical sampling masks per method for fair comparison.

This manuscript is for review purposes only.
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Algorithm 3.2 The TNTF-COMEUS algorithm for solving model (3.6)

1: Inputs: Choose parameters p and ¢ such that p = 1.999/(1 + (||G||2 4 1)?) and
5 =0.999/p; set B=WF 1PFS and » = WF 1y.

2: Initialization: 20 = SoS(F~1y), ¢° = WSa°.

3: Set £+ 0 // number of sensitivity updates performed
4: for k=0,1,... do

5:  if k mod 5 =0 then

6: [' = ALWR(WSzF)

7. end if

8 thtl = (I — pdBB")q" + 6B(z* — pV f(2*))

9:  g"tl = (tFHL 4+ 62) — proxs_1j, (P + 62)

10: 2t =2k — pVf(2*) — pBT gk *!

11:  if MAE(2%, 25t1) < 107* and ¢ < T},q, then

12: L1041

13: // Rebuild sensitivity maps:

14: s + [diag(Sy) T, ..., diag(S.) "] // Vectorize the sensitivity S
15: s < Apply the CG method to solve the linear system (3.9)

16: § < projp(s) // Project s onto domain D
17: S < [diag(1),...,diag(5.)] " // Convert § into matriz form
18:  end if

19: end for

4.1. Experiment Setup.

Evaluation metrics. MRI reconstruction quality is evaluated using PSNR [13],
SSIM [52], DISTS [7] (lower is better), and HaarPSI [42] (higher is better). In keep-
ing with recent practice, DISTS and HaarPSI are treated as the primary perceptual
metric [20], and we report mean scores over repeated trials. All evaluation metrics
are computed on magnitude images, i.e., both the reference and reconstructed images
are converted to real-valued images by taking the absolute value, and the metrics are
evaluated based on their difference.

Sampling masks. We consider three downsampling modes along the phase-
encoding direction: uniform (U), random (R), and variable-acceleration (V). Sampling
rates range from SR = 18% to 40% with different numbers of ACS lines. We denote a
mask by U/R/V-SR-ACS (e.g., U-32%-43). Representative masks are shown in Fig. 1.

(a) U-32%-43 (b) R-25%-26 (c) V-30%-39

FiG. 1. Sampling mode for the k-space. (a) 32% data by the uniform sampling mode with 43
ACS lines. (b) 25% data by the random sampling mode with 26 ACS lines. (c) 80% data by the
variable acceleration factor sampling mode with 39 ACS lines.
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Compared methods. We compare to ESPIRIT [50], £,-W3D [28], SENSE3d [26],
and two deep learning approaches, MoDL [1] and FRSGM [15]. To ensure fairness, we
adopt the authors’ public implementations and pre-trained models, and keep default
hyperparameters unchanged. Table 1 summarizes the modeling modules (SENSE,
SPIRIT, 3D multi-coil regularization, sensitivity update, dual-domain constraints,
optimization vs. deep learning) included in each method.

TABLE 1
Comparison of model components across different algorithms. The table highlights whether each
method incorporates SENSE-based modeling, SPIRiT-based modeling, 3D multi-coil regularization,
sensitivity update, optimization techniques, dual-domain constraints or deep learning techniques.

Model Module ‘ ESPIRIT /¢;-W3D SENSE3d MoDL FRSGM COMEUS
SENSE-Based ‘ v v v v v
SPIRiT-Based ‘ v v

3D Multi-Coil Reg. | v v v
Sensitivity Update ‘ v v
Dual-Domain Model ‘ v v
Optimization-Based ‘ v v v v v
Deep Learning-Based ‘ v v

Datasets. We evaluate the proposed method on the fastMRI dataset!, the NYU
and Stanford MRI datasets?, as well as additional 3T brain and knee MRI datasets
[24, 26], with imaging parameters following prior work. The fastMRI dataset is used
for training the deep learning-based baselines, including MoDL and FRSGM, whereas
all other methods are optimization-based and training-free. The sizes of these datasets
used in our experiments are summarized in Table 6.

Ezxperimental Configurations. Unless otherwise specified, for all subsequent
quantitative experiments, slices were randomly selected from multiple OOD datasets,
including the NYU, Stanford, and 3T MRI datasets. The data dimensions are sum-
marized in Table 6. Given the randomly selected multi-coil MRI data with dimensions
hxwxc, corresponding undersampling masks were randomly generated for reconstruc-
tion. To ensure fair comparisons and to avoid excessive ESPIRiT-based sensitivity
estimation errors in competing methods (see Section 4.3), the number of ACS lines
was set between 18 and 60. The sampling rate (SR) ranged from 18% to 40%, allowing
evaluation under different undersampling conditions. In all experiments, each “trial”
refers to a reconstruction performed using a randomly selected MRI slice together
with a randomly generated undersampling mask. Due to the large number of possible
experimental combinations, we report results based on multiple independent trials
under the above configurations and summarize their aggregated performance.

4.2. Ablation Study. To assess the contribution of each component in the pro-
posed framework, we conducted a series of ablation studies by isolating the following
key modules: the SENSE model, the SPIRIT model, the COM model, the TV system,
the DCT system, the TNTF system, and the US (Sensitivity Update) module. The
ablation experiments are organized as follows:

IThe fastMRI dataset is available at: http://fastmri.med.nyu.edu/.
2The NYU and Stanford MRI datasets are available at: http://mridata.org/.
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1. We compare the reconstruction performance of the TNTF system when ap-
plied to a single MRI slice versus multi-coil images.

2. We evaluate the TV, DCT, and TNTF systems to examine the effectiveness
of TNTF, which integrates the advantages of both TV and DCT.

3. We compare SENSE, SPIRIT, and the proposed COMEUS models to analyze
how COMEUS unifies and improves upon these two frameworks.

4. We compare the COM, TNTF-COM, and TNTF-COMEUS models, supple-
mented with visualization results to demonstrate the role of each module.

4.2.1. TNTF System for Slice Image and Multi-Coil Images. Based on
the proposed COMEUS framework, we conducted ablation experiments to evaluate
the impact of applying the TNTF regularization system to a single MRI slice versus
multi-coil images. Table 2 summarizes results averaged over 25 independent trials
conducted on the primary datasets using randomly generated undersampling masks.
The same experimental protocol is adopted for all subsequent experiments; details
of the datasets and sampling masks are provided in Section 4.1. Results show that
the 3D multi-coil TNTF system consistently outperforms its single-slice counterpart
across all evaluation metrics, demonstrating its superior capability to exploit inter-coil
correlations and enhance overall reconstruction quality. Henceforth, the term TNTF
system refers specifically to the 3D multi-coil configuration.

TABLE 2
Ablation study comparing the TNTEF system applied to a single MRI slice and to multi-coil
images, evaluated using PSNR, SSIM, DISTS, and HaarPSI. Bold values indicate the best perfor-
mance for each metric.

‘ Metrics
Regularization System
‘ PSNR?t SSIMT DISTS| HaarPSIt
Model (3.3): Single MRI Image 34.6222 0.9058 0.1027 0.8967
Model (3.4): Multi-Coil Images 35.4857 0.9157 0.0697 0.9228

4.2.2. TV, DCT and TNTF. Based on the proposed COMEUS model, we
performed ablation experiments targeting the regularization systems, including TV,
DCT, and TNTF. Table 3 presents the averaged results over 25 independent tri-
als. The findings demonstrate that the TNTF system yields consistent improvements
across all metrics, thereby providing strong evidence for its effectiveness in enhancing
reconstruction quality.

TABLE 3
Ablation study comparing TV, DCT, and TNTF systems, evaluated on PSNR, SSIM, DISTS,
and HaarPSI. Bold values indicate the best performance for each metric.

Module ‘ Metrics
Model Reg. \ PSNR1 SSIM? DISTS| HaarPSIt
COMEUS TV 32.4318 0.8748 0.0833 0.8591
COMEUS DCT 32.2385 0.8696 0.0703 0.8811
COMEUS TNTF 32.6824 0.8826 0.0680 0.8862

4.2.3. SENSE, SPIRIiT and COMEUS. Moreover, we conducted compara-
tive experiments among the SENSE, SPIRiT, and proposed COMEUS models. Each
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model was evaluated both in its standalone form and with the TNTF system incorpo-
rated as a regularization term. Reconstruction quality is assessed by averaging over
50 independent runs. As reported in Table 4, the proposed COMEUS model achieves
the best performance across all evaluation metrics.

TABLE 4
Ablation study comparing SENSE, SPIRiT, and COMEUS models, with and without the TNTF
regularization, evaluated on PSNR, SSIM, DISTS, and HaarPSI. Bold values indicate the best per-
formance for each metric.

Module ‘ Metrics
Model Reg. | PSNR? SSIM*t DISTS| HaarPSIt
SENSE N.A. 30.3962 0.8190 0.1348 0.8051
SPIRIT N.A. 31.3306 0.8903 0.1011 0.8353
COMEUS N.A. 33.9318 0.8907 0.0874 0.8982
SENSE TNTF 32.5236 0.8801 0.0927 0.8540
SPIRIT TNTF 34.4278 0.9139 0.0738 0.9047
COMEUS TNTF 35.3720 0.9178 0.0597 0.9326

4.2.4. COM, TNTF-COM and TNTF-COMEUS. Finally, we conducted
ablation experiments on the COM model to assess the contributions of the TNTF
system and the US method. The results, averaged over 50 independent trials, are
summarized in Table 5. As shown, incorporating the TNTF system and US method
consistently improves reconstruction quality across all metrics, confirming their effec-
tiveness in enhancing the proposed COMEUS framework.

TABLE 5
Ablation study of the COM, TNTF, and US modules, evaluated using PSNR, SSIM, DISTS,
and HaarPSI. Bold values indicate the best performance for each metric.

Module ‘ Metrics
COM TNTF US \ PSNR1 SSIM+ DISTS| HaarPSIt
v 32.6257 0.8527 0.1159 0.8522
v v 33.7807 0.8804 0.0946 0.8838
v v v 35.2964 0.9001 0.0746 0.9281

4.2.5. Visual Comparisons. We provide two visual comparisons to intuitively
illustrate the role of the TNTF regularization system and the US method.

Effect of the TNTF System: Fig. 2 presents reconstruction results for a 3T
brain MRI slice of size 512 x 512 with 12 coils at a sampling rate of SR = 23%,
using 37 ACS lines under uniform sampling with an acceleration factor of AF = 6
(One phase-encoding line is acquired every AF = 6 lines). As indicated by the
yellow arrows, the COM model exhibits prominent residual artifacts in the straight
sinus, third ventricle, and corpus callosum regions, along with considerable noise,
which degrades the reconstruction quality. In contrast, both the TNTF-COM and
TNTF-COMEUS models, with the TNTF system incorporated as a regularization
term, effectively suppress these artifacts, thereby enhancing reconstruction quality
and substantially reducing reconstruction errors.

Effect of the US method: Fig. 3 shows the reconstruction results of a fastMRI
brain MRI slice of size 768 x 396 with 20 coils at a sampling rate of SR = 30% using 51
ACS lines under uniform sampling with an acceleration factor AF = 4. Although the
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FRAMELET REGULARIZED SENSE CALIBRATION 17

(a) Target/Mask (b) COM (¢) TNTF-COM (d) TNTF-COMEUS

FiG. 2. Reconstruction results of a 3T MRI brain slice of size 512 X 512 with 12 coils under
(a) uniform sampling at SR = 23%, with an acceleration factor 6 and 37 ACS lines. (a) Target
image and sampling mask. (b)—(d) Results and error maps obtained by the COM, TNTF-COM, and
TNTF-COMEUS algorithms, respectively. Here, yellow arrows indicate artifact regions.

COM and TNTF-COM algorithms achieve reconstruction accuracy generally compa-
rable to the target image, as indicated by the red arrows in the zoomed-in regions and
the corresponding error maps, they fail to recover fine details of the occipital bone.
In contrast, the TNTF-COMEUS model effectively addresses this issue, successfully
reconstructing these details and reducing the reconstruction error. This suggests
that inaccurate sensitivity information can lead to loss of texture details, and further
demonstrates the effectiveness of the proposed US method.

O

(a) U-30%-51 (b) Target ) COM ) TNTF-COM (e) TNTF-COMEUS

F1G. 3. Reconstruction results of a fastMRI brain slice of size 512 x 512 with 12 coils under (a)
uniform sampling at SR = 30%, with an acceleration factor 4 and 51 ACS lines. (b) Target image.
(¢)—(e) Results obtained by the COM, TNTF-COM, and TNTF-COMEUS algorithms, respectively.
Here, white boxs indicate zoomed-in regions and red arrows denote missin details.

4.3. Robustness of Different Sensitivity Strategies. We evaluate the ro-
bustness of different sensitivity estimation strategies, including the self-calibrated ES-
PIRIT method [50], the calibrationless SENSE3d approach [26], and the proposed
COMEUS framework. All experiments are conducted under uniform undersampling
with an acceleration factor of AF = 5, while varying the number of ACS lines to
assess sensitivity robustness.

As shown in Fig. 4, ESPIRIT exhibits pronounced sensitivity to the number of
ACS lines. For 3T MRI data of size 512 x 512 with 12 coils, noticeable reconstruction
error arise when the number of ACS lines falls below 14, which can be attributed
to inaccurate sensitivity estimation and the resulting loss of image information. In
contrast, the calibrationless SENSE3d method does not exhibit abrupt performance
degradation as the ACS size decreases; however, its overall reconstruction quality
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(a) PSNR (b) SSIM (c) DISTS (d) HaarPSI
COMEU&:”T'L

(e) Uniform with AF =5 and ACS = 14 (f) Uniform with AF =5 and ACS =13

FiG. 4. Robustness of different sensitivity strategies with respect to the number of ACS lines
under uniform undersampling with an acceleration factor of AF = 5 on 3T MRI dataset of size
512 X 512 with 12 coils. Panels (a)-(d) report PSNR, SSIM, DISTS, and HaarPSI, respectively, as
functions of decreasing numbers of ACS lines. Panels (e) and (f) show representative reconstruction
results obtained with 14 and 18 ACS lines, respectively.

remains consistently lower than that of COMEUS across all evaluated metrics. Based
on these observations, we select the number of ACS lines to be greater than 18 in
all subsequent experiments to ensure a fair comparison. Under this setting, ESPIRiT
provides stable sensitivity estimates without introducing significant estimation errors.

4.4. Efficiency Comparison. We benchmark the runtime and iteration num-
bers of COMEUS against several classical and deep learning-based reconstruction
algorithms, including ESPIRIT [50], ¢,-W3D [28], SENSE3d [26], MoDL [1], and
FRSGM [15]. The computational cost of the compared methods mainly arises from
several key components, including kspace interpolation, sensitivity estimation or up-
date, linear regularization, and deep network inference. Specifically,

Interpolation on k-space: £1-W3D, FRSGM, and COMEUS;
ESPIRiT-based sensitivity estimation: ESPIRIT, MoDL, and FRSGM;
Sensitivity update: SENSE3d and COMEUS;
Linear regularization: ESPIRIT, ¢;-W3D, SENSE3d, and COMEUS;

e Deep network inference: MoDL and FRSGM.
Here, the ESPIRiT-based sensitivity estimation relies on eigenvalue decomposition of
calibration matrices and becomes computationally expensive when the image size and
the number of coils increase.

All experiments are conducted on a Tesla P100 GPU and Table 6 summarizes the
reconstruction time across different datasets. It can be observed that for large-scale
datasets such as NYU-Knee and fastMRI-Brain, ESPIRiT-based sensitivity estima-
tion leads to significantly higher computational cost compared to iterative sensitivity
update strategies. Overall, ¢1-W3D, SENSE3d, and COMEUS exhibit comparable
reconstruction efficiency, whereas deep learning-based methods such as MoDL and
FRSGM are substantially slower due to the heavy cost of network evaluation. These
results demonstrate that COMEUS achieves a favorable trade-off between reconstruc-
tion accuracy and computational efficiency.

4.5. Numerical Evaluation. This subsection presents numerical experiments
comparing various MRI reconstruction algorithms on the primary datasets described
in Section.4.1. Experiments were performed under acceleration factors of AF = 4,
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TABLE 6
Running time (in seconds) and iteration number of the compared algorithms. The datasets are
specified by their source and dimensions: h X w X ¢, where h X w represents the size of the 2D coil
images, and ¢ denotes the number of coils.

Dataset | ESPIRIT ¢,-W3D SENSE3d MoDL FRSGM COMEUS
;”11; i“g;'fgi" 4703 29.22 476 96.99  116.03 44.19
:gggfgliew 117.59  59.32 48.06  924.86  252.72 69.00
f;zsgﬂxvlgé'fggi“ 90.37  62.10 4151 65095 192.35 62.35
# Iterations | 50 50 100 10 100 50

AF = 6, and AF = 8 under uniform sampling. Table 7 reports the mean values for
each metric, averaged over 40 random trials per configuration. Notably, despite the
inclusion of the fastMRI dataset—the training data for both MoDL and FRSGM—the
proposed COMEUS method consistently delivered the highest performance across
anatomical structures and acceleration factors, highlighting its effectiveness.

TABLE 7
PSNR, SSIM, DISTS, and HaarPSI of reconstructed images across various MRI datasets using
ESPIR:T, £1-W8D, SENSE3d, MoDL, FRSGM, and the proposed COMEUS model. Here, AF
denotes the downsampling acceleration factor. The best result for each metric is highlighted in bold.

AF ‘ Metrics ‘ ESPIRIT ¢;-W3D SENSE3d MoDL FRSGM COMEUS

PSNR 34.3950 37.0016 34.4362 34.3003 34.6519 37.7843

4 SSIM 0.8241 0.9047 0.9122 0.8259 0.8328 0.9413
DISTS 0.0980 0.0616 0.0916 0.0984 0.1102 0.0520
HaarPSI 0.9237 0.9473 0.8971 0.9239 0.9050 0.9549
PSNR 30.7548 32.2141 31.9311 30.7139 33.1629 34.9361

6 SSIM 0.7369 0.8866 0.8838 0.7415 0.8088 0.8993
DISTS 0.1593 0.0993 0.1276 0.1598 0.1354 0.0872
HaarPSI 0.8531 0.8556 0.8294 0.8543 0.8670 0.9110
PSNR 28.6888 29.7565 30.3997 28.8283 32.2211 33.5811

8 SSIM 0.6729 0.8690 0.8710 0.6864 0.7942 0.8869
DISTS 0.1988 0.1276 0.1375 0.1965 0.1467 0.1072
HaarPSI 0.7896 0.7924 0.8074 0.7913 0.8432 0.8743

Fig. 5 presents the statistical distributions of the reconstruction metrics sum-
marized in Table 7. As shown, the model-based methods ¢;-W3D, SENSE3d, and
COMEUS exhibit higher stability, characterized by more concentrated distributions
across all metrics. Among them, COMEUS achieves consistently higher reconstruc-
tion accuracy. The instability observed in ESPIRiT-based methods highlights the
critical role of accurate sensitivity estimation and indirectly demonstrates the neces-
sity of the sensitivity update mechanism adopted in COMEUS. As the acceleration
factor increases, the overall performance of all algorithms degrades, which is reflected
in the violin plots by a systematic shift of the distributions toward lower-quality met-
ric ranges. Overall, COMEUS delivers robust and consistently stable reconstruction
performance across different acceleration factors.
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Fic. 5. Statistical distributions of PSNR, SSIM, DISTS, and HaarPSI from the numerical
experiments in Table 7, illustrating the reconstruction performance of different algorithms across
various datasets under acceleration factors AF =4, AF =6, and AF = 8.

4.6. Visualization Comparisons. To enhance the comparison, we present vis-
ual examples of various algorithms on knee and brain datasets under different sampling
modes, enabling a comprehensive evaluation of their generalization ability, detail re-
construction capability, and artifact suppression performance, thereby facilitating a
clearer analysis of their respective strengths and weaknesses.

4.6.1. NYU Machine Learning Knee Dataset. In Fig. 6, the target image
is a SoS reconstruction from 15 coils using fully sampled k-space data from the NYU
dataset, with image size 768 x 616. The reconstruction results are obtained under
the U-23%-19 sampling pattern with AF = 5. As indicated by the red arrows, ;-
W3D, SENSE3d, and FRSGM all exhibit notable loss of anatomical details in the
lateral head of the gastrocnemius muscle, fibula, soleus muscle, and patellar tendon,
failing to achieve stable reconstruction. The yellow arrows highlight undersampling
artifacts at the femur that persist in all competing methods except COMEUS. The
green arrows denote over-smoothed or even blurred regions, where muscle details and
bone textures are lost, potentially leading to diagnostic errors. Notably, ESPIRiT and
MoDL introduce a considerable amount of noise in this example. In the zoomed-in
regions, SENSE3d, MoDL and FRSGM exhibit contrast distortion and large residual
errors compared to the target. Overall, the COMEUS algorithm produces results most
similar to the target image and successfully removes the undersampling artifacts in
the femur indicated by the yellow arrows.

In Fig. 7, the target image is a SoS image reconstructed from 15 coils using fully
sampled k-space data from the NYU dataset, with image size 768 x 616. The recon-
struction results are obtained under the R-19%-18 sampling pattern. The ESPIRIT
and MoDL algorithm still exhibits a considerable amount of noise. As indicated by
the red arrows and the corresponding highlighted regions in the residual error maps,
£1-W3D, SENSE3d, and FRSGM suffer from detail loss in the biceps femoris muscle,
lateral head of the gastrocnemius muscle, and lateral condyle of the tibia. The green
arrows mark distortion in the femur caused by excessive smoothing. Notably, FRSGM
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blurs the structural details of subcutaneous fat. As shown in the residual error maps,
both the proposed COMEUS and ¢;-W3D yield relatively low reconstruction errors,
with COMEUS demonstrating superior preservation of muscle details.

(e) SENSE3d (f) MoDL (g) FRSGM (h) COMEUS

Fic. 6. Visual comparison on the NYU knee dataset of size 768 x 616 with 15 coils under the
U-23%-19 sampling pattern with AF = 5. Panel (a) shows the target image with the sampling mask,
and panel (b) shows the zero-filled reconstruction. Panels (c)-(h) present reconstructions and cor-
responding residual error maps for ESPIRIT, £1-W3D, SENSES3d, MoDL, FRSGM, and COMEUS,
respectively. The white box in panel (a) indicates the region of interest, for which zoomed-in views
and residual maps are provided. Colored arrows highlight representative reconstruction errors: miss-
ing details (red), over-smoothing (green), artifacts (yellow), and noise (blue). Regularization pa-
rameters for optimization-based methods are tuned for best performance.

4.6.2. 3T MRI Brain Dataset. In Fig. 8, the target image is a SoS image
reconstructed from 32 coils using fully sampled k-space data from the 3T MRI brain
dataset, with image size 256 x 256. The reconstruction results are obtained under
the R-25%-22 sampling pattern. Owing to the relatively low in-plane resolution, this
dataset is particularly prone to detail loss and image blurring. The white box in
Fig.8(a) highlights a region that is especially challenging to reconstruct. As shown
in the magnified view and the corresponding residual error maps, all methods ex-
cept COMEUS exhibit substantial reconstruction errors. Specifically, ESPIRiT, ¢;-
W3D, SENSE3d, and FRSGM fail to recover the details of the anterior cerebellar
vermis, while MoDL suffers from noticeable noise artifacts. In contrast, the proposed
COMEUS achieves a reconstruction that most closely resembles the target image,
yielding the highest reconstruction accuracy.

In Fig. 9, the target image is a SoS reconstruction from 12 coils using fully sampled
k-space data from the 3T MRI brain dataset, with image size 512 x 512. The recon-
struction results are obtained under the U-25%-47 sampling pattern with AF = 6.
Although ESPIRIT and ¢;-W3D perform well in the aforementioned knee experiments,
it exhibits pronounced undersampling artifacts in the precuneus region for this lower-
coil-count brain dataset, similar to other methods, as indicated by the yellow arrows
and residual error maps. Compared with the target image, ¢1-W3D, SENSE3d, and
FRSGM lose certain anatomical details and over-smooth brain tissue in regions indi-
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DISTS: 0.1846
HaarPSI: 0.8018

(e) SENSE3d (f) MoDL () FRSGM (h) COMEUS

Fic. 7. Visual comparison on the NYU knee dataset of size 768 x 616 with 15 coils under the
R-19%-18 sampling pattern. Panel (a) shows the target image with the sampling mask, and panel
(b) shows the zero-filled reconstruction. Panels (c)-(h) present reconstructions and corresponding
residual error maps for ESPIRIT, £1-W3D, SENSES3d, MoDL, FRSGM, and COMEUS, respectively.
The white boz in panel (a) indicates the region of interest, for which zoomed-in views and residual
maps are provided. Colored arrows highlight representative reconstruction errors: missing details
(red), over-smoothing (green), and noise (blue). Regularization parameters for optimization-based
methods are tuned for best performance.

cated by the red and green arrows, which may hinder clinical diagnosis. ESPIRiT and
MoDL still suffer from substantial reconstruction noise in this OOD data. The white
box in Fig.9(a) corresponds to the zoomed-in views, where the red arrow highlights
fine structures in the angular gyrus. As shown in the residual error maps, £1-W3D and
SENSE3d fail to recover these details, ESPIRIT and MoDL introduce heavy noise,
and FRSGM over-smooths the area. In contrast, the proposed COMEUS produces
results closely matching the target image, achieving the highest reconstruction fidelity

4.6.3. Summary of Visual Evaluation Results. Based on the above visual-
ization experiments and extensive additional testing, we observe the following trends.
The SPIRiT-based model, ¢1-W3D, achieves higher reconstruction fidelity for MRI
structural details but shows limited capability in suppressing aliasing artifacts when
the sampling rate or the number of ACS lines is low. The SENSE-based models, ES-
PIRIT, SENSE3d and FRSGM, are more effective in suppressing artifacts and noise,
yet tend to produce overly smoothed reconstructions with noticeable loss of fine de-
tails. Among deep learning-based approaches, MoDL exhibits poor generalization,
particularly on OOD datasets and under phase-encoding sampling patterns. In con-
trast, FRSGM, as an optimization-driven method, demonstrates better robustness and
generalization across different scenarios. Overall, the proposed COMEUS algorithm
achieves the highest reconstruction accuracy, combining strong artifact and noise sup-
pression with sufficient constraints to preserve fine structural details, while benefiting
from the theoretical rigor of optimization-based modeling to ensure robustness and
generalization across diverse datasets.
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PSNR: 32.4186 PSNR: 35.7026
SSIM: 0.5208 - SSIM: 0.8929
DISTS: 0.13]

(e) SENSE3d (f) MoDL (g) FRSGM (h) COMEUS

FiG. 8. Visual comparison on the 3T MRI brain data of size 256 x 256 with 32 coils under the
R-25%-22 sampling pattern. Panel (a) shows the target image with the sampling mask, and panel
(b) shows the zero-filled reconstruction. Panels (c)-(h) present reconstructions and corresponding
residual error maps for ESPIRIT, £1-W3D, SENSES3d, MoDL, FRSGM, and COMEUS, respectively.
The white boz in panel (a) indicates the region of interest, for which zoomed-in views and residual
maps are provided. Regularization parameters for optimization-based methods are tuned for best
performance.

5. Conclusion and Final Remarks. This paper proposes a two-level non-
stationary tight framelet-based calibration observation model enhanced with sensitiv-
ity update for parallel MRI reconstruction. The proposed COMEUS model unifies the
complementary strengths of SENSE and frequency domain (k-space) inter-coil correla-
tion frameworks. SENSE-based methods effectively suppress undersampling artifacts
and noise but tend to oversmooth structural details under high acceleration or lim-
ited ACS conditions. In contrast, frequency-domain models better preserve structural
fidelity yet exhibit weaker artifact suppression in such challenging scenarios. By for-
mulating a calibration observation model, COMEUS harmonizes these strengths and
mitigates their respective weaknesses, achieving superior reconstruction quality.

Moreover, COMEUS incorporates two key components: (i) a 3D TNTF regu-
larization system, and (ii) a sensitivity-update mechanism. The 3D TNTF system
facilitates feature extraction from multi-coil reconstructions, enforces sparsity, and
suppresses artifacts. In addition, an adaptive scheme for estimating the regularization
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7
DISTS? 04113
HaarR$1: 0.8511
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DISTS¥01121 . DISTS¥0;2201 N DISTSY0;1119
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(e) SENSE3d (f) MoDL (g) FRSGM (h) COMEUS

Fi1G. 9. Visual comparison on the 8T MRI brain data of size 512 x 512 with 12 coils under the
U-25%-47 sampling pattern with AF = 6. Panel (a) shows the target image with the sampling mask,
and panel (b) shows the zero-filled reconstruction. Panels (c)-(h) present reconstructions and cor-
responding residual error maps for ESPIRIT, ¢1-W3D, SENSES3d, MoDL, FRSGM, and COMEUS,
respectively. The white box in panel (a) indicates the region of interest, for which zoomed-in views
and residual maps are provided. Colored arrows highlight representative reconstruction errors: miss-
ing details (red), over-smoothing (green), artifacts (yellow), and noise (blue). Regularization pa-
rameters for optimization-based methods are tuned for best performance.

parameter is introduced, thereby alleviating the need for manual tuning and improv-
ing reconstruction stability. On the other hand, the sensitivity-update mechanism
addresses the well-known dependence of SENSE-based reconstructions on accurate
sensitivity maps, which are typically estimated from ACS lines in k-space and may
lead to reconstruction failure if inaccurate. COMEUS iteratively refines the sensitivity
information using the reconstructed images themselves, thereby mitigating sensitivity
errors and further enhancing overall reconstruction performance.

Numerical and visualization experiments on diverse MRI datasets demonstrate
that COMEUS model consistently outperforms the SENSE-based SENSE3d model
and the SPIRiT-based ¢;-W3D model. Compared with the deep learning-based MoDL
and FRSGM approaches, COMEUS is formulated entirely within a mathematically
rigorous framework, solved via optimization theory with a proven convergence guar-
antee. Experimental results further highlight its superior generalization ability and
robustness. Overall, COMEUS achieves state-of-the-art performance in suppressing
artifacts and preserving fine structural details, often surpassing existing advanced
reconstruction algorithms.

Appendix A. Construction of the Discrete Fourier Transform Matrix.
We briefly describe the construction of the discrete Fourier transform (DFT) matrix
F e C"*". Let X € RP*? be an image and let x € R™, with n = p X ¢, denote its
vectorization, i.e.,
x = vec(X).
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The one-dimensional DFT matrix F; , € CP*? is defined by

Fip= (wik)j,kezp )

where w), = e~2m/P and the index set 1, is given by

P {—1”2;1,...,”—_1}, if p is odd.

T :{ —&,..., 51}, ifpis even,
2

Similarly, we define Fy , € C7%9.
The two-dimensional DFT of the image X is given by

Fl,pXFl”q,

where (-)’ denotes the transpose. Using the identity vec(AXB) = (B’ ® A) vec(X),
where ® denotes the Kronecker product, we obtain

VGC(Fl’pXFl/yq) = (Fl,q X Fl,p) xZ.
Therefore, the DFT matrix F' € C"*" can be written as
F=Fq,®F,

Appendix B. Proof of Theorem 3.1.

Proof of Theorem 3.1. Given that the gradient of the function f(u) is Vf(z) =
AT (Az — b), its Lipschitz constant is L = || A||2, where A is

1=l 058

Since |Al|3 = ||[AT A||2, and
PFs 1'[ PFs
(G- IPFS| |(G-IDPFS
= STF P TPFES+STF P (G-1)T(G-I)PFS.

ATA:[

According to the properties of the matrix 2-norm, it follows that:
A2 = |AT Alls = ||[STFYPTPFES + STF P (G — )T (G — IYPFS||»
<|STFYPTPFES|y + |STF P (G — 1) (G — I)PFS|».

Let vector sy denote the diagonal elements of matrix Sy. Define T = 2221 s@sz
which is the entry-wise conjugate of the matrix > ;_, s¢s/ . Moreover,

ST]_-—lpTP]:S — Zdlag(gé)F_lpFSZ = (F_lpF) O] T‘7
£=1

where S, denotes the complex conjugate of s, and ® denotes the the Hadamard prod-
uct. Since T is positive semi-definite matrix, we have, for example, by Theorem
5.5.18 in [43], that ||STF1PTPFS| s < max; ;|T[i,j]||F~PF|2. Further, due to
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|F~1PF|y < 1, max;;|T[i,j]| = maxy|T[k, k]|, and T[k.k] = > j_, |se[k]]*> = 1
obtained from Eq. (2.3), we have |[STFIPTPFS|, < 1.

Furthermore, due to the diagonal matrix and P indicate the missing data position
with diagonal elements being 0 or 1, based on the sub-multiplicative property of matrix
norm and the previous discussion, it follows that

IISTf’lﬁT(G DG -DPFS|2 < (IG—1I|l2-|Pll2 - | FS|2)?
=G —=1I|3-IPI3- |1STF 1 FS|2
<G —1I|3

Therefore, we have [|A||3 <1+ ||G —I]|3 =1+ (|G|l2+ 1)?. As a result, the gradient
of f(u) is Lipschitz continuous and the Lipschitz constant is 1 + (||G||2 + 1)?. This
completes the proof.

Appendix C. Proof of Theorem 3.2.

The class of all lower semicontinuous convex functions f : R — (—oo, +00] such
that dom f := {z € C? : f(z) < 400} # 0 is denoted by I'o(R?). Consider the
following optimization problem:

(C.1) arg ;relﬁicr% p(z) + q(x) + r(Bzx)

where A is a d x n matrix, p € To(R") is differentiable, ¢ € To(R™), and r € ['y(C?).
The primal-dual three-operator splitting (PD30) algorithm [56] provides weak con-
vergence guarantees and allows for a larger step size, enabling faster convergence. It
can be used to solve model (C.1), and its iterative form is as follows:

(C.2a) o = proqu(yk)7
(C.2b) ZFT1 = proxg,. (I — pdBBT)z" + 6B(22" — y* — pVp(zF 1)),
(C.2¢c) Yt = R T pUp (et — pBT AL

One PD3O0 iteration can be interpreted as an operator Tppso such that (y’”‘l, z’”‘l) =
Tppso(y¥, 2%). The convergence analysis of PD3O is given in the following lemma.

LEMMA C.1 (Sublinear convergence rate [56]). Let p € T'o(R™) and its gradi-
ent be Lipschitz continuous with constant L. Choose p and & such that p < 2/L
and D = pS— (I — pSBBT") is positive definite. Let (y*,z*) be any fized point of
Tppso, and {(y*,2%)} k>0 be the sequence generated by PD3O. Define ||(y,2)|p =
VIyll?2 + (z, Dz). Then, the following statements hold.

(i) The sequence {(||(y*, 2*) — (y*,2")||p) }x=0 is monotonically nonincreasing.

(i) The sequence {(||(y**1, 25F1) — (y*, 2%)||p) }k>0 is monotonically nonincreas-

ing. Moreover, [[(y*+!, 25F1) — (y*, 2*)[|1 = o (1/(k + 1)).

LEMMA C.2. Let B=WF~YPFS be given in model (3.6). Then, for any positive
numbers p and §, the matriz I — pd BB is positive definite if and only if p§ < 1.

Proof of Lemma C.2. The proof relies on estimating the spectral norm of BBT.
From B = WF~1PFS and the fact that WTW = I, we obtain | BB ||z = | BT B|2 =
||ST.7:_15T]:]:_15}"SH2 = ||ST]-"_15T5}"SH2. Following a similar argument as in
the estimation of ||STF~PTPFS| in B, we have ||ST]:_15T5}"SH2 < 1. There-
fore, the largest eigenvalue of BB is bounded above by 1, and hence I — pd BB is
positive definite if and only if pd < 1. This completes the proof. O
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Proof of Theorem 3.2. By Lemma C.2 and B = WF~'PFS from model (3.6),
the matrix pd~1(I — pSBBT) is positive definite if p§ < 1. For the fact that the
gradient of the function f in model (3.6) is Lipschitz continuous, and its Lipschitz
constant is L = 1+ (||G||2 + 1)?. Therefore, when the parameters p and § satisfy the
conditions p < 2/L and pd < 1, it follows from Lemma C.1 that the PD30 algorithm’s
convergence conditions are clearly satisfied. This completes the proof. ]

Appendix D. Theory of k-space Calibration.

We begin by considering an idealized setting with fully sampled and noise-free
k-space data. Let g, € C™ denote the k-space data acquired by the ¢-th coil, and let
s¢ € C™ denote the vectorized coil sensitivity map. The underlying MRI image is
denoted by x € R™. According to the SENSE acquisition model in (2.1), the k-space
data of the f-th coil can be written as

(D.1) Je=F(s¢ ®x) = 8§ x T,

where ® denotes the elementwise (Hadamard) product, * denotes circular convolution,
and Sy and ¥ are the Fourier transforms of s, and x, respectively. This expression
highlights the well-known fact that pointwise multiplication in the image domain
corresponds to convolution in the Fourier domain [50].

Let A = {1,...,c} denote the set of coil indices, and define A; = A\ {i}. Since
all coils observe the same underlying object, their k-space measurements are corre-
lated through the coil sensitivity profiles. Exploiting the commutativity of circular
convolution [30, 38, 37], we obtain, for any i, j € A,

§;% (8, % %) =5 * (8§ = ).
Substituting (D.1) yields the relation
i Y5 = 85 * Ui

which characterizes the inter-coil consistency of the k-space data.
Fixing an index ¢ and summing over j € A;, we obtain

JEA; JEA;

Adding ¢; to both sides and rearranging terms leads to

(D-2) gi= (0" =" 5 | x 9+ > mix iy,

JEA; JEA;

where 6(®) € C" denotes the length-n Kronecker delta satisfying 6 * a = a for any
a € C™. This equation shows that the k-space data of the i-th coil can be expressed as
a linear convolutional combination of the k-space data from all coils, with convolution
kernels determined by the sensitivity maps. Let s;; denote the convolution kernel
associated with g; in (D.2), where

K = 5(”) _ Z g]’ and Kij = 51 (,7 7é Z)

JEA;
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Let K;; denote the matrix representation of circular convolution with kernel x; ;.
Then (D.2) can be written compactly as

Ui = Z/ﬂ,j *qj = ZKi,jfgj =[Kipn - Kic] || =K.
JEA jEA A

Stacking the relations for all coils yields
(D.3) grK e KT =GY,

This relation rigorously establishes a global self-consistency constraint among multi-
coil k-space data, which forms the theoretical foundation of k-space calibration models
such as SPIRIT.

Appendix E. SPIRIT Interpolation Kernel.

In SPIRIT, the goal is to learn a convolutional operator (i.e., the SPIRiT operator)
that maps a neighborhood in K-space across multiple coils to the center point of that
neighborhood in each coil. The ACS serves as training data for learning the SPIRiT
operator.

Suppose the number of the coils is ¢. The 3D convolution kernel tensor across
coils and space, denoted by K, has dimensions s x s X ¢ x c. In particular, K. ..,
represents the 3D interpolation kernel used to reconstruct the ¢-th coil from all coils.
We estimate this convolution kernel from the fully sampled autocalibration signal
(ACS) data, see [28, 31].

After estimating IC, we embed it into a larger tensor of size h X w X ¢ X ¢ by
padding with zeros. This padding reflects the fact that certain spatial offsets are not
utilized. For notational convenience, we continue to denote the padded kernel as K.

We now describe the construction of the matrix G in SPIRIT model using the
tensor K. Let X € C"*%*¢ be a tensor that collects all coil images, i.e., X. . ¢ is the
{-th coil image xy. The tensor Y, which has the same dimensions as X, is obtained
by convolving X with the 3D convolution kernel tensor K, given by

c h w
Yije = E ,E , E Xitp,j+raklKpqk.e-
k=1p=1¢g=1
This operation can be written in matrix-vector form as:
vec(Y) = Gvec(X),

where vec(X) € Ch*¢ is the flattened column vector version of X, with elements
ordered such that X ; ;. is the ((k — 1)hw + (j — 1)h + ¢)-th entry of vec(X), vec(Y)
is defined in the same way, G is the global convolution matrix, defined block-wise as:

Gui G2 - Gic

Go1 Goa -+ Gac
G=| . . )

(;cl (;02 e (;cc

Here, each block Gy, is a doubly circulant matrix representing convolution with the
2D kernel slice K. ., ,. Specifically, for a matrix K € C"**, the associated doubly
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circulant matrix is constructed as

circ(Ky ;) circ(Ka:y ---  circ(Kp,,
circ(Kp;y circ(Ky,y -+ cire(Kp_1,,)
circ(Ky ;) circ(Ks, ---  circ(Ky

where circ(a) is the circulant matrix with its first row as a.

With this construction, we are now in a position to analyze the singular values of
G. For each pair (p,q) € [h] x [w], define the matrix P9 € Ce*¢ by
P‘(P’q) = (FOTK:IHJJFO)P(J’

,

where F' is the discrete Fourier transform matrix and [N]:={1,2,..., N} for a pos-
itive integer N. According to [44, Theorem 6] the singular values of G are given
by
o(G@) = U o (P(p’q)) ,
(p,a)€[h]x [w]
and hence,

G2 = max{y:v € o(G)}.

For further details, we refer the reader to [44].
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