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Abstract

Parallel magnetic resonance imaging (pMRI) accelerates data acquisition by
undersampling multi-coil k-space. Its reconstruction quality, however, deterio-
rates when coil sensitivity maps (CSMs) or calibration kernels are inaccurate,
especially when only limited auto-calibration signal (ACS) data are available.
We propose SRSC+, a model-driven bilevel optimization framework that cou-
ples SENSE-based image reconstruction with SPIRiT-based k-space calibration
through shared CSMs. The bilevel formulation explicitly decouples sensitiv-
ity estimation from kernel calibration, thereby enabling iterative correction
of both components and reducing error accumulation that often arises in
dual-domain methods. In addition, SRSC+ introduces a deep-prior-guided reg-
ularization strategy that preserves the structure of classical linear regularizers
while adaptively learning spatially varying regularization weights from denoised
intermediate reconstructions. Experiments on out-of-distribution datasets under



diverse sampling patterns show that SRSC+ achieves state-of-the-art perfor-
mance across multiple fidelity and perceptual metrics, while remaining robust to
scarce ACS data and imperfect CSM initialization. Visual comparisons further
demonstrate effective artifact suppression without pseudo-structural distortions,
together with strong generalization across scanners and acquisition proto-
cols. The implementation code is available at https://github.com/chenGTMES/
SRSC/.

Keywords: Bilevel optimization, Deep priors, Model-driven reconstruction,
Regularization parameter estimation, Coil sensitivity correction

1 Introduction

Magnetic resonance imaging (MRI) is a central imaging modality because it provides
high spatial resolution, strong soft-tissue contrast, and flexible acquisition protocols
without ionizing radiation. In conventional spin-warp MRI [1], spatial information
is encoded through gradient-modulated radiofrequency pulses, and the measured k-
space data are mapped to the image domain by an inverse Fourier transform. A key
limitation of this acquisition strategy is the need for repeated phase encoding, which
leads to long scan times, greater sensitivity to motion, and reduced patient comfort.

Parallel MRI (pMRI) addresses this limitation by using multiple receiver coils
to acquire undersampled k-space data simultaneously [2]. Because each coil has a
spatially varying sensitivity profile, the multi-coil measurements contain additional
spatial information that can be used to disentangle aliasing caused by undersampling.
In practice, however, aggressive undersampling and imperfect sensitivity modeling can
substantially degrade reconstruction quality, particularly when ACS data are limited
and the estimated CSMs or calibration kernels are unreliable.

In this work, we propose SRSC+ (SENSE Reconstruction with SPIRIT Calibration
and Deep Priors), a model-driven bilevel framework for pMRI reconstruction. SRSC+
integrates three components: a SENSE-based image-domain reconstruction model, a
SPIRiT-based k-space calibration model for refining coil sensitivity information, and
a score-based generative prior that adaptively determines regularization weights while
preserving the structure of a classical linear-operator-based regularizer. This design
enables controlled correction of sensitivity and calibration errors while leveraging
learned priors without sacrificing interpretability or cross-domain robustness.

2 Related Work and Motivation

This section reviews model-driven and deep learning—driven MRI reconstruction meth-
ods, highlighting limitations in CSM estimation, kernel calibration, dual-domain error
accumulation, and generalization under distribution shift. These challenges motivate a
bilevel framework that adaptively corrects sensitivities, integrates image- and k-space
models, and leverages deep priors in a controlled way.
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2.1 Model-Driven Reconstruction

Sensitivity encoding (SENSE) is a widely used approach that reconstructs images by
explicitly leveraging CSMs [3, 4]. Its performance depends critically on the accuracy
of the CSMs; however, accurate sensitivity estimation is often challenging in clinical
settings because of hardware geometry, noise, and limited ACS coverage.

In contrast, GRAPPA [5] avoids explicit sensitivity estimation by calibrating
interpolation kernels from ACS data to recover missing k-space samples. SPIRIT [6]
extends GRAPPA by enforcing self-consistency through a single convolutional kernel
per coil and supports arbitrary sampling patterns via an inverse-problem formulation.
However, when ACS lines are scarce, kernel estimation can be unstable, leading to
high-frequency errors and loss of fine detail.

To mitigate the ill-posedness induced by undersampling, classical regularization
techniques are often integrated into SENSE or SPIRIT, including total variation (T'V)
[7], wavelet-based [8], and frame-based priors [9]. TV effectively suppresses noise and
artifacts but can introduce staircase artifacts; higher-order variants such as TGV [10]
alleviate this at the cost of more complex optimization. Joint sparse regularization of
multi-coil wavelet coefficients has been explored for SPIRIT reconstruction [11]. Tight-
frame constructions, such as 3D directional Haar framelets [12], have shown strong
performance in preserving structures while reducing artifacts.

In short, model-driven methods offer interpretability, stability, and good general-
ization across various acquisition settings; however, their performance is limited by
the fidelity of CSMs or kernel calibration, especially when ACS lines are scarce.

2.2 Deep Learning-Driven Reconstruction

Deep learning has significantly advanced MRI reconstruction performance by learn-
ing rich data-driven priors from large image collections. Existing approaches can be
broadly grouped into three categories:

1. Deep Unrolled Networks. These methods unroll iterative optimization algo-
rithms into trainable networks that alternate data-consistency steps with learned
proximal or denoising modules [13-16]. Hybrid designs, such as GrappaNet
[17], integrate GRAPPA-style reconstruction with deep refinement, while GAN-
based methods [18] synthesize missing k-space data. Although unrolled networks
achieve strong empirical performance, they often entangle learned components
with algorithmic hyperparameters, hindering theoretical analysis and cross-domain
generalization.

2. Generative Networks. Generative models, including score-based and diffusion
approaches, have recently been explored for MRI reconstruction [19-22]. By learn-
ing the distribution of fully sampled images or high-frequency k-space components,
these methods can recover missing data under physical constraints. Representative
examples include HFS-SDE [19], SPIRiT-diffusion [20], TRPA [21], and DKTM
[22]. While capable of capturing rich image priors, generative pipelines are often
computationally intensive and sensitive to mismatches between training and testing
acquisition protocols.



3. Plug-and-Play (PnP) Methods. PnP methods [23, 24] incorporate pre-trained
denoisers into iterative solvers, implicitly replacing explicit regularization. In MRI,
ResiDe [25] and FRSGM [26] combine SENSE-type data consistency with CNN or
ensemble denoisers. PnP and Regularization by Denoising (RED) frameworks offer
flexibility in leveraging learned priors, but their implicit regularization is difficult to
interpret and may overfit the training distribution, potentially introducing artifacts
on out-of-distribution (OOD) data.

In addition to the above shortcomings, deep learning—based methods can be
sensitive to changes in the field of view, slice thickness, and other acquisition
parameters [27], which are commonplace in clinical practice.

2.3 Analysis of Existing Methods
Existing MRI reconstruction methods face three recurring challenges.

® Errors in CSMs and interpolation kernels. Model-driven approaches faith-
fully encode acquisition physics and often provide strong interpretability, but their
performance is highly sensitive to the accuracy of the CSMs and the k-space inter-
polation kernel. In undersampled and noisy settings, both quantities can be difficult
to estimate reliably.

¢ Error accumulation in dual-domain models. Recent dual-domain
approaches [28, 29] jointly impose constraints in the image and k-space domains.
Although this coupling can improve reconstruction quality, errors in sensitivity
estimation and kernel calibration may reinforce one another and accumulate over
iterations, ultimately degrading the final reconstruction.

® Limited generalization of deep learning—driven methods. Deep learning—
driven methods exploit powerful data-driven priors, but their generalization can be
limited by shifts in scanner type, field of view, slice thickness, or acquisition pro-
tocol [27]. Under such distribution shifts, tightly coupled learned components may
become less reliable and can introduce visually plausible but incorrect structures.

2.4 Motivation

These observations suggest that an effective reconstruction framework should satisfy
three requirements:

® [t should update and correct the CSMs or k-space interpolation kernels adaptively.

® [t should integrate image-domain and A-space-domain models in a principled manner
without inducing uncontrolled error accumulation.

® [t should benefit from deep learning while maintaining robustness under distribution
shift.

Motivated by these requirements, we develop a bilevel optimization framework that
decouples sensitivity estimation from k-space kernel calibration. SENSE-based recon-
struction and SPIRiT-based calibration are formulated as separate but interacting
subproblems during iteration [30]. We further adopt a hybrid strategy that preserves
a classical linear regularizer while learning its parameters from deep priors guided by



empirical observations (Section 3.3). In this way, the proposed framework combines
the flexibility of learned priors with the interpretability and stability of model-driven
reconstruction.

2.5 Contributions
We summarize the main contributions of this work as follows.

1. Bilevel framework. We propose a bilevel reconstruction framework that com-
bines SENSE-based image reconstruction with SPIRiT-based k-space calibration.
By explicitly separating sensitivity-estimation errors from kernel-calibration errors,
the framework reduces error accumulation and improves robustness relative to
stand-alone SENSE or SPIRIT formulations.

2. Deep-prior-guided regularization. We introduce a deep-prior-guided regular-
ization strategy based on a score-based generative model. A pretrained denoiser
is applied to intermediate reconstructions, and the resulting multi-coil framelet
coeflicients are used to construct spatially adaptive regularization weights. Impor-
tantly, the linear regularization operator remains unchanged; only its parameters
are adapted.

3. Algorithms. We develop efficient algorithms for the resulting SRSC and SRSC+
models. The upper-level reconstruction problem is solved by PD30, while the lower-
level calibration problem is solved by conjugate gradients. The updates of the CSMs
and the deep-prior-based regularization weights are performed on different time
scales to balance accuracy and efficiency.

4. Ablation studies. We conduct ablation studies to quantify the contributions of
SENSE reconstruction, SPIRIT calibration, and deep-prior-guided regularization.
We also compare the proposed parameter-adaptation strategy with a PnP-RED
alternative that uses the same denoiser.

5. Performance and robustness. We demonstrate strong performance and robust-
ness across multiple datasets and sampling patterns. In particular, SRSC+ achieves
competitive or state-of-the-art results under limited ACS data and remains stable
on OOD data, where several deep learning baselines degrade more noticeably.

2.6 Outline of the Paper

The remainder of this paper is organized as follows. Section 3 introduces the SENSE-
based reconstruction model and the SPIRiT-based calibration model, along with
empirically observed priors on regularization parameters, which are later transformed
into deep priors to improve reconstruction. Section 4 analyzes existing methods and
motivates our approach, then presents the proposed bilevel optimization framework
SRSC and its extension with deep-prior-guided regularization, termed SRSC+. Abla-
tion studies are conducted to validate the contribution of each component. Section 5
reports extensive experimental results demonstrating the superiority of SRSC+.
Finally, Section 6 concludes the paper.



3 Preliminary Work

In this section, we review the SENSE model and the definition of CSMs, together
with the SENSE3d algorithm based on 3D directional Haar framelet regularization.
We then recall the SPIRIT k-space calibration model, which forms the lower-level
component of our bilevel framework. Finally, we summarize empirical observations on
regularization parameters that will later be converted into deep regularization priors.

3.1 SENSE Reconstruction and Coil Sensitivity Maps

Let ¢ denote the number of receive coils, and let v € R™ (n = h X w) be the target
image. In SENSE, the acquisition model for the ¢-th coil is

ge=PFSpu+e, £=1,2,...,c, (1)
where g, € C™ are the undersampled k-space measurements, P € {0,1}"*" is a
diagonal sampling matrix, F' € C"*™ is the discrete Fourier transform (DFT), S, €
C™*™ is the CSM diagonal matrix for the ¢-th coil, and €, € C" is complex Gaussian
noise. Stacking all coils yields the compact pMRI acquisition model

g=PFSu+e, (2)
where
g1 P F 51 €1
e P F SC €c
The quality of SENSE reconstruction depends critically on the accuracy of the
CSMs {S¢}5_,. In practice, however, k-space data are undersampled, and fully sampled
coil images uy are not directly available. Instead, CSMs are typically pre-estimated

using only the ACS region. Let g?cs denote the ACS data for the ¢-th coil and
U?CS = FTgé*CS. The CSMs are then approximated as

Sufis] upCS[q] )
21,1 = .
D5 (uf S [i])?

where Sg[i,4] is the i-th diagonal entry of Sy, and u2“S[i] is the i-th pixel of u,CS.
Due to the limited spatial support of the ACS region, the estimated CSMs may suf-
fer from noise and modeling inaccuracies, which can significantly degrade the final
reconstruction.

To mitigate these effects, the SENSE3d algorithm [9] incorporates a 3D directional
Haar tight framelet (3DHTF) regularization into the SENSE framework. Denoting by

Q = diag(Q, ..., Q) the diagonal mask that selects unsampled k-space locations (with



Q =1-P), by W € REenxen the 3DHTF transform, and by I' € REenxLen 4 diagonal
matrix of regularization parameters, SENSE3d solves

1
min { S IPFSu— gl + ITWFT(@FSu + g)l }. (@)

where L is the number of framelet filters.

Since the CSMs in (3) are estimated solely from ACS data, they are prone to
errors, particularly when the ACS lines are insufficient, which propagate through
(4) and degrade reconstruction quality. ESPIRIT [31] mitigates this by exploiting
multi-coil A-space redundancy and estimating CSMs via eigen-decomposition of a cali-
bration matrix, but this process discards absolute phase information. Phase-corrected
variants such as VCC-ESPIRIT [32] recover absolute phase using virtual conjugate
coils; however, they still rely on ACS-based estimation and thus remain sensitive to
high-frequency information loss and instability.

(al) ESPIRiIT ~ (b1) SRSC+  (a2) ESPIRIT  (b2) SRSC+

Fig. 1 Comparison of (a) ESPIRiT-based CSMs estimation and (b) SPIRiT-based periodic calibra-
tion in k-space for updating CSMs. The proposed SPIRiT-based approach effectively corrects CSMs
estimation errors that cause severe reconstruction errors in ESPIRIT.

However, as shown in Figure 1, the ESPIRiT-based CSMs pre-estimation method is
inherently an ACS-based approach. When ACS lines are insufficient, severe estimation
errors may occur, leading to notable reconstruction information loss. Therefore, one
of the core objectives of this work is to address the potential limitations of ESPIRiT-
based CSMs pre-estimation. As illustrated in the figure, the proposed SRSC+ achieves
accurate reconstruction even under limited ACS conditions, without sacrificing image
information.

3.2 SPIRIT Calibration in k-space

In contrast to SENSE, the SPIRIT framework performs self-consistent k-space interpo-
lation without explicitly estimating CSMs. Let z € C°™ denote the multi-coil k-space
data to be reconstructed. The acquisition model simplifies to ¢ = Pz + €. SPIRIT
assumes local redundancy in multi-coil k-space: missing samples can be expressed as
linear combinations of their neighbors. Let G € R“*" be the interpolation kernel
estimated from ACS data. The self-consistency condition is z = Gz, which, when
combined with undersampled data, can be written as

(Qz +g) = G(Qz + g).



Hence, SPIRIT reconstructs z by solving the least-squares problem

win {316 - (0= + 9 | )

where I is the identity matrix.

As in the SENSE case, accurate calibration of G is critical. Limited ACS lines or
noise can cause kernel estimation errors, leading to inaccurate high-frequency k-space
interpolation and loss of fine image details.

3.3 Empirical Priors for Regularization Parameters

The SENSE3d algorithm in (4) iteratively updates the regularization parameters T’
based on intermediate multi-coil reconstructions. Let U = F T (QFSu + g) denote the
reconstructed multi-coil image at the current iterate. In prior work, I' is adaptively
updated as a function of U. To analyze this behavior, we conduct the experiment shown
in Figure 2: the top row presents reconstructions at different iterations alongside the
truth target image; the middle row shows the corresponding regularization parameters
I’y and I'arger; and the bottom row reports reconstructions obtained using each I';
and I'rargec. Qualitatively, artifacts are progressively reduced as ¢ increases, and image
obtained with I'targer are nearly artifact-free in the zoomed-in regions.

t=20 t=5 t=10 t=15 t=20 Target
Fig. 2 Top row: Reconstructed images at iteration ¢ and target image. Middle row: Corresponding
regularization parameters I' computed at each iteration. Bottom row: Reconstruction results using
different I" settings, along with zoomed-in regions. The zoomed-in area corresponds to the white box
in the top row of the target Image. The red arrow indicates a noticeable artifact that is gradually
removed across iterations.

Table 1 reports PSNR, SSIM, DISTS [33], and HaarPSI [34] for different T';.
All metrics improve monotonically with ¢, with the best performance achieved using



I Target- This indicates that regularization parameters derived from artifact-free, detail-
preserving images can significantly enhance reconstruction quality, motivating the
learning of such parameters from improved reconstructions.

Table 1 Quantitative comparison of reconstruction performance under different
regularization parameters I', measured by PSNR, SSIM, DISTS, and HaarPSI.
The best results across different numbers of iterations ¢ are highlighted in bold.

Reg. Para. ‘ PSNR?T ‘ SSIM1T ‘ DISTS| ‘ HaarPSIT
To 30.9271 0.9065 0.1168 0.8038
T's 31.2161 0.9086 0.1045 0.8347
I 31.3928 0.9087 0.0994 0.8449
I'is 31.5852 0.9091 0.0945 0.8573
20 31.6441 0.9109 0.0929 0.8638
Trarget 34.4253 0.9332 0.0902 0.9224

4 Bilevel Optimization with Deep Priors

We now present the proposed bilevel optimization framework and the integration of
deep priors for regularization parameters, with the overall algorithmic architecture
shown in Figure 3.

Belong to
one coil

Deep Priors Thresholding.
—_— ;o SEoocuey,
Regularization

sxorig doaq

Deep Priors

Regularization

PPO wopezundo PAY

Fig. 3 The proposed bilevel optimization model with deep-prior-guided regularization follows a two-
step strategy. We use the SENSE-based model for image reconstruction, while the SPIRiT-based
model is employed to calibrate the coil sensitivity maps in k-space. Additionally, deep learning-driven
techniques are used to provide deep priors for regularization parameter setting, which are then applied
to the SENSE-based reconstruction process.



4.1 Bilevel Optimization for Reconstruction

The upper-level component reconstructs the target slice image u in the SENSE model,
whereas the lower-level component operates on the multi-coil k-space variable z in the
SPIRiT model. These two variables are linked through

z = FSu,

which allows the two subproblems to exchange information through the current
estimate of the coil sensitivities.

To formalize this coupling, we introduce the multi-coil image * = F'z = Su,
whose blocks correspond to the individual coil images. From x, we define a mapping
2 +— S(x) that constructs the corresponding diagonal CSM matrices by normalizing
the coil images pixelwise. This mapping provides a natural bridge between the image-
domain reconstruction variable and the k-space calibration variable. Concretely, we
write S(z) = [Si(z)T, -+ ,Se(z) T]T € C"*" where each Sy(x) € C"*" is a diagonal
matrix whose entries are given by

S = —2 e (6)

PRI

In other words, S(x) encodes the discrete CSMs as diagonal blocks whose i-th diagonal
entry is the normalized coil image value at pixel 7. This mapping converts a multi-coil
image x into the corresponding S(z). Conversely, given S and a slice image u, the
multi-coil image is = Su.

Using the above notation, we now couple the SENSE-based image-domain recon-
struction with the SPIRiT-based k-space calibration in a bilevel way. The key idea of
SRSC is to use the current multi-coil image estimate & to define S(Z), reconstruct a
slice image % through the SENSE3d objective, and then refine the multi-coil image
by enforcing SPIRIT self-consistency while keeping it close to the SENSE-predicted
coil images. In practice, the algorithm alternates between these two subproblems so
that the image estimate, the multi-coil image, and the induced CSMs are progressively
refined. Formally, we propose the following bilevel model:

1
U € arg IIEI%QH {2||77]:8(5:)u — g3+ ITWFT(QFS(3)u +g)||1} ,

n

&= 8(&)a, (7)
_ . 1 .
7 e arg min {116 - 1(QFz + 915 + Ll — 313

Here, the upper-level problem reconstructs the slice image @ using SENSE3d with
CSMs given by S(Z), where Z is the current multi-coil image estimate. The interme-
diate quantity & = S(Z) @ is the multi-coil image predicted by the SENSE model. The

10



lower-level problem then updates the multi-coil image & by combining SPIRIiT self-
consistency in A-space with a quadratic penalty that pulls « toward &. We refer to (7)
as the SENSE Reconstruction with SPIRIiT Calibration (SRSC) model.

The SENSE3d subproblem [9] can be solved by various existing algorithms. In this
work, we adopt the Proximal Dual Three-Operator Splitting (PD30) algorithm [35].
Choosing step sizes p = 1.999 and § = 0.499 ensures the convergence [9]. Defining
A=WFTQFS and w = W}'Tg, the PD3O0O iterations read

uktt = Re(vk), (8a)
yF T = (I — pdAAT)s* + 6A (vF — pSTFT (PFSu* —g)) | (8b)
Gk — (yk+1 i §w) — soft (yk+1 + 6w,I‘) 7 (8c)
’Uk+1 _ uk _ psT]:T (’P}'Suk _ g) _ pATSk+1. (8(31)

Here, Re(+) denotes the real-part operation, #* denotes the complex conjugate of v*,
and soft(-,T") is the element-wise soft-thresholding operator with thresholds given by
the diagonal of I'. The initialization is given by v° = u® = SoS(F~1g), s = Au’, and
S is initialized using the mapping defined in (3). A single iteration is denoted by

(uP Tt sF L R = PD3O(u, 5", vF).

We adopt the parameter choices and convergence conditions from SENSE3d [9]. In
implementation, we set the maximum number of PD30 iterations to K.y (discussed
in Section 4.2.3) and terminate the outer iteration when the infinity-norm difference
between two successive image iterates, namely A = [[uf+! — ||, falls below 10~%.

The SPIRiT-based calibration subproblem is smooth and strictly convex, and can
therefore be solved efficiently by the conjugate gradient (CG) method. In practice, we
apply CG to the linear system

(FTQG-DT(G-DNQF +nl)z=ni - F Q(G-1)T(G - I)g. (9)

To avoid hyperparameter tuning, we simply fix n = 1, and we denote the corresponding
CG solver by = CG(Z). Given the fast convergence rate of CG, we set its maximum
number of inner iterations to 5 in subsequent experiments.

The resulting SRSC algorithm is summarized in Algorithm 1. The maximum num-
ber of iterations Kpax and the SPIRiT-based calibration is applied periodically (every
Ksm iterations) to update CSMs via CG(%) followed by the mapping S(+). The regu-
larization parameters I' follow the design in earlier SENSE3d work, and convergence
is discussed in Appendix A.

4.2 SRSC with Deep Priors

We next augment SRSC with deep-prior-guided regularization derived from score-
based generative models (SGM). The empirical findings in Section 3.3 indicate
that regularization parameters estimated from high-quality images can substantially

11



Algorithm 1 SRSC algorithm for solving model (7)
1: Inputs: Step sizes p = 1.999 and § = 0.499; Kax, Kesm-
2. Initialization: Set S using the mapping in (3); initialize u® = v = SoS(F~1g),
and s° = AuO; initialize k = 0 and A = +o0.
while k < Kpax and A > 107* do
if k£ mod K., = 0 and k& > 0 then // SPIRiT-based calibration of CSMs
& = SuF
z = CG(2)
S=8(2)
end if
ubtl s+l 9k +l) = PD30(uF, s*, v¥) // PD3O update
10 A= |luFtt — k||
11: k=k+1
12: end while
13: Output: Reconstructed MRI slice & = u*+1.

© % 3> Rw

—~

improve reconstruction. Our goal is to automate this process using a learned denoiser
and a principled feature-based mapping to I'.

4.2.1 Score-Based Generative Priors

Let p(u) denote the distribution of clean MRI images. A score-based generative model
aims to learn the score function V,, log p(u), which points toward regions of higher data
density [26]. Because p(u) is not directly available, we instead consider noisy samples
@ = u + oe, where ¢ ~ N(0,1), and learn the score of the corresponding conditional
density through denoising score matching:

uUu—u
2

Valogpo(ulu) =
o
We then train a neural network sg (@), parameterized by ©, to approximate this score
by minimizing the denoising score-matching loss
2
]. (10

Because the injected noise is relatively small, the marginal distribution of @ remains
concentrated near the true data manifold, so the learned score sg provides a good
approximation to the underlying data distribution.

Once trained, the SGM can be used as a powerful denoiser. In our framework, the
current reconstruction is treated as a noisy intermediate image, and the pretrained
network Ng is applied to obtain a refined image

1
Lo = Eunp(u),i~p, (alu) l2

U= N@(u)

12



This denoised image serves as a higher-quality surrogate for estimating the regular-
ization weights used in the subsequent reconstruction step.

4.2.2 From Denoised Images to Regularization Parameters

Given the denoised image 4, we construct spatially adaptive regularization parameters
that remain fully compatible with the classical 3DHTF-based SENSE3d regularizer.
Specifically, @ is used to extract multiscale, multi-coil framelet-domain statistics,
which are then mapped to local weights that adaptively modulate the ¢; regulariza-
tion strength. The procedure has four steps: denoising, 3DHTF decomposition, local
variation estimation, and energy normalization.

1. Denoising. We apply an SGM-based denoiser to the current reconstruction, @ =
No(u), where v may still contain aliasing and noise due to imperfect CSMs and
kernel calibration. Acting as a data-driven denoiser, Mg suppresses artifacts and
restores fine structures using learned MRI priors while preserving global anatomy.
The enhanced image 4 therefore provides a more reliable surrogate of the ground
truth for estimating regularization parameters.

2. 3DHTF decomposition. Next, we extract multiscale and multi-directional fea-
tures from 4 in the same framelet domain used by the SENSE3d regularizer. To
ensure consistency with the data-fidelity term and the actual sampling pattern, we
form a multi-coil image by inserting @ into the forward model and combining it
with the acquired data:

L =WFT(QFSi+ g).
Here, QFSu + g denotes the hybrid k-space data that incorporates the acquired
measurements ¢g. Applying F | maps this hybrid k-space data back to the multi-coil
image domain. The operator W represents the 3SDHTF transform applied across
both spatial dimensions and coil channels. Consequently, the coefficient vector ¢ €
CLen captures local edges, textures, and directional features in a representation
that is fully consistent with the regularization term in (4).

3. Local variation estimation. To turn the 3DHTF coefficients into spatially vary-
ing weights, we estimate local variation in the framelet domain. We first reshape
L€ Clen s ¢ e Chxexhxw g0 that ¢L[i, j] denotes the coefficient at filter index o,
coil ¢, and spatial location (i, j). For each filter, coil, and location, we compute the
average magnitude over a 3 x 3 neighborhood:

1

I ol '
=L Z Coli + 71, J + 72|
#{(11,72)} 717726{_1,071}| ’

This local average magnitude serves as a simple, translation-invariant measure of
local framelet energy: large values indicate regions with strong edges or textures
in the corresponding subband, while small values correspond to smoother, more
homogeneous areas. By vectorizing ¢ € REX¢XPX® e obtain a diagonal matrix o.
For convenience, we define

0= H(L) c (CLc’nXLcn7

13



where H(-) is a mapping that assigns the local variation estimates in ¢ to the
diagonal entries of p, while all off-diagonal elements remain zero.

4. Energy normalization. Finally, for the /-th filter of 3DHTF, we normalize the
raw weights in g € C*“" and match their overall scale to the energy level of the
current coefficients. Let ||¢¢]|co and ||o¢]|oo denote the maximum magnitude among
all entries of ¢y and gy, respectively. We define

0, if ¢ is low-pass filter or ||gs||cc = 0,
Ly = 0t

loell o

Ileelloo - , otherwise.

Here, scalar—matrix multiplication and division are implemented via element-wise
operations. By stacking the regularization parameter matrices I'y calculated from
different filters, the final unified I' can be obtained. In this way, I' inherits the
spatial adaptivity and multi-scale structure of the framelet coefficients but remains
on a comparable scale across iterations and slices.

Because I' enters the SENSE3d regularizer through [[TWFT(QFSu + g)|1, it
directly controls how strongly each local framelet coefficient is penalized. Regions in
which the denoised image u exhibits prominent structure lead to distinct patterns
in ¢ (and hence in T'), allowing the algorithm to modulate shrinkage in a feature-
aware manner. Conversely, in smooth or low-contrast areas, the weights can promote
stronger regularization to suppress noise and residual artifacts. For the sake of nota-
tional simplicity, we define the aforementioned SGM-Guided Adaptive Regularization
Parameter Estimate (SGarpe) as

I' = SGarpe(u).

This procedure yields an SGM-guided, reconstruction-oriented regularization-
parameter network: the classical linear operator W is kept fixed, while its associated
weights I' are adapted from denoised reconstructions via local framelet statistics. This
preserves the structure and convergence properties of the SENSE3d regularizer while
injecting powerful deep priors into the choice of regularization parameters.

4.2.3 Parameter Study and the SRSC+ Algorithm

Three hyperparameters are used in SRSC+: the maximum number of outer iterations
Kmax, the update frequency K., for the regularization parameters, and the update
frequency K sy for the coil sensitivity maps. Empirically, PD3O converges rapidly in
this setting, and K, = 50 is sufficient to achieve stable reconstruction quality across
the tested scenarios.

To study K,ee and Keom, we evaluate how the PSNR evolves over iterations under
different update schedules. In Figure 4(a), Kcsm is fixed at 12 while K., varies from 1
to 10. In Figure 4(b), K, is fixed at 5 while K, varies from 5 to 15. The experiments
are conducted on a phantom dataset (image size 512 x 512 with 4 coils), and multiple
independent trials are performed under different sampling patterns. Based on the
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resulting performance—efficiency trade-off, we use Ko = 5 and Ken = 12 in all
subsequent experiments.

PSNR (dB)
PSNR (dB)

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Iteration Number Iteration Number

(a) Effect of Koz on PSNR (fixed Kesm = 12) (b) Effect of Kcsm on PSNR (fixed Kreg = 5)

Fig. 4 Parameter sensitivity analysis of update frequencies. The PSNR evolution curves under
different update frequencies are shown. (a) Influence of the regularization update frequency Kreg
with Kcsm fixed. (b) Influence of the coil sensitivity map update frequency Kcsm with Kreg fixed.
The results demonstrate that appropriate choices of update frequencies can balance reconstruction
quality and computational efficiency.

Algorithm 2 SRSC+ algorithm for solving model (7)
1: Inputs: Step sizes p = 1.999 and 6 = 0.499; Kax = 50, Kreg = 5, Keem = 12.
2. Initialization: Set S using the mapping in (3); initialize u® = v* = SoS(F~!g),
and s° = AuY. initialize k = 0 and A = +o0.
. while k < Ky, and A > 107% do

3

4 if £ mod Kic; = 0 then // Deep prior regularization
5 I' = SGarpe(u")

6: end if

7 if k mod Kesy =0 and k > 0 then  // SPIRiT-based calibration of CSMs
8 &= Su

9 = CG(2)

10 S =8()

11: end if

12: (uFt1) s+l ph+l) = PD30O(uF, s, v*) // PD30 update
13 A = |[uFtt — k||

15: end while
16: Output: Reconstructed MRI slice @& = u**1.

Algorithm 2 summarizes the full SRSC+ procedure. Every K., iterations, the
SGM-based module updates the regularization weights; every K., iterations, the
SPIRiT-based calibration step updates the CSMs; and at every iteration, PD30O
updates the image and auxiliary variables. This schedule decouples the time scales
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of regularization-parameter adaptation and sensitivity-map refinement while allow-
ing both to improve the reconstruction progressively. In principle, the convergence
behavior of SRSC+ can be analyzed within a Kurdyka—Lojasiewicz-type framework,
provided the inexact inner updates are appropriately controlled.

4.3 Ablation Study

We now examine the contributions of the three main components of our framework:
SENSE-based Reconstruction (SR), SPIRiT-based Calibration (SC), and Deep Priors
Regularization (DP). For comparison, we also consider a plug-and-play Regularization
by Denoising (RED) scheme [23, 24|, in which the explicit classical linear regularizer
is replaced by a deep denoiser.

4.3.1 SR, SC, and DP

We perform 100 randomized experiments on non-training datasets under a Cartesian
phase-encoding sampling pattern. Reconstruction quality is evaluated using PSNR,
SSIM, DISTS, and HaarPSI. Table 2 reports mean metrics across all trials.

Adding SC to SR (i.e., moving from SR to SRSC) yields substantial gains in all
metrics, confirming the benefit of bilevel CSMs calibration. Incorporating DP on top
of SRSC (i.e., SRSC+) further improves performance and achieves the best overall
results, with particularly strong gains in perceptual metrics (DISTS and HaarPSI).

Table 2 Ablation study comparing SR, SC, and DP methods, evaluated on PSNR, SSIM, DISTS,
and HaarPSI. Bold values indicate the best performance for each metric.

Module Metrics
Model SR SC DP PSNRt SSIM1T DISTS| HaarPSIt
SR v 31.5860 0.8566 0.1211 0.8347
SRSC v v 35.2092 0.9150 0.0796 0.9080
SRSC+ v v v 35.4965 0.9203 0.0737 0.9207

| |
(a) SR (b) SRSC (c) SRSC+

Fig. 5 Reconstruction results of a Phantom slice under a random phase-encoding sampling pattern

with a sampling rate of 22% and 27 ACS lines. Panels (a)—(c) show the reconstructed images and

corresponding error maps with respect to the target MRI for SR, SRSC, and SRSC+, respectively.
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Figure 5 illustrates phantom reconstructions, which serve as fully OOD data rel-
ative to the SGM’s fastMRI training set. Pure SENSE-based reconstruction (SR)
exhibits pronounced residual aliasing and noise. Adding SPIRiT-based calibration
(SRSC) significantly reduces artifacts, while SRSC+ with deep-prior-guided regu-
larization produces the lowest error maps and best preserves phantom structures,
demonstrating robust generalization to OOD cases.

4.3.2 Deep Priors vs PnP-RED

To isolate the effect of deep priors on the regularization parameters, we compare our
DP strategy with a PnP-RED scheme. For fairness, both approaches use the same
SGM-based denoiser. The RED-based formulation and its implementation within the
SRSC framework follow standard constructions.

We consider two baselines, SR and SRSC, and report results over 100 randomized
OOD experiments in Table 3. In all scenarios, DP consistently outperforms RED across
all metrics. These results indicate that adapting regularization parameters via deep
priors is more accurate than replacing the regularizer with a PnP denoiser.

Table 3 Ablation Study comparing the DP and RED methods is conducted under both baseline
models. The evaluation is performed using PSNR, SSIM, DISTS, and HaarPSI. Bold values
highlight the best performance for each metric.

Module Metrics
Baseline DP RED PSNR?t SSIM1 DISTS] HaarPSIt
SR v 34.6731 0.9157 0.1007 0.8929
SR v 31.2532 0.8358 0.1226 0.8461
SRSC v 36.1452 0.9261 0.0684 0.9318
SRSC v 32.1402 0.9124 0.0986 0.8555

Figure 6 compares DP and RED on OOD data. Under identical baselines, DP con-
sistently yields lower reconstruction errors than RED. For SR-based reconstructions,
(a) and (c), RED introduces visible pseudo-structures, whereas DP produces cleaner
results with fewer hallucinations. For SRSC-based reconstructions, (b) and (d), both
methods improve; but DP shows more pronounced gains. In particular, RED tends to
oversmooth images and suppress fine textures, while DP better preserves anatomical
details. These results demonstrate the advantage of retaining a classical linear regu-
larizer and using deep learning only for parameter modulation, and further validate
the robustness of the proposed CSMs update strategy.

5 Experiments and Results

We now present quantitative and qualitative experiments that compare the proposed
SRSC+ algorithm with several classical and state-of-the-art methods. We first describe
the experimental setup, then report computational efficiency, numerical performance
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(a) SR-DP (b) SRSC-DP (¢) SR-RED (d) SRSC-RED
Fig. 6 Reconstruction results of a brain slice under a random phase-encoding sampling pattern
with a sampling rate of 28% and 27 ACS lines. Panels (a) SR with DP, (b) SRSC with DP, (c¢) SR
with RED, and (d) SRSC with RED. Each panel includes the full reconstruction error map, along
with a locally zoomed-in region (indicated by the white box) and its corresponding error map. Yellow
arrows in panel (c) highlight pseudo-structures introduced by the RED method.

across multiple OOD datasets and sampling patterns, and detailed visual comparisons.
Throughout Section 5, the target image refers to the SoS reconstruction from fully
sampled k-space data.

5.1 Experiment Setup

® Network training: The SGM-based denoiser is trained on the fastMRI dataset,
using SoS-combined slices as training images. We use 128 x 128 patches, train for
500 epochs with Adam, and decay the initial learning rate of 0.005 by a factor of
0.1. Because the U-Net is fully convolutional, it can be applied to images of different
sizes at test time through adaptive patch-based inference.

e Evaluation metrics: Reconstruction quality is evaluated using four complemen-
tary metrics: PSNR and SSIM as standard reference metrics, together with DISTS
and HaarPSI as perceptual metrics. All reported results are averaged over repeated
experiments.

e Sampling masks: We consider four undersampling masks: spiral, radial, uniform,
and random, as shown in Figure 7. Spiral and radial masks use sampling rates of
15%—-20% together with a fully sampled 24 x 24 k-space center for CSM estimation,
whereas the Cartesian 1D masks (uniform and random) use sampling rates of 20%—
30% with 10-70 ACS lines.

e Datasets: Experiments are conducted on multiple datasets, including fastMRI*, the
NYU dataset, the Stanford dataset?, and additional 3T MRI data reported in [9].
The fastMRI training set is used to train the deep learning components, whereas the

1 The fastMRI dataset is available at: http://fastmri.med.nyu.edu/.
2The NYU Machine Learning and Stanford MRI datasets are available at: http://mridata.org/.
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fastMRI test set and all non-fastMRI datasets are used exclusively for evaluation.
The non-fastMRI datasets are treated as fully OOD test sets.

¢ Compared methods: We compare SRSC+ with ESPIRIT [31], SENSE3d [9],
MoDL [36]%, TRPA [21]*, and FRSGM [26]°. For the deep learning baselines, we
use the authors’ official implementations and pretrained models with their default
hyperparameters. Both SENSE3d and SRSC+ initialize CSMs using the ACS-based
mapping (3), while the other methods use CSMs estimated by ESPIRIT. All meth-
ods follow a unified training and evaluation protocol, and no additional re-tuning is
performed for the OOD experiments. The undersampling masks and preprocessing
pipelines are kept consistent across methods to ensure fair comparison.

(a) Spiral (b) Radial (¢) Uniform (d) Random

Fig. 7 Sampling masks used in the simulations. From left to right: (a) spiral, (b) radial, (c) uniform,
and (d) random, respectively.

5.2 Efficiency Comparison

Table 4 reports the runtime and memory consumption of different methods evaluated
on a Tesla P100 GPU with 16 GB RAM. The experiments are conducted on three
datasets with representative dimensions: fast MRI-Brain (768 x 396 x 20), NYU-Knee
(768 x 616 x 15), and Stanford-Foot (320 x 512 x 8), where h X w x ¢ denotes image
height, width, and the number of coils.

While SRSC+ incurs moderately higher memory usage due to the 3DHTF-
based multi-coil feature extraction, it achieves competitive or superior runtime
compared with other deep learning—based methods, especially on larger 2D slices.
This demonstrates that the proposed bilevel framework, with periodic calibration and
deep-prior-guided updates, remains computationally practical.

5.3 Numerical Evaluation

We benchmark all methods on the OOD datasets under four sampling modes. For
spiral and radial masks, the sampling rates range from 15% to 20%; for uniform and
random Cartesian masks, the rates range from 20% to 30% with varying ACS lines.
Table 5 summarizes average PSNR, SSIM, DISTS, and HaarPSI across more than 50
randomized trials for each configuration. Key observations include:

3 Available at: https://github.com/hkaggarwal /modl.
4 Available at: https://github.com/Houruizhi/ TRPA.
5 Available at: https://github.com/Houruizhi/FRSGM.
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Table 4 Running time (in seconds) / memory consumption (in MB) of the compared algorithms
on different datasets, evaluated on a Tesla P100 GPU.

Model-Driven Model-Based Deep Learning-Driven
Dataset ESPIRIT SENSE3d MoDL TRPA FRSGM SRSC+
fastMRI-Brain 58/1274 28/5117 62/14658 85/1275 158/3405 22/3851
NYU-Knee 77/1492 33/5973 80/15846 118/1835 209/3928 24/4491
Stanford-Foot 52/280 6/1103 30/13142 68/594 91/1144 5/960
# Iterations 50 50 10 100 100 50

® Across sampling patterns, SRSC+ achieves the strongest overall quantitative
performance.

® The gains are especially clear in the perceptual metrics DISTS and HaarPSI, indi-
cating that the proposed framework improves visual fidelity in addition to standard
reconstruction accuracy.

® Under Cartesian 1D phase encoding, where limited ACS data make CSM ini-
tialization more difficult, SRSC+ remains particularly robust because the bilevel
calibration mechanism progressively corrects sensitivity errors during reconstruc-
tion.

Table 5 PSNR, SSIM, DISTS, and HaarPSI metrics of reconstructed images on the OOD datasets
introduced in Section 5.1, using ESPIRIT, SENSE3d, MoDL, TRPA, FRSGM, and the proposed
SRSC+ model under spiral, radial, uniform, and random sampling modes. Bold indicates the best
result for each metric.

Model-Driven Model-Based Deep Learning-Driven

Mode Metrics ESPIRIT SENSE3d MoDL TRPA FRSGM SRSC+
PSNR 31.3687 32.9280 31.0189  33.4784 33.4253 34.0530

Spiral SSIM 0.7432 0.8611 0.7362 0.8083 0.8081 0.8965
p DISTS 0.1574 0.1331 0.1624 0.1237 0.1269 0.0977
HaarPSI 0.8287 0.8505 0.8298 0.8744 0.8709 0.8860

PSNR 32.4346 34.3875 31.6120  33.5822 33.5439 36.5859

Radial SSIM 0.7090 0.8445 0.6894 0.7526 0.7526 0.9160
DISTS 0.1683 0.1373 0.1885 0.1369 0.1400 0.0956

HaarPSI 0.9154 0.9095 0.9064 0.9104 0.9073 0.9594

PSNR 32.1303 33.2594 31.9817  32.8024 32.7518 35.4008

Uniform SSIM 0.7144 0.8821 0.7132 0.7404 0.7398 0.9187
DISTS 0.1469 0.1209 0.1504 0.1420 0.1445 0.0910

HaarPSI 0.8315 0.8529 0.8314 0.8314 0.8281 0.9017

PSNR 30.8020 35.1189 29.6815  32.8815 32.8230 36.3579

Random SSIM 0.7980 0.9216 0.7648 0.8634 0.8636 0.9385
DISTS 0.1475 0.0933 0.1685 0.1112 0.1155 0.0583

HaarPSI 0.8507 0.9185 0.8416 0.8572 0.8531 0.9496
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Figure 8 further organizes the results by sampling rate. Here, 'o’ denotes the 2D
sampling patterns (spiral and radial) with sampling rates ranging from 15% to 20%,
while 'x* denotes the Cartesian 1D sampling patterns (uniform and random) with
sampling rates ranging from 20% to 30%. To reduce sensitivity to very small rate
differences, we group the sampling rates into intervals: “15-16", “17-18”, and “19—
20”7 for the 2D patterns, and “21-23”7, “24-26", and “27-29” for the Cartesian 1D
patterns. This analysis shows that SRSC+ not only performs well at a fixed sampling
rate but also improves consistently as the sampling rate increases, suggesting that the
method is not brittle with respect to sampling conditions.

| — ESPIRIT —— SENSE3d MoDL —— TRPA —— FRSGM —— SRSC+ |
38.0 - - - . ' 0.95 . . . . —
36.0 > 0.90¢——— “
34.ot”/iy f 0.85
32.0 0.80
30.0 0.75
28.0 0.70

|

26.0 0.65
15-16 1718 19-20 21-23 24-26 27-29 15-16 1718 19-20 21-23 24-26 27-29

(a) PSNR (b) SSIM

0.20 . . . - 0.95
0.18 ‘ :

0.90
0.16 @
0.14 0.85
0.12 0.80
0.10
0.08 ’ 078

|

0.06 0.70
1516 1718 19-20  21-23 2426 2729 1516  17-18 1920 2123 2426  27-29
(c) DISTS (d) HaarPSI

Fig. 8 Performance of different algorithms under ’e’ Cartesian 2D (spiral and radial) and '+’ Carte-
sian 1D (uniform and random) sampling patterns: (a) PSNR, (b) SSIM, (c) DISTS, and (d) HaarPSI
as functions of the sampling rate (x-axis). The results are derived from the quantitative experiments
reported in Table 5.

5.4 Visualization Comparison

We also provide visual comparisons under Cartesian phase encoding, which closely
resembles clinical acquisition, focusing on NYU knee and 3T MRI brain datasets.
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NYU knee slice. Figure 9 presents reconstructions of a knee slice under random
phase encoding with 25% sampling and 30 ACS lines. The OOD nature of this dataset
stresses model generalization:

® The model-driven algorithms ESPIRIT and SENSE3d provide faithful reconstruc-
tions overall; however, both still exhibit some loss of fine textural detail in the
zoomed-in regions.

e ESPIRIT and MoDL suffer from noticeable noise amplification and reconstruction
artifacts around the knee joint, as indicated by the blue arrow.

® The RED-based algorithms TRPA and FRSGM demonstrate significant texture
degradation in muscle and soft-tissue regions, as highlighted by the green, yellow,
and red arrows.

® SRSC+ better preserves the textures of muscles and vessels while avoiding obvious
pseudo-structures, highlighting the advantages of learned regularization parameters
within a stable linear regularization framework.

3T MRI brain slice. Figure 10 shows a representative brain slice reconstructed
under uniform phase encoding with a 40% sampling rate and 70 ACS lines. All methods
produce reasonable global reconstructions, but the error maps reveal clear differences:

e ESPIRIT, SENSE3d, and MoDL exhibit clearly visible residual artifacts, as indi-
cated by the green arrows, which lead to reconstruction errors in the zoomed-in
regions highlighted by the red arrows.

® Although TRPA and FRSGM remove artifacts using advanced deep denoisers, exces-
sive denoising results in over-smoothing and loss of structural information, as shown
by the yellow arrow in the zoomed-in region.

® The proposed SRSC+ matches the target image more closely than the other
methods, demonstrating superior reconstruction accuracy.

Overall, the visual comparisons support the quantitative results: SRSC+ general-
izes well to OOD data and preserves anatomical structure without introducing obvious
pseudo-structures. The quantitative metrics from the two visualization experiments
are summarized in Table 6, showing that the proposed SRSC+ achieves the best
performance.

6 Conclusion

We have proposed SRSC+, a model-driven bilevel framework for parallel MRI recon-
struction that integrates SENSE-based image reconstruction, SPIRiT-based k-space
calibration, and deep-prior-guided regularization. By decoupling sensitivity estimation
from k-space calibration, the framework reduces error accumulation across domains
and enables iterative refinement of the CSMs under limited or noisy ACS data.

Building on empirical observations from SENSE3d, SRSC+ further uses an SGM-
based denoiser to derive spatially adaptive regularization weights while preserving the
structure of a classical linear regularizer. This hybrid design combines interpretability
and stability with the expressive power of learned priors.
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(b) ESPIRIT (c) SENSE3d

() TRPA (f) FRSGM (g) SRSC+

Fig. 9 Visual comparison of a NYU knee slice under random phase-encoding sampling pattern with
a 25% sampling rate and 30 ACS lines. Panels (a)—(g) correspond to the target image, ESPIRIT,
SENSE3d, MoDL, TRPA, FRSGM, and SRSC+, respectively. Each panel includes an error map and
two zoomed-in regions indicated by white boxes for detailed comparison.

Extensive experiments and ablation studies show that SRSC+ achieves strong
quantitative and perceptual performance across multiple datasets and sampling pat-
terns, while remaining robust on OOD data. These results suggest that bilevel
sensitivity correction combined with deep-prior-guided parameter adaptation is a
promising direction for reliable model-driven MRI reconstruction.

Future work includes extending SRSC+ to multi-contrast and dynamic MRI, incor-
porating uncertainty quantification for CSMs and kernel estimates, and exploring
task-aware training strategies in which the deep priors are optimized not only for
reconstruction metrics but also for downstream clinical tasks.
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LI s |
) ESPIRIT ) SENSE3d MODL

TRPA (f) FRSGM (g) SRSC+

Fig. 10 Visual comparison of a 3T MRI brain slice under uniform phase-encoding sampling pattern
with a 40% sampling rate and 70 ACS lines. Panels (a)—(g) correspond to the target image, ESPIRIT,
SENSE3d, MoDL, TRPA, FRSGM, and SRSC+, respectively. Each panel includes an error map and
two zoomed-in regions indicated by white boxes for detailed comparison.

Table 6 PSNR, SSIM, DISTS, and HaarPSI metrics of reconstructed images on the NYU knee and
fastMRI brain experiments shown in Figure 9 and Figure 10, using ESPIRIT, SENSE3d, MoDL,
TRPA, FRSGM, and the proposed SRSC+ model. Bold indicates the best result for each metric.

Model-Driven Model-Based Deep Learning-Driven
Figure Metrics ESPIRIT SENSE3d MoDL TRPA FRSGM SRSC+
PSNR 31.7549 35.7590 29.7170  35.2066 34.9770 36.6436
Fieure 9 SSIM 0.8594 0.9299 0.8255 0.9082 0.9082 0.9360
g DISTS 0.1107 0.0695 0.1325 0.0837 0.0861 0.0548
HaarPSI 0.9035 0.9277 0.8931 0.9135 0.9085 0.9459
PSNR 35.7757 38.6495 35.9708  35.1550 35.1656 41.4010
Fieure 10 SSIM 0.5647 0.9110 0.5848 0.5645 0.5642 0.9475
& DISTS 0.1724 0.0695 0.1723 0.1651 0.1561 0.0780
HaarPSI 0.9437 0.9659 0.9470 0.9414 0.9427 0.9849
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Appendix A Convergence Proof for SRSC

In this section, we provide a rigorous convergence proof for the proposed SRSC model.
We analyze the iterative process used to solve the bilevel optimization problem and
establish the conditions under which the algorithm converges. Specifically, we show
that the alternating scheme employed in model (7) converges to a stationary point
under appropriate assumptions.

We define the following joint energy (or surrogate objective) in (u, z):

T (u, ) :=% |PFS(x)u — g||; + |[TWFT (QFS(x)u + g)|,+ "
S 1@ D@Fr g2+ Lo~ Syl

For fixed x, the first two terms in (Al) reduce to a SENSE3d-type objective in wu.
For fixed u, the last two terms form a SPIRiT-based calibration problem in x with a
quadratic coupling to S(z)u. In this sense, J is consistent with the bilevel formulation
discussed in model (7).

We collect the assumptions used in the analysis.

Assumption A1l (Bounded linear operators). All linear operators P, Q, F, W, G
are bounded, and F is unitary (up to normalization). The SPIRIT operator G is such
that G — I is bounded.

Assumption A2 (Regularity of the CSMs mapping). The CSMs mapping S(-) is
continuously differentiable and locally Lipschitz on the region of interest; in particular,
whenever Y ;_, |z[i]|* is bounded away from zero, the entries of S(x) and their first
derivatives are bounded.

Assumption A3 (Coercivity and KL property). The function J is coercive, i.e.,
(w,2)]|]2 > 00 = J(u,x) = 400,
and J satisfies the Kurdyka—Lojasiewicz (KL) property at every point of its domain.

Assumption A3 is standard in KL-based convergence analysis. In our setting, J is
a finite sum of compositions of polynomials, rational, and ¢;-type functions with linear
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and smooth mappings. This makes J semi-algebraic (or more generally definable in
an o-minimal structure), hence it has the KL property; see, e.g., [37].
We now record some basic consequences of these assumptions.

Lemma 1 (Basic properties of J) Under Assumptions A1-A3, the function J : C" x C" —
R U {400} defined in (A1) satisfies:

1. J is proper and lower semicontinuous;
2. Every sublevel set {(u,x) : J(u,z) < a} is bounded for any a € R;
3. J has the KL property at every point of its domain.

Proof Properness and lower semicontinuity follow from continuity of the quadratic terms and
lower semicontinuity of the £1-norm, plus Assumption A2 on S(-). Coercivity in Assump-
tion A3 implies boundedness of sublevel sets. The KL property follows from the semi-algebraic
(or definable) structure of J; see, for example, [37]. O

For the convergence analysis, we consider an idealized SRSC scheme in which each
subproblem is solved exactly. Starting from an initial pair (u°,2°), the algorithm
generates a sequence {(u¥, %)} ey as follows:

Algorithm A.1 (Idealized SRSC). For k =0,1,2,...

k

1. (u-step) Given z", set

w1 € arg min J (u, 2").
ueCn
This is a convex but nonsmooth problem in u (SENSE3d-type objective).
2. (x-step) Given uF*1, set

$k+1 k+1

€ arg min J(u"", x).

zeCen

This is a smooth, strongly convex problem in x (SPIRIT calibration plus quadratic
coupling) with a unique minimizer.

In the implemented Algorithm 1, the wu-step is carried out by PD30O iterations
and the z-step by a few conjugate gradient iterations on the linear system associated
with (A1l). For the theoretical analysis, we work with Algorithm A.1 and then briefly
comment on the practical scheme at the end of this appendix.

Lemma 2 (Well-posedness of the block subproblems) Under Assumptions A1-A3, the
following hold for every fixed k:

1. For any fixed z*, the u-subproblem u ~ J (u, 2¥) is convex and has at least one min-
imizer. If in addition the operator PFS(z*) has trivial null space (up to constants),
the minimizer is unique.

2. For any fixed u**!, the x-subproblem = ~— J(u
convex, hence has a unique minimizer.

k+1 2) is smooth and strongly
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Proof For fixed 2", the terms in J (u, wk) involving u consist of a quadratic data-fidelity
term and an ¢1-norm composed with a linear operator, which is convex. Coercivity implies
the existence of minimizers, and uniqueness follows from the strict convexity of the quadratic
part under mild conditions on PFS(z*).

For fixed uk"'l, the terms in j(uk"'l,x) involving z are smooth quadratics: %H(G —
I)(QFz + g)||3 and Hz — S(xF)uFt1||3. The first term defines a positive semidefinite
quadratic form and the second adds strict convexity because 7 > 0. Consequently, = +—>
j(ukJrl, x) is strongly convex, whence it has a unique minimizer. |

The next lemma records the basic descent property of Algorithm A.1.

Lemma 3 (Descent and finite-length property) Let {(u¥,z¥)} be the sequence generated by
Algorithm A.1. Under Assumptions A1-A3, we have:

L J Wkt oF ) < J(uk, 2F) for all k, and the sequence {7 (u”,z*)} is convergent;
2. The sequence {(u*,z¥)} has bounded sublevel sets and satisfies

oo
S (b = wk + - 2k |3) < oo,
k=0

Proof By definition of u**1,

T M) < 7@t 2b),

k+1 k+1

minimizes 7 (-, 2%). Similarly, "+ minimizes 7 (u
1 k+1 1
j(uk+ ,zh T ) < j(uk+ ,a:k).
Combining the two inequalities yields

j(uk+1,xk+1) < j(uk,xk), Vk.

since u ,+), SO

By Lemma 1 and Assumption A3, J is bounded from below, so {j(uk,mk)} converges to
some limit J*.

The finite-length property follows from standard arguments in the analysis of block
coordinate descent for KL functions; see, e.g., [38, Theorem 3.2] and [39, Theorem 3.1].
Intuitively, the strict convexity of each subproblem yields a sufficient decrease condition
T W 28y — F(@FH 2F ) > of|(uF L 2R ) — (WP 28|12 for some ¢ > 0, from which the
summability of the squared increments follows. O

We are now ready to state the main convergence result for the idealized SRSC
algorithm.

Theorem 1 (Convergence of Algorithm A.1) Let Assumptions AI1-A3 hold, and let
{(uk, xk)} be the sequence generated by Algorithm A.1. Then:

1. The sequence {(u”, %)} is bounded and has finite length, i.e., Y peq ||(uWF 1, 2*+1)—
(uk, 2%)||2 < 4o0.
2. The sequence {(u*,z%)} converges to a limit (u*,z*).
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3. The limit (u*,x*) is a critical point of J, in the sense that
0€dJu",x"),

where O denotes the limiting subdifferential. Equivalently, (u*, x*) satisfies the first-
order optimality conditions of the SENSE3d subproblem in uw and the SPIRiT-
calibration subproblem in x.

Proof Boundedness of the sequence and the finite-length property follow from Lemma 1 and
Lemma 3. The KL property of J and the sufficient decrease and relative error conditions
implied by the exact minimization of each block (Lemma 2) place Algorithm A.l within
the framework of block coordinate descent on KL functions. The conclusion then follows
from standard results on the global convergence of such methods, see, for example, [38,
Theorem 3.2] and [39, Theorem 3.1]. O

The implemented SRSC algorithm differs from Algorithm A.1 in two respects:

® the u-subproblem is solved approximately by a fixed number of PD3O iterations
with fixed § and T;

® the z-subproblem is solved approximately by a fixed number of conjugate gradient
iterations on the normal equations.

In practice, these inexact solves still produce a decreasing sequence of energies and
empirically stable behavior. A fully rigorous treatment of the inexact case can be
obtained by invoking KL-based convergence results for inexact block coordinate or
PALM-type methods, provided that the inner errors are suitably controlled (e.g.,
summable). For clarity of presentation, we restrict the formal analysis here to the
idealized exact-solve setting.

Appendix B SRSC with RED

When the PnP-based Regularization by Denoising (RED) is adopted and the explicit
classical linear regularizer is replaced by a deep denoiser, the bilevel SRSC model (7)
degenerates into:

1
U € arg IIEI%{I}L {2||7)]:8(53)u —gl3 + )\R(u)} ,
& =38(x)u, (B2)

- . 1 n .
e ang min {116 - 1(QFz + 9l + Lo — 313

Here, A denotes the regularization parameter and R(-) represents an implicitly defined
regularization function. The upper-level u-subproblem can be solved using the ADMM-
PnP method [23, 24, 40]. By constructing the augmented Lagrangian and performing
variable splitting, the iterative update process can be formulated as follows:

v*+1 = arg min {/\R(v) + %’“Ilv - @’f||§} , (B3a)
v
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) .1 - Pk N
W = argmin { IPFS@) - gl + % Ju - ¥ (B3b)
ot = o 4kt Rt (B3c)

Here, 0% = u* 4+ of and 4F = v**t! — o, Based on the RED framework, the v-
subproblem (B3a) can be solved using a deep denoiser. To ensure fairness in the
ablation study, we employ the same SGM-based denoiser for reconstruction, i.e.,

" = N (9F).

For the u-subproblem (B3b), its smooth and differentiable form allows for an efficient
solution using the Conjugate Gradient (CG) method, which corresponds to solving
the following linear system:

(STFTPFS+ ppl)u = ppi* + STFTg. (B4)

Based on the above preparation, an approximate solution to the upper-level subprob-
lem can be obtained. Following the overall procedure described in Algorithm 1, the
SRSC model with RED regularization is summarized in Algorithm 3, and we set p = 1
to eliminate the need for tuning this hyperparameter.

Algorithm 3 The SRSC with RED algorithm for solving model (B2)
1: Ensure: 9% = u* + o and 4F = okt — ok,
2: for k=0,1,... do

3: // SPIRiT-based Calibration for CSMs:

4: if £ mod 10 =0 and k£ > 0 then

5: T = Suk

7 S= S(f)

8: end if

9: P = No(9%)

10: ukF*t1 = Use CG to solve linear system (B4)
11 P S s R |

12: end for
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