Matrix Extension with Symmetry
and Its Applications

Xiaosheng Zhuang

Abstract In this paper, we are interested in the problems of matrix extension with
symmetry, more precisely, the extensions of submatrices of Laurent polynomials
satisfying some conditions to square matrices of Laurent polynomials with certain
symmetry patterns, which are closely related to the construction of (bi)orthogonal
multiwavelets in wavelet analysis and filter banks with the perfect reconstruction
property in electronic engineering. We satisfactorily solve the matrix extension
problems with respect to both orthogonal and biorthogonal settings. Our results
show that the extension matrices do possess certain symmetry patterns and their co-
efficient supports can be controlled by the given submatrices in certain sense. More-
over, we provide step-by-step algorithms to derive the desired extension matrices.
We show that our extension algorithms can be applied not only to the construction
of (bi)orthogonal multiwavelets with symmetry, but also to the construction of tight
framelets with symmetry and with high order of vanishing moments. Several exam-
ples are presented to illustrate the results in this paper.

1 Introduction and Motivation

The matrix extension problems play a fundamental role in many areas such as elec-
tronic engineering, system sciences, mathematics, etc. We mention only a few ref-
erences here on this topic; see [1-3,5, 8,10, 12, 19-21,23-25]. For example, matrix
extension is an indispensable tool in the design of filter banks in electronic engineer-
ing (see [19,24,25]) and in the construction of multiwavelets in wavelet analysis (see
[1-3,5,8,10,12, 14, 18,20, 21]). In this section, we shall first introduce the general
matrix extension problems and then discuss the connections of the general matrix
extension problems to wavelet analysis and filter banks.
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1.1 The Matrix Extension Problems

In order to state the matrix extension problems, let us introduce some notation and
definitions first. Let p(z) = Yz pizt,z € C\{0} be a Laurent polynomial with com-
plex coefficients py € C for all kK € Z. We say that p has symmetry if its coefficient
sequence {py }rez has symmetry; more precisely, there exist € € {—1,1} and ¢ € Z
such that

Pek=€px  VkeEL. (1)

If £ = 1, then p is symmetric about the point ¢/2; if € = —1, then p is antisym-
metric about the point ¢/2. Symmetry of a Laurent polynomial can be conveniently
expressed using a symmetry operator S defined by

_p)
Sp(z) :== 51/

When p is not identically zero, it is evident that (1) holds if and only if Sp(z) = €z°.
For the zero polynomial, it is very natural that SO can be assigned any symmetry
pattern; i.e., for every occurrence of SO appearing in an identity in this paper, SO
is understood to take an appropriate choice of €z¢ for some € € {—1,1} and some
¢ € Z so that the identity holds. If [P is an r X s matrix of Laurent polynomials with
symmetry, then we can apply the operator S to each entry of P, i.e., SPis an r x s
matrix such that [SP]; ; := S([P]; ), where [P]; x is the (j, k)-entry of the matrix PP.

For two matrices P and Q of Laurent polynomials with symmetry, even though
all the entries in P and Q have symmetry, their sum P + Q, difference P — Q, or
product PQ, if well defined, generally may not have symmetry any more. This is
one of the difficulties for matrix extension with symmetry. In order for P+ Q or PQ
to possess some symmetry, the symmetry patterns of P and Q should be compatible.
For example, if SP = SQ (i.e., both P and Q have the same symmetry pattern), then
indeed P+ Q has symmetry and S(P £+ Q) = SP = SQ. In the following, we discuss
the compatibility of symmetry patterns of matrices of Laurent polynomials.

For an r x s matrix P(z) = Ycz P2, we denote

z € C\{0}. )

P'(z):= Y Pz * with Pf:=F, keZ, 3)
keZ

where f_’kT denotes the transpose of the complex conjugate of the constant matrix Py
in C. We say that the symmetry of P is compatible or P has compatible symmetry, if

SP(z) = (S61)*(2)S6:(2) 4)

for some 1 x r and 1 x s row vectors 8; and 6, of Laurent polynomials with sym-
metry. For an r x s matrix [P and an s x ¢ matrix Q of Laurent polynomials, we say
that (P, Q) has mutually compatible symmetry if

SP(z) = (S61)*(2)S0(z) and SQ(z) = (S0)*(z)S6.(z) (5)



Matrix Extension with Symmetry and Its Applications 377

for some 1 xr, 1 xs, 1xt row vectors 6;,0,6, of Laurent polynomials with
symmetry. If (P, Q) has mutually compatible symmetry as in (5), then their product
PQ has compatible symmetry and in fact S(PQ) = (56,)*S6,.

For a matrix of Laurent polynomials, another important property is the support of
its coefficient sequence. For P = ¥ ., P.z* such that P, = 0 for all k € Z\ [m,n] with
P, # 0 and P, # 0, we define its coefficient support to be csupp(IP) := [m, n] and the
length of its coefficient support to be |csupp(PP)| := n — m. In particular, we define
csupp(0) := 0, the empty set, and |csupp(0)| := —oo. Also, we use coeff(P,k) := P,
to denote the coefficient matrix (vector) P, of z¥ in IP. In this paper, 0 always denotes
a general zero matrix whose size can be determined in the context.

Now, we introduce the general matrix extension problems with symmetry. We
shall use r and s to denote two positive integers such that 1 < r <'s. I, denotes the
r X r identity matrix.

Problem 1 (Orthogonal Matrix Extension). Let I be a subfield of C. Let P be an
r x s matrix of Laurent polynomials with coefficients in F such that P(z)P*(z) = I,
for all z € C\{0} and the symmetry of P is compatible. Find an s X s square matrix
P, of Laurent polynomials with coefficients in [F and with symmetry such that

1. [I,,0]P, = P (that is, the submatrix of the first r rows of P, is the given
matrix P);

2. The symmetry of [P, is compatible and P, (z)IP;(z) = I; for all z € C\{0} (that is,
P, is paraunitary);

3. The length of the coefficient support of [P, can be controlled by that of P in some
way.

Problem 1 is closely related to the construction of orthonormal multiwavelets
in wavelet analysis and the design of filter banks with the perfect reconstruction
property in electronic engineering. More generally, Problem 1 can be extended to a
more general form with respect to the construction of biorthogonal multiwavelets in
wavelet analysis. In a moment, we shall reveal their connections, which also serve
as our motivation. The more general form of Problem 1 can be stated as follows.

Problem 2 (Biorthogonal Matrix Extension). Let F be a subfield of C. Let (P, ﬁ)
be a pair of r x s matrices of Laurent polynomials with coefficients in F such
that P(z)P*(z) = I, for all z € C\{0}, the symmetry of I or P is compatible, and
SP = SP. Find a pair of s X s square matrices (]P’e,]P’ ) of Laurent polynomials with
coefficients in F and with symmetry such that

1. [[;,0]P, =P and [/, O]P = P (that is, the submatrix of the first r rows of P,, P,
is the given matrix P, P, respectively); _

2. (P,,P,) has mutually compatible symmetry and P, (z)P; (z) = I forall z € C\ {0}
(that is, (]P’e,ﬁe) is a pair of biorthogonal matrices);

3. The lengths of the coefficient support of P, and P, can be controlled by those of
P and IP in some way.



378 Xiaosheng Zhuang

1.2 Motivation

The above problems are closely connected to wavelet analysis and filter banks. The
key of wavelet construction is the so-called multiresolution analysis (MRA), which
contains mainly two parts. One is on the construction of refinable function vectors
that satisfies certain desired conditions. Another part is on the derivation of wavelet
generators from refinable function vectors obtained in first part, which should be
able to inherit certain properties similar to their refinable function vectors. From
the point of view of filter banks, the first part corresponds to the design of filters
or filter banks with certain desired properties, while the second part can be and is
formulated as some matrix extension problems stated previously. In this paper, we
shall mainly focus on the second part (with symmetry) of the MRA while assume
that the refinable function vectors with certain properties are given in advance (part
of Sect. 3 is on the construction of refinable functions satisfying (14)).

We say that d is a dilation factor if d is an integer with |d| > 1. Throughout this
paper, d denotes a dilation factor. For simplicity of presentation, we further assume
that d is positive, while multiwavelets and filter banks with a negative dilation factor
can be handled similarly by a slight modification of the statements in this paper.

We say that ¢ = [¢y,...,¢,]T : R — C™! is a d-refinable function vector if

keZ

where ag : Z — C"™" is a finitely supported sequence of r x r matrices on Z,
called the low-pass filter (or mask) for ¢. The symbol of ay is denoted by ap(z) :=
Siez ao(k)zF, which is an r x r matrix of Laurent polynomials.

In the frequency domain, the refinement equation in (6) can be rewritten as

9(d) =a(£)0(8), EeR, (M)
where ay is the Fourier series of ag given by
= Y ap(k)e ¢ =ag(e ), E€R. ®)
keZ

The Fourier transform f of f € L;(R) is defined to be f(&) = Jg f(2)e € dr and
can be extended to square integrable functions and tempered distributions.

We say that a compactly supported d-refinable function vector ¢ in Ly(R) is
orthogonal if

(0,0(-—k)) =6(K)I,, ke, )

where 6 is the Dirac sequence such that §(0) = 1 and 0 (k) = 0 for all k # 0.
Usually, a wavelet system is generated by some wavelet function vectors y! =

[l;/f v Wl T, 0 =1,...,L, from a d-refinable function vector ¢ as follows:
wi(dE) =an&)e (&), £=1,....L, (10)

where each ay : Z — C"™" is a finitely supported sequence of r X r matrices on Z,
called the high-pass filter (or mask) for w', 0 =1,...,L
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.We say that {y!,... y!} generates a d-multiframe in Ly(R) if {\(ffk = d// 2yt
(d/-—k): j,ke€Z,l=1,...,L}is aframein Lp(R), that is, there exist two positive
constants Cy,C; such that

L
ClALm <X X XAV <CIfILm, Yfel®), (1)
(=1 jeZkeZ
where |(f, \(ffk>|2 =(f, ‘Vf,k><‘/’f,k7f> and (-, -) is the inner product defined to be

(8= [ FORW . f € (LaR) g € (La(®)™,

If C; = G, = 1in (11), we say that {y',... y!} generates a tight d-multiframe in
L>(R). The wavelet function vectors y* are called tight multiframelets. When r = 1,
we usually drop the prefix multi.

If ¢ is a compactly supported d-refinable function vector in Ly (R) associated
with a low-pass filter a, then it is well-known (see [6]) that {y!,... w’} associ-
ated with high-pass filters {aj,...,ar} via (10) generates a tight d-multiframe if and

only if

L
S G- +27k/d) =8(k)l,, k=0,...,d—1. (12)
=0
According to various requirements of problems in applications, different de-
sired properties of a wavelet system are needed, which usually can be character-
ized by conditions on the low-pass filter ag for ¢ and the high-pass filters a, for
V/[, ¢=1,...,L. Among all properties of a wavelet system, high order of vanish-
ing moments, (bi)orthogonality, and symmetry are highly desirable properties in
wavelet and filter bank applications. High order of vanishing moments is crucial
for the sparsity representation of a wavelet system, which plays an important role
in image denoising and compression. (Bi)orthogonality (more general, tightness of
a wavelet system) results in simple rules for guaranteeing the perfect reconstruc-
tion property. Symmetry usually produces better visual effect and less artifact in
signal/image processing; not to mention the double reduction of the computational
cost for a symmetric system.
A framelet y has vanishing moments of order n if

/tkl//(t)dtzo k=0,....,n—1, (13)
R

which is equivalent to saying that [‘11—;{ y(0)=0forallk=0,...,n— 1.1If (12) holds
and the low-pass filter a satisfies

L—ap(&)]F =0(E"), &—0, (14)

which means 1 —|ay (€ )|? has zero of order 2n near the origin, then the framelet sys-
tem generated by {y!, ..., w¥} has vanishing moments of order n (see [6]). We shall
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see in Sect. 3 on the connection of tight frames to the orthogonal matrix extension
problem and on the construction of symmetric complex tight framelets with high
order of vanishing moments via the technique of matrix extension with symmetry.

Next, let us review the construction of tight d-multiframes in the point of view
of filters and filter banks. Let IF be a subfield of C. Let ag : Z — F"™*" be a low-
pass filter with multiplicity r for a d-refinable function vector ¢ = [¢y,...,¢,]T. The
d-band subsymbols (polyphase components) of ay are defined to be

a0;(2) 1= Vd Y ao(y+dk)?,  yeL. (15)
keZ
Letay,...,ar : Z — F"™" be high-pass filters for function vectors 1//1, ..., yk, respec-

tively. The polyphase matrix for the filter bank {ag,ay,...,ar} (or
{ap,a1,...,ar}) is defined to be

a0:0(z) -+ apd—1(2)

P(Z): al;(?(z) al;dtl(Z) ’ (16)

aL;(;(Z) aL;d;l(Z)

where ag,y are subsymbols of a, similarly defined as in (15) for y=0,...,d —1 and
{=1,...,L.

If ¢ is a compactly supported d-refinable function vectors in L, (R), then it is
well-known (see [6]) that {y!,... ¥} associated with {ay,...,a.} via (10) gener-
ates a tight d-multiframe, i.e., (12) holds, if and only if,

P*(2)P(z) = Iy, z€ C\{0}. (17)

Note that the polyphase matrix P is not necessarily a square matrix (only if L =
d —1). When the d-refinable function vector ¢ associated with a low-pass filter ag is
orthogonal, the multiframlet system generated by {y!, ..., w~!} via (10) becomes
an orthonormal multiwavelet basis for L,(R). In this case, the polyphase matrix P
associated with the filter bank {ag,...,aq_1} is indeed a square matrix. Moreover,
the low-pass filter ag for ¢ is a d-band orthogonal filter:

d—1
)y a0y(2)agy (2) = 1Ir, z€ C\{0}. (18)
7=0

Now, one can show that the derivation of high-pass filters aj,...,aq_; from ag so
that the filter bank {ag,ai,...,aq_1} has the perfect reconstruction property as in
(17) is simply a special case of Problem 1 (orthogonal matrix extension). More
generally, for L = d — 1, one can consider the construction of biorthogonal mul-
tiwavelets (see Sect.4), which corresponds to Problem 2. Our main focus of this
paper is on matrix extension with symmetry with respect to Problems 1 and 2. We
shall study in Sects.2 and 4 on the orthogonal matrix extension problem and the
biorthogonal matrix extension problem, respectively.
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1.3 Prior Work and Our Contributions

Without considering symmetry issue, it is known in the engineering literature that
Problem 1 or 2 can be solved by representing the given matrices in cascade struc-
tures; see [19,24]. In the context of wavelet analysis, orthogonal matrix extension
without symmetry was discussed by Lawton, Lee, and Shen in their paper [20].
In electronic engineering, an algorithm using the cascade structure for orthogonal
matrix extension without symmetry was given in [24] for filter banks with perfect
reconstruction property. The algorithms in [20,24] mainly deal with the special case
that [P is a row vector (that is, » = 1 in our case) without symmetry, and the coef-
ficient support of the derived matrix P, indeed can be controlled by that of P. The
algorithms in [20,24] for the special case r = 1 can be employed to handle a general
r x s matrix P without symmetry; see [20, 24] for detail. However, for the general
case r > 1, it is no longer clear whether the coefficient support of the derived ma-
trix P, obtained by the algorithms in [20, 24] can still be controlled by that of P.
For r = 1, Goh et al. in [9] considered the biorthogonal matrix extension problem
without symmetry. They provided a step-by-step algorithm for deriving the exten-
sion matrices, yet they did not concern about the support control of the extension
matrices nor the symmetry patterns of the extension matrices. For » > 1, there are
only a few results in the literature [1,4] and most of them only consider about some
very special cases. The difficulty comes from the flexibility of the biorthogonality
relation between the given pair (P, P) of biorthogonal matrices.

Several special cases of matrix extension with symmetry were considered in the
literature. For ' = R and r = 1, orthogonal matrix extension with symmetry was
considered in [21]. For r = 1, orthogonal matrix extension with symmetry was stud-
ied in [12] and a simple algorithm is given there. In the context of wavelet analysis,
several particular cases of matrix extension with symmetry related to the construc-
tion of (bi)orthogonal multiwavelets were investigated in [1,3,10,12,19,21]. How-
ever, for the general case of an r X s matrix, the approaches on orthogonal matrix
extension with symmetry in [12,21] for the particular case r = 1 cannot be employed
to handle the general case. The algorithms in [12,21] are very difficult to be gen-
eralized to the general case r > 1, partially due to the complicated relations of the
symmetry patterns between different rows of P. For the general case of matrix ex-
tension with symmetry, it becomes much harder to control the coefficient support of
the derived matrix [P,, comparing with the special case r = 1. Extra effort is needed
in any algorithm of deriving P, so that its coefficient support can be controlled by
that of P.

The contributions of this paper lie in the following aspects. First, we satisfactorily
solve the matrix extension problems with symmetry for any r,s such that 1 <r <s.
More importantly, we obtain a complete representation for any r X s paraunitary
matrix P or pairs of biorthogonal matrices (P, [P) having compatible symmetry with
1 <r <s. This representation leads to step-by-step algorithms for deriving a desired
matrix P, or the pair of extension matrices (P,,P,) from a given matrix P or a pair
(P,f”). Second, we obtain an optimal result in the sense of (21) on controlling the
coefficient support of the desired matrix P, derived from a given matrix P by our
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algorithm for orthogonal matrix extension with symmetry. This is of importance
in both theory and application, since short support of a filter or a multiwavelet is
a highly desirable property and short support usually means a fast algorithm and
simple implementation in practice. Third, we introduce the notion of compatibility
of symmetry, which plays a critical role in the study of the general matrix exten-
sion problems with symmetry (r > 1). Fourth, we provide a complete analysis and
a systematic construction algorithm for symmetric filter banks with the perfect re-
construction property and symmetric (bi)orthogonal multiwavelets. Finally, most of
the literature on the matrix extension problem only consider Laurent polynomials
with coefficients in the special field C (see [20]) or R (see [2,21]). In this paper, our
setting is under a general field I, which can be any subfield of C satisfies certain
conditions (see (19) for the case of orthogonal matrix extension).

1.4 Outline

Here is the structure of this paper. In Sect.2, we shall study the orthogonal ma-
trix extension with symmetry and present a step-by-step algorithm for this prob-
lem. We shall also apply our algorithm in this section to the design of symmetric
filter banks in electronic engineering and to the construction of symmetric orthonor-
mal multiwavelets in wavelet analysis. In Sect. 3, we shall discuss the construction
of symmetric complex tight framelets with high order of vanishing moments and
with symmetry via our algorithm for orthogonal matrix extension with symmetry.
In Sect.4, we shall study the biorthogonal matrix extension problem correspond-
ing to the construction of symmetric biorthogonal multiwavelets. We also provide
a step-by-step algorithm for the construction of the desired pair of biorthogonal ex-
tension matrices. Examples will be provided to illustrate our algorithms and results.

2 Orthogonal Matrix Extension with Symmetry

In this section, we shall study the orthogonal matrix extension problem with sym-
metry. The Laurent polynomials that we shall consider in this section have their
coefficients in a subfield F of the complex field C such that I is closed under the
operations of complex conjugate of [F and square roots of positive numbers in . In
other words, the subfield F of C satisfies the following properties:

xeF and yeF Vx,yeF with y>0. (19)

Two particular examples of such subfields [F are F = R (the field of real numbers)
and F = C (the field of complex numbers). A nontrivial example is the field of all
algebraic number, i.e., the algebraic closure @ of the rational number Q. A subfield
of R given by QN R also satisfies (19).

Problem 1 is completely solved by the following theorem.
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Theorem 1. Let F be a subfield of C such that (19) holds. Let P be an r X s matrix
of Laurent polynomials with coefficients in the subfield F such that the symmetry
of P is compatible, i.e., SP = (56,)*S6, for some 1 xr, 1 x s vectors 0y, 6, of
Laurent polynomials with symmetry. Then P(z)P*(z) = I, for all z € C\{0} (that is,
P is paraunitary), if and only if, there exists an s X s square matrix P, of Laurent
polynomials with coefficients in F such that

(1) [Iy,0)P, = P; that is, the submatrix of the first r rows of P, is IP;

(2) P, is paraunitary: Pe(2)Ps(z) = I for all z € C\{0};

(3) The symmetry of P, is compatible: SP, = (50)*S6, for some 1 X s vector 0 of
Laurent polynomials with symmetry;

(4) P, can be represented as products of some s x s matrices Po,P1,...,P;11 of
Laurent polynoimals with coefficient in F:

Pe(z) =Ps11(2)Ps(2) - - P1(2)Po(2); (20)

(5) Pj, 1 < j <J are elementary: P;(z)P}(z) = I; and csupp(P;) C [~1,1];

(6) (Pjy1,IP;) has mutually compatible symmetry for all 0 < j < J;

(1) Po = Ugg, and Pyyy = diag(Usg,,I;—r), where Usg,, Usg, are products of a
permutation matrix with a diagonal matrix of monomials, as defined in (23);

(8) The coefficient support of P, is controlled by that of P in the following sense:

jesupp([Fe]jp)] < max [esupp([Elug)l,  1<jk<s. 2D

The representation in (20) is often called the cascade structure in the literature
of engineering, see [19, 24]. The key of Theorem 1 is to construct the elementary
paraunitary matrices P, ..., IP; step by step such that IP;’s have the properties stated
as in Items (4)—(7) of the theorem. We shall provide such a step-by-step algorithm
next, which not only provides a detailed construction of such IP;’s, but also leads to
a constructive proof of Theorem 1. For a complete and detailed proof of Theorem 1
using our algorithm, one may refer to [16, Sect. 4].

2.1 An Algorithm for the Orthogonal Matrix Extension with
Symmetry

Now we present a step-by-step algorithm on orthogonal matrix extension with
symmetry to derive the desired matrix P, in Theorem 1 from a given matrix . Our
algorithm has three steps: initialization, support reduction, and finalization. The step
of initialization reduces the symmetry pattern of [P to a standard form. The step of
support reduction is the main body of the algorithm, producing a sequence of ele-
mentary matrices Aj,...,A; that reduce the length of the coefficient support of P
to 0. The step of finalization generates the desired matrix [P, as in Theorem 1. More
precisely, see Algorithm 1 for our algorithm written in the form of pseudo-code.
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Algorithm 1 Orthogonal matrix extension with symmetry

(a) Input: P as in Theorem 1 with SP = (S6,)*S6, for some 1 x r and 1 x s row vectors 6; and
6, of Laurant polynomials with symmetry.
(b) Initialization: Let Q := U§61 PUsg, . Then the symmetry pattern of Q is

SQ=[1ry, =1y zlry, =21 ) [ly, — 1,2 gy, =271, 2)

where all nonnegative integers ry,...,r4,5],...,54 are uniquely determined by SP.
(c) Support Reduction: Let P := U§62 and J :=1.
1: while (|csupp(Q)| > 0) do

2: Let Qo :=Q, [ki,kz] :=csupp(Q), and A := ;.

3: if ky = —k; then

4: for j=1tordo

5: Let q := [Qo]j: and p := [Q];. be the jth rows of Qp and Q, respectively. Let
[€1,65]) :=csupp(q), £ :=l, —{y, and B :=I.

6: if csupp(q) = csupp(p) and £ > 2 and (¢; = k; or ¢, = k;) then

7: Bj = Bq.AJ ::AJBj. Qo Z:Q()Bj.

8: end if

9: end for

10: Qo takes the form in (31). Let Bty kp) = 1Iss Q1 :=Qo, j1:=1land jo:=r3+rs+1.

11: while j; <r;+rand j, <rdo

12: Let q; :=[Qi]j,,: and q2 := [Qq],.:.

13: if coeff(qi, k1) = 0 then j; := j; + 1. end if

14: if coeff(qz,k2) = 0 then j, := j, + 1. end if

15: if coeff(qi, k1) # 0 and coeff(q2, k>) # 0 then

16: B(kak) = B(-kyk)Blar.ar)- Q= QlB(Ql«qz)' Ar = ArBq qy)- J1 = i+ 1

J2i=j2+ 1L

17: end if

18: end while /I end inner while loop

19: end if

20: Q, takes the form in (31) with either coeff(Q;, —k) = 0 or coeff(Q;,k) = 0. Let A; :=
A;Bq, and Q := QA;. Then

SQ= [1’1 ) _1’27ZIV37_Z1M]T[1S’1 ) _1s’272_1 1sg,—2_llsﬂ.

Replace sy, ...,54 by s|,...,s}, respectively. Let P; := A% and J := J + 1.
21: end while /I end outer while loop
(d) Finalization: Q = diag(F, >, F3,Fy) for some r; X s; constant matrices F; in F, j =
1,...,4. Let U := diag(Uf, ,Ur,,Ur,,Ug,) so that QU = [I,,,0]. Define P; := U* and Py :=
diag(Usg, , fy—).
(e) Output: A desired matrix P, satisfying all the properties in Theorem 1

In the following subsections, we present detailed constructions of the matrices

Usg, Bg, B(quqz), Bq,» and Ur appearing in Algorithm 1.

2.1.1 Initialization

Let 6 be a 1 x n row vector of Laurent polynomials with symmetry such that
SO = [g1z,...,€,2] for some ¢gj,...,& € {—1,1} and ¢|,...,c, € Z. Then,
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the symmetry of any entry in the vector Odiag(z~ [er/21) . 7 Ten/ ﬂ) belongs to
{+1,4z"'}. Thus, there is a permutation matrix Eg to regroup these four types
of symmetries together so that

S(GUSG) = [lnl7_1n271711n37_1711n4]7 (23)

where Usg := diag(z~[91/2],... z7[%/2)Ey, 1,, denotes the 1 x m row vector
[1,...,1],and ny,...,n4 are nonnegative integers uniquely determined by S6. Since
P satisfies (4), Q := Ugel PUsg, has the symmetry pattern as in (22). Note that Usg,
and Usg, do not increase the length of the coefficient support of IP.

2.1.2 Support Reduction

For a 1 x n row vector £ in F such that ||£] # 0, we define n¢ to be the number of
nonzero entries in £ and €; :=[0,...,0,1,0,...,0] to be the jth unit coordinate row
vector in R”. Let Er be a permutation matrix such that £E¢ = [f1,..., fu;,0,...,0]
with fj #0for j=1,...,ns. We define

=

B ifl’lle;

Ve = (24)

‘:}’i—:‘ (I,, - WEH v’gvf) Jifng > 1,

where ve :=f — ";—:‘Hfﬂel Observing that ||ve > = 2||£]|(||£]| — | f1]), we can verify
that VeV =1, and £E¢Ve = || £]|€;. Let Ug := E¢Ve. Then Us is unitary and satisfies
Us = [HfT*”,F*] for some (n— 1) x n matrix F in IF such that £U¢ = [||£]],0,...,0]. We
also define Us := 1, if £ =0 and Ur := 0 if £ = (. Here, Us plays the role of reducing
the number of nonzero entries in £. More generally, for an r X n nonzero matrix G of
rank m in IF, employing the above procedure to each row of G, we can obtain ann x n
unitary matrix Ug such that GUg = [R, 0] for some r X m lower triangular matrix R of
rank m. If G1G} = G,G3, then the above procedure produces two matrices Ug, ,Ug,
such that GUg, = [R,0] and G2Ug, = [R,0] for some lower triangular matrix R of
full rank. It is important to notice that the constructions of Ur and Ug only involve
the nonzero entries of £ and nonzero columns of G, respectively. In other words, up
to a permutation, we have

[Uel;.: = ([Uel..;)! =&, if [£]; =0, 25)
[Usl;: = ([Ugl:,))" = &, if [G].; = 0.

Denote Q := Ugel PUsg, as in Algorithm 1. The outer while loop produces a se-
quence of elementary paraunitary matrices Ay,...,A; that reduce the length of the
coefficient support of Q gradually to 0. The construction of each A; has three parts:
{B1,..-,Bs}, B(_gx)» and Bq,. The first part {By,...,B,} (see the for loop) is con-
structed recursively for each of the r rows of Q so that Qp := QB - - - B, has a special
form as in (31). If both coeff(Qq, —k) # 0 and coeff(Qq, k) # 0, then the second part



386 Xiaosheng Zhuang

B(_kx) (see the inner while loop) is further constructed so that Q; := QoB(_xy)
takes the form in (31) with at least one of coeff(Q;, —k) and coeff(Q,k) being 0.
Bq, is constructed to handle the case that csupp(Q;) = [—k,k — 1] or csupp(Q;)
= [—k+1,k] so that csupp(QiBq,) C [-k+1,k—1].

Let q denote an arbitrary row of Q with |csupp(q)| > 2. We first explain how to
construct By for a given row g such that B4 reduces the length of the coefficient
support of q by 2 and keeps its symmetry pattern. Note that in the for loop, B; is
simply Bq with q being the current jth row of QBg---B;_1, where By := ;.

By (22), we have Sq = 8zt[ls1,—152,171133,—[1134] for some € € {—1,1}
and ¢ € {0,1}. For € = —1, there is a permutation matrix E¢ such that S(qE¢)
= zc[l‘qz,—lsl,z’llm,—z’llsz]. For € = 1, we let E := ;. Then, qE; must take
the form in either (26) or (27) with £ # 0 as follows:

=2
qu :[f17 _f27917 _gZ]Zél + [f37 _f47g37 _g4]zél+1 + z Coeff(qu‘ué)Z[
(=042

+[£3,£4,91,92]22 7 + [£1, £2,0,0]22;

(26)
)
qEe =[0,0,£1,—£2]2" + [g1, — g2, £3,—£4]21 T + Y coeff(qEe, £)7'
=012 (27

+ [937947 f3a f4]Z€271 + [917925 f17 fZ]ZZZ'

If qF, takes the form in (27), we further construct a permutation matrix E4 such
that [gy,9,, £1, £2]Eq = [£1,£2,91,9] and define Uq ¢ 1= E¢Eq diag(ls,xg,z’llsg),
where sq is the size of the row vector [gy,9g,]. Then, qUq ¢ takes the form in (26).
For qE¢ of form (26), we simply let Uq ¢ := E¢. In this way, qo := qUq ¢ always
takes the form in (26) with £ # 0.

Note that Uq eUg . =I5 and || £1]| = [|£2] if qoqg = 1, where || £[| := V££*. Now
we construct an s X s paraunitary matrix Bg, to reduce the coefficient support of qq
as in (26) from [¢1, ;] to [¢1 + 1, — 1] as follows:

B+ 2+ fal—3) g+ | a(i=) ]
CF| 0 0 0

—f1(z—3) |fa—E+)|~ail-D|-n+])

1 0 CF2 0 0
By =2 . ) , (28)
‘g 9 /
ﬁﬂ(l—i—z) —ﬁfz(l—z) g 9 0
0 cGy 0
C, C
C%fl(l—z) —%fz(l-i-z) 0 Cg/zglz

0 0 CGZ
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where ce, :=||£1]], cq, := |l91]]> ¢g, = l|92||, €0 := 11 coeff(qo, £1+1)coeff(qg, —¢2),

cg,
—2cg,—Co . 2ce, —Co .
—L—= ifg; #0; —— ifgm#0;
Cyl = 91 cg/2 = 92

/.
9 c otherwise, c otherwise, (29)

c:= (4c%1 —|—2cgIl —|—2c§]2 +|eo[H)V2,

and [”i_ﬁ,Fj*] = Us;, [9},G}] = Ug, for j = 1,2 are unitary constant extension
matrices in IF for vectors £ j,g; in IF, respectively. Here, the role of a unitary constant
matrix Ue in FF is to reduce the number of nonzero entries in £ such that fUs =
[II£]l,0,...,0]. The operations for the emptyset @ are defined by ||0]| =0,0+A = A
and 0 - A = 0 for any object A.

Define Bg := Uq,eBq,Ug ¢- Then, Bq is paraunitary. Due to the particular form of
Bq, as in (28), direct computations yield the following very important properties of

the paraunitary matrix By:

(P1)SBq = [Ly,—1s,,zls, =21y, T[Ly,, — 15,2 My, —271,],  csupp(Bq) =
[—1,1], and csupp(qBq) = [¢1 +1,¢, — 1]. That is, B has compatible symmetry
with coefficient support on [—1,1] and Bq reduces the length of the coefficient
support of q exactly by 2. Moreover, S(qBq) = Sq.

(P2) If (p,q*) has mutually compatible symmetry and pq* = 0, then S(pBq) = S(p)
and csupp(pBq) C csupp(p). That is, B4 keeps the symmetry pattern of p and
does not increase the length of the coefficient support of p.

Next, let us explain the construction of B(_j ). For csupp(Q) = [~k,k| with
k> 1, Q is of the form as follows:
Fiy =B Gs1 —Gy Fs1 —Fs1 G71 —Ggy
Q= —Fi, F»n -Gy Gy ok —F5; Fo1 —G72 Gg kel
0 0 F —Fy G —Ga Fni —Fg
0 0 —-Fp Ep -G Gn —Fnn Fyp (30)
e Fs1 Fg1 G31 Gy Fiy F1 00
< Fsp Fs1 G3o Gao | 4 Fio Fp 0 0 | 4
+ coeff(Q,n)z" + | == | 7
”:zz“,k Qn) Gsi1 Ge1 F71 Fz G Go F31 Fa
Gsy Gop Frp Fyo G2 Gy F3 Fip

with all Fj;’s and G;’s being constant matrices in F and Fiy, F22, F31, Fyp being of
size ry X s, 12 X $2, 13 X 83, 4 X S4, respectively. Due to Properties (P1) and (P2) of
Bq. the for loop in Algorithm 1 reduces Q in (30) to Qo := QB; - B, as follows:

00 Gy —Guy 0 000
00_632 642 0 000
R e . (31)
00 0 0 G11 G100

00 0 0 Gi2G» 00
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If either coeff(Qp, —k) = 0 or coeff(Qo,k) = 0, then the inner while loop does
nothing and B(_ 3y = I;. If both coeff(Qo, —k) # 0 and coeff(Qq, k) # 0, then B(_; 1
is constructed recursively from pairs (q1,q2) with q;,qy being two rows of Qg sat-
isfying coeff(qy, —k) # 0 and coeff(qs, k) # 0. The construction of B(q, 4, With
respect to such a pair (q;,qz) in the inner while loop is as follows.

Similar to the discussion before (26), there is a permutation matrix E(ql-,q ) such

that q1 E(q, q,) and q2E(q, q,) take the following form:

@ a 00g3 —g4 . fs —fs 871 —8s .
[N ] = |: :|E(Q1-,q2) = z o+ z

92 q2 ~ o~ = =
000 0 81 —8& f1—fs
k2 - f5 Jo & 8 0000
+ coeff([%l] ,n) 7'+ F 4 2,
£ 2 e x> ~
=k 85 86 f1 13 81800
(32)
where g1,95,33,J4 are all nonzero row vectors. Note that ||g;|| = ||3,|| =: cg, and
93]l = |94l =: cg,- Construct an s X s paraunitary matrix B(g, 5,) as follows:
el 0 g3(1+1) | gs(1=1) ]
G 0 0 0
0 %52 —-g3(1—1)|[-gs(1+1)
0 Gy 0 0
1
Ba,6,) = = p— ;o (33)
(a1,92) c = (1+Z) _ch (I—Z) _;7093 0
91 91 93
0 0 cG; 0
S (1-2)|— 1 ~ag
o 91(1-2) Cal D(l+z| 0 o, 94
.0 0 0 Gy |
where co := —L-coeff(qy, —k+ 1 )coeff(q}, —k), ¢ := (|c0|2—i—4c~ )2 and[H~ T *] =
El
Usg, are unitary constant extension matrices in I for vectors gjinfF, j=1,...,4,

; . T
respectively. Let B(q, q,) := E(qmz)B(alﬁz)E(ql,qz
(P2) of Bq, we have the following very important properties of B(q, 4,):

) Similar to Properties (Pl) and

(P3) SB(q,.q0) = [Lsy> =Ly, 2hy, =215, ] [Ly, =1y, 27 My, —2 1 ], Csupp(B(qlq2>)
=[-1,1], csupp(qlB(qlq2>) [-k+1,k—1] and csupp(qu(ql(m) [—k+

1,k—1]. That s, B(q,.0,) has compatible symmetry with coefficient support on
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[—1,1] and B(q;.q,) reduces the length of both the coefficient supports of q;
and q by 2. Moreover, S(q1Bq, q,)) = Sa1 and S(q2B(q, 4,)) = Sd2-

(P4) If both (p,qj) and (p,q;) have mutually compatible symmetry and pqj =
pa> = 0, then S(pB(q, 4,)) = Sp and csupp(pBq, q,))  csupp(p). That is,
B(q,.q,) keeps the symmetry pattern of p and does not increase the length of
the coefficient support of p.

Now, due to Properties (P3) and (P4) of B(q, q,)» B(_x) constructed in the in-
ner while loop reduces Qo of the form in (31) with both coeff(Qq, —k) # 0 and
coeff(Qo, k) #0, to Q; := QoB(_s) of the form in (31) with either coeff(Qq, —k)
= coeff(Qi,k) = 0 (for this case, simply let Bq, := I) or one of coeff(Q;,—k)
and coeff(Q1,k) is nonzero. For the latter case, Bq, := diag(UiW, s 14,)E with
U1, Wi constructed with respect to coeff(Q, k) # 0 or Bq, := diag(/y, 1,,UsW3)E
with Uz, W3 constructed with respect to coeff(Q,—k) # 0, where E is a permuta-
tion matrix. Bq, is constructed so that csupp(QiBq,) € [—k+1,k—1]. Let Q; take
form in (31). The matrices U, W, or U3, W3, and E are constructed as follows.

LetU, := diag(Ual , U(~;2) and U; := diag(Uaz , U54) with

Gy = {9‘“] Goim [9‘21],6 - {‘iﬂ Gaim [941] (34)
G2 Gn G3 Gy
Here, for a nonzero matrix G with rank m, Ug is a unitary matrix such that GUg =
[R,0] for some matrix R of rank m. For G = 0,Ug :=1I and for G = 0,Ug := 0.
When GG} = G>2G5, Ug, and Ug, can be constructed such that G,Ug, = [R,0] and
G Ug, = [R,0].
Let m;, ms3 be the ranks of Gy, Gs, respectlvely (my = 0 when coeff(Ql, ) =0

and m3 = 0 when coeff(Q;,—k) = 0). Note that GIG* Gsz or G3G3 G4G4
due to Q; Q] = I,. The matrices Wy, W3 are then constructed by

U U, Us Uy

— Islfml P— 1537”13
W= | g 0 Wy = | 0 . (35)

Iszfml IS47m3

where Uy (z) = —Up(—z2) == lJr{lIm1 and U3 (z) = Ug(—z) := H21,,.

Let Wq, := diag(U;Wy, 1, ,) for the case that coeff(Qy,k) # 0 or Wq, :=
diag(ly, +5,,UsW3) for the case that coeff(Q;, —k) # 0. Then Wq, is paraunitary.
By the symmetry pattern and orthogonality of Q;, Wq, reduces the coefficient sup-
portof Qi to [—k+ 1,k — 1], i.e., csupp(QiWq, ) = [~k + 1,k — 1]. Moreover, Wq,
changes the symmetry pattern of Q; such that

S(QIWQl) = [1F1 ) _1r27Z1r37 _Z1r4]T561,
with

-1 -1 -1 -1
Sel = [Z 1m171s17m17_z 1m17_1S27m]alm37Z 1s37m35_1m35_z 1S47m3]-
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E is then the permutation matrix such that
S(Ql\NQ] )E = [17’1 [ 1r2721r3 9 _er47]T597

with 56 = [1s17m1+m377_1szfm1+m371711337m3+m17_1711S47m3+m1] = (SGI)E

2.2 Application to Filter Banks and Orthonormal Multiwavelets
with Symmetry

In this subsection, we shall discuss the application of our results on orthogonal
matrix extension with symmetry to d-band symmetric paraunitary filter banks in
electronic engineering and to orthonormal multiwavelets with symmetry in wavelet
analysis.

Symmetry of the filters in a filter bank is a very much desirable property in many
applications. We say that the low-pass filter ag with multiplicity » has symmetry if

ao(z) = diag(e12%", ..., 629 )ap(1/z)diag(e;z',..., 62 ") (36)

for some ¢€j,...,& € {—1,1} and cy,...,c, € Rsuch thatdcy —cj € Zforall ¢, j =
1,...,r. If ag has symmetry as in (36) and if 1 is a simple eigenvalue of ag(1), then
it is well known that the d-refinable function vector ¢ in (6) associated with the
low-pass filter ag has the following symmetry:

di(cr—) =€, hla—)=ap, ..., ol—)=&¢. 37)
Under the symmetry condition in (36), to apply Theorem 1, we first show that
there exists a suitable paraunitary matrix U acting on Py, := [ag,0, ..., 20.d—1] so that

IP,,U has compatible symmetry. Note that [P, itself may not have any symmetry.

Lemma 1. Let P,, := [agy,...,a0.d—1], Where apy,...,a0.d—1 are d-band subsym-
bols of a d-band orthogonal filter ag satisfying (36). Then there exists a dr x dr
paraunitary matrix U such that P, )U has compatible symmetry.

Proof. From (36), we deduce that
l0:(2)]e,; = evej<0 gy, (e 7 =0 d =16 = Lo (38)
where 7, QZ]. elr:={0,...,d—1} and R}/ i Q}/ ; are uniquely determined by
de—cj—y=dR};+ 0, 0] clwith R} cZ, (39)
Since dcy—c; € Z forall £,j=1,...,r, we have ¢ —c; € Z forall £,j = 1,...,r

and therefore, QZ ; is independent of /. Consequently, by (38), forevery 1 < j <r,
the jth column of the matrix a.y is a flipped version of the jth column of the matrix
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2.0 Let Kj, € Z be an integer such that |csupp([ag;] j—l—sz'V[aO;sz]:,jﬂ is as

small as possible. Define PP := [bg.0, . .., bo.q—1] as follows:

[ao;y]:,ja Y= QZ}';
byl 1= { 75 1207k + SHlaggy i) < 0% (40)
\%([ao;y]ﬂ —ZKj*Y[aO;Q}’J]:,j)a Y > QZ/’

where [ag,;]. ; denotes the jth column of ag.y. Let U denote the unique transform
matrix corresponding to (40) such that P := [bo.,...,bo.d—1] = [20:0,---,30:d—1]U.
Itis evident that U is paraunitary and [P = [P, ) U. We now show that I’ has compatible
symmetry. Indeed, by (38) and (40),

Y .
[Sboy)e.j = sgn(Q , — v)eee a5, (41)

where sgn(x) = 1 for x > 0 and sgn(x) = —1 for x < 0. By (39) and noting that QZJ.
is independent of ¢, we have

[Sboyyle,j Rl R o
;:gzgz l,j nj = g§ Z/ Cn
[SbO;V]nJ ! !

which is equivalent to saying that P has compatible symmetry. O O

bn=1,...,r

Now, for a d-band orthogonal low-pass filter ag satisfying (36), we have an al-
gorithm to construct high-pass filters ay,...,aq_; such that they form a symmetric
paraunitary filter bank with the perfect reconstruction property. See Algorithm 2.

Algorithm 2 Construction of orthonormal multiwavelets with symmetry

(a) Input: An orthogonal d-band filter ag with symmetry in (36).

(b) Initialization: Construct U with respect to (40) such that P := P, /U has compatible symmetry:
SP = [elzl‘l yeen ,erz/"}TSQ for some ki, ...,k € Z and some 1 x dr row vector 6 of Laurent
polynomials with symmetry.

(c) Extension: Derive P, with all the properties as in Theorem 1 from [P by Algorithm 1.

(d) High-pass Filters: Let P :=P,U" =: (asu;y)o<m,y<d—1 as in (16). Define high-pass filters

1 d—1
an(2) = —= Y amy(@)7,  m=1,...,d—1. (42)
m \/a}go m

(f) Output: A symmetric filter bank {ag,aj,...,aq_1} with the perfect reconstruction property,
i.e., P in (16) is paraunitary and all filters a,,, m = 1,...,d — 1, have symmetry:

am(z) = diag (e, ... &9 Va,, (1/2) diag(e; 2 ,...,62°), (43)

where ¢ := (kj'! —k;) +co € Rand all €' € {-1,1}, kj € Z, for £,j =1,...,r and m =
1,...,d — 1, are determined by the symmetry pattern of [P, as follows:

1 1 d—1 g pd—1
(a1, e el el R ed T TS 1= sP,. (44)
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Proof (of Algorithm 2). Rewrite Pe = (byu;y)o<m,y<d—1 as a d x d block matrix with
r X r blocks by,y. Since P, has compatible symmetry as in (44), we have [Sby.y]¢. =
eg"egzk;n*kf [Sbo.yle: for£=1,....,randm=1,...,d — 1. By (41), we have

7 . _
[Sbuyle = sgn(Q]  — y)epe; Ltk g g1 @)

By (45) and the definition of U* in (40), we deduce that

lamyle, = €t e g Q[Vj(fl)]w- (46)

This implies that [Sa) ; = &'e;z8 " F+<)=¢i which is equivalent to (43) with
cf =k —kij+cform=1,....d-landf=1,....,r. O O

Since the high-pass filters ay,...,aq_; satisfy (43), it is easy to verify that each
vy = [yp,...,y"|T defined in (10) also has the following symmetry:

WP ) = eyl WS ) =R W ) = el (@)

In the following, let us present an example to demonstrate our results and illus-
trate our algorithms (for more examples, see [16]).

Example 1. Letd =3 and r = 2. Let ag be the 3-band orthogonal low-pass filter with
multiplicity 2 obtained in [15, Example 4]. Then

1 [ an@)+anz") ani)+z 'ani™)

20(2) = 540 | az1(z) + Paai (z71) azz(Z)+Zzazz(271) ’

where

a11(z) = 90+ (55— 5V41)z — (8 +2V41) + (TV41 —47)7,
a2 (z) = 145+ 5V41 + (1 — V41)2? + (34 —4V/41)2,
az1(2) = (111 +9vV41)Z? + (69 — 9V/41)z*,

an (z) = 90z + (63 — 3v/41)Z% + (3V41 — 63)7°

The low-pass filter ag satisfies (36) withc¢; =0,cp =1 and & = & = 1. From P, :=
[20:0,20:1,0:2), the matrix U constructed by Lemma 1 is given by

V200 0 0 0
0100 0 1
U L]ooro 1o
T V21 000v20 0
00z 0 —20

0z00 0 —z

Let
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C()le*\/‘ﬁ7 t12=5(7*\/‘ﬁ)7 012210(29+\/‘ﬁ), t13 = —5co,
t16 = 3co, tis =3(3\/‘ﬁ*13)7 15 =6(7+3\/H), t26=6(21*\/‘ﬁ),
t53 = 400\/6/6‘07 t55 = 12\/6(\/5* 1), ts6= 6\/6(4+ \/H) Ce6 = 3\/6(3 +7\/‘ﬁ).

Then, P := P,,U satisfies SP = [1,2]T[1,1,1,z7!,—1,—1] and is given by

_ \/6 lSO\/iblz(Z) b13(Z) 0 t15(Z—Zil) l15(Z—Zil)
1080 | O 0 180(1+42) 180v2 ts(1—2z) the(l—2z) |’

where b12(z) = t12(z+2"") +c12 and by3(z) = t13(z — 2 +z~1). Applying Algo-
rithm 1, we obtain a desired paraunitary matrix P, as follows:

[180v2  bia(2) b13(z2) 0 ns(z—1) n6z—1)7
0 0 180(1 +z) 180v/2 tr5(1 —2) t26(1 —2)
_ b _bi3() Hs 1y he(l _
L o By NI /G i |
1080 | 0 0 90V2(142) —360 % (1-2) 25(1-2)
0 \/gt13(l—z) t53(1—Z) 0 t55(1+Z) t56(1+ 2)
L0 Yol Yo 0 bes(s)  bes(z)
where bgs(z) = —V6(5t15(z+ 2~ )—|—3c12)/10 and b6(, —Voétig(z+21)/2

+ cg6. Note that SP, = [1,z,1,z,—z,—1]T[1,1,1,z71,—1, —1] and the coefficient
support of PP, satisfies csupp([PP.]. ;) C csupp([P]. ;) for all 1 < j < 6. From the
polyphase matrix P :=P,U* =: (am;y)ogm,ygz, we derive two high-pass filters aj, as
as follows:

ai(s) = \/§ [all()+all( Y aly(2)+z a2 1)]
1080 a3 (2) +2ay (z71) ay(2)+2ay( ) |

(= Vo [am—fa%l(zl) a%2<z>—z2a%2<z*> ]
1080 a21()_a21( )azz(Z) (Zfl) ’

where

al\(2) = (47— TVADZ +2(4 + VA1) + 5(VAT — 11)z+ 180,

aly(z) =22V41 —17)2 + (V41 — 1) —5(29 + V41),

ab(z) = 3(37+3V41)z+3(23 — 3V41)77!

ah(z) = —180z+3(21—ﬁ)—3(21—\/ﬁ)z*1,

a})(z) = (43+17V41)z + (67— TV4l)z

a2y(z) = 11V41 =31 — (19+VA4l)z !,

a5, (z) = (47— TVA1)Z* +2(4 +V41)22 —3(29+ V41 )z,

a3(2) = 22V41 = 17)2 + (VA1 — 1) +3(3 + 7V41).
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Then the high-pass filters aj, ap satisfy (43) with c% =0, cé =1, 811 = 821 =1 and
¢} =1,c¢5=0, & =& = —1. See Fig. 1 for graphs of the 3-refinable function
vector ¢ associated with the low-pass filter ag and the multiwavelet function vectors

y!, y? associated with the high-pass filters aj,a,, respectively.

3 Construction of Symmetric Complex Tight Framelets

Redundant wavelet systems (L > d in (17)) have been proved to be quit useful in
many applications, for examples, signal denoising, image processing, and numeri-
cal algorithm. As a redundant system, it can possess many desirable properties such
as symmetry, short support, high vanishing moments, and so on, simultaneously (see
[6,7,12,22]). In this section, we are interested in the construction of tight framelets
with such desirable properties. Due to [6], the whole picture of constructing tight
framelets with high order of vanishing moments is more or less clear. Yet, when
comes to symmetry, there is no general way of deriving tight framelet systems with
symmetry. Especially when one requires the number of framelet generators is as less
as possible. In this section, we first provide a general result on the construction of
d-refinable functions with symmetry such that (14) holds. Once such a d-refinable
function is obtained, we then show that using our results on orthogonal matrix exten-
sion with symmetry studied in Sect. 2, we can construct a symmetric tight framelet
system with only d or d 4 1 framelet generators.

12 2 1.5

1 15 1
08 1 05
06 05 0
04 ot
02 0 o

o -05 4

— - -15
0'272 -15 -1 -05 0 05 1 15 2 ‘72 -15 -1 -05 0 0.5 1 1.5 2 -1 -0.5 0 0.5 1 15 2

15 15 1.5

1 1
1 05 05
0
05 0
’Dj -0.5
0
-15 -1

— ~ -15
0'5—1 -0.5 0 05 1 15 2 2—1 -0.5 0 0.5 1 15 2 -2 -15 -1 -05 0 0.5 1 15 2

Fig. 1: Graphs of the 3-refinable function vector ¢ = ¢, ¢»|T associated with ag (left
column), multiwavelet function vector y'! = [llfll, %l]T associated with a; (middle
column), and multiwavelet function vector y? = [y, y3|T associated with a, (right
column) in Example 1

3.1 Symmetric Complex d-Refinable Functions

Let ¢ be a d-refinable functions associated with a low-pass filters ag. To have high
order of vanishing moments for a tight framelet system, we need to design ag such
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that (14) holds for some n € N. To guarantee that the d-refinable function ¢ as-
sociated with ag has certain regularity and polynomial reproducibility, usually the
low-pass filter ag satisfies the sum rules of order m for some m € N. More precisely,
ay is of the form:

R l4e i geid-DE\"
ao(&)—< re e )f(@, EcR (48)

d

for some 27-periodic trigonometric polynomial .,2/”\(5) with .,2/”\( 0)=1.For¥ (5) =1
ag is the low-pass filter for B-spline of order m: B,,(E) = (1 —e 1) /(1€)™.
Define a function % by

T y
:k—1<1_m)’ ek “49)
One can show that
hsint (g /2 = Lt e dszir;zgé//z;) o
and
d—1 Vi -m |
LX%W” :;)Cm,jy", ly| < sin*(z/d), (51)
where

Cmj = D H< 1+Jk>sin(k7r/d)2jk, jeN. (52)

St tja-1=j k=1

Define P, ,(y) a polynomial of degree n — 1 as follows:

Pm(y):nzll 3 ]‘[( 1+]k>sm(k7t/d) m] (53)

J=0 Li++id-1=jk=1

By convention, (’j") =0if j < 0. Note that P, ,(y) = 2?;(1) cm,jy’. Then, it is easy to
show the following result by Taylor expansion.
Lemma 2. Let m,n € N be such that n < m; let Py, ,, and h be polynomials defined as
in (53) and (49), respectively. Then By, ,(sin®(E /2)) is the unique positive trigono-
metric polynomial of minimal degree such that

L —h(sin®(& /2))" Pun(sin*(§/2)) = O(IE]™"), & —0. (54)
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For m,n € N such that 1 < n <m, let ;7ap(&) := h(sin®(& /2))" Pyn(sin® (€ /2)).
Then the d-refinable function ;;¢ associated with j;ag by (6) is called the d-refinable
pseudo spline of type Il with order (m,n). By Lemma 2, using Riesz Lemma, one can
derive a low-pass filter jag from 77aq such that |;a(&)|* = 7ag(&). The d-refinable
function ;¢ associated with such ;ag by (6) is referred as real d-refinable pseudo
spline of type I with order (m,n). Interesting readers can refer to [6,7,22] for more
details on this subject for the special case d = 2.

Note that jaq satisfies (14). One can construct high-pass filters ay,...,ar from
ag := jag such that (12) holds. Then wl,...,y/L defined by (10) are real-valued
functions. {y',..., w’} has vanishing moment of order n and generates a tight
d-frame. However, {y', ..., y’} does not necessarily have symmetry since the low-
pass filter jap from j;ap via Riesz lemma might not possess any symmetry pattern.
In the following, we shall show that we can achieve symmetry for any odd integer
n € Nif considering complex-valued wavelet generators.

For 1 < n < m, we have the following lemma regarding the positiveness of
Pyun(y), which generalizes [12, Theorem 5] and [22, Theorem 2.4]. See
[26, Theorem 2] for its technical proof.

Lemma 3. Let m,n € N be such that n < m. Then P,,,(y) > 0 for all y € R if and
only if n is an odd number.

Now, by Py2,—1(y) > 0 forall y € R and 2n—1 < m, P, 2,—1(y) can only have
complex roots. Hence, we must have

n—1
Pm,anl(y) =Co H(y_zj)(y_Z)u Zlaau"'aznflaznfl S (C\R
j=1

In view of Lemmas 2 and 3, we have the following result.

Theorem 2. Let d > 1 be a dilation factor. Let m,n € N be positive integers such
that 2n —1 < m. Let P,, ,(y) be the polynomial defined in (53). Then,

Pm,anl(y) = |Qm7n(y)|27 (55

where Qup(y) = c(y=z1)-++ (v = zp-1) with ¢ = (=1)""'(z1 -+ 2p-1) " and 21,71,
oo Zn—1,Zn—1 € C\ R are all the complex roots omevzn,l(y). Define a low-pass
filter ag by

. &4 eild-DEN"
cﬁ)(é):ze‘l(dz”ﬁ<l+e +d+e ) Omnl(sin?(£/2)),  (56)

where | -] is the floor operation. Then,

m(d—1)

an(—&)=eay(E) with e=m(d—1)-2| 5

] (57)
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and

m(d—1) m(d—1)
2 2

Let ¢ be the standard d-refinable function associated with the low-pass filter ao, that

A

is, §(&) :=TI7- ao(d™ JE). Then, ¢ is a compactly supported d-refinable function
in Ly (R) with symmetry satisfying ¢ (355 —-) = ¢.

csupp(ag) = |—| | —n+1,] |+n—1+e¢].

For m,n € N such that 2n — 1 < m, we shall refer the d-refinable function ¢
associated with the low-pass filter ag defined in Theorem 2 as complex d-refinable
pseudo spline of type I with order (m,2n — 1).

Now, we have the following result which shall play an important role in our
construction of tight framelet systems in this section.

Corollary 1. Let d > 1 be a dilation factor. Let m,n € N be such that 2n—1 < m
and ag be the low-pass filter for the complex d-refinable pseudo spline of type I with
order (m,2n—1). Then

d—1 =N
1= Y |@(& +2mj/d)? = [b(dE) %, (58)
Jj=0

for some 2r-periodic trigonometric function b(§) with real coefficients. In
particular,

B 0 m=2n—1;
BE)P = | 7 :
Conan-1[sin*(§/2)/d*? 1 m=2n,
where ¢y, 0,1 1S the coefficient given in (52).

Proof. We first show that 1 — X97( |ao(& +27j/d)[* > 0 for all § € R. Let y; :=

sin2(§/2+nj/d) for j =0,...,d — 1. Noting that |ay(&)|> = h(yo)" n2n—1(Y0)s
we have

1—2|ao§+2n]/d —1_211)’/ Pnon—1(y5)
Jj=0

m—1
_1_217)7/ mmyj +Zhyj Z Cm,kylj('

=0 k=2n—1
d—1 m—1

=D RN DY cma
=0 k=2n—1

>0

The last equality follows from the fact that the low-pass filter ag, which is defined by
factorizing 2 (yo)" Pum(yo) such that |ao(E)|? := h(yo)"™Pum(yo), is an orthogonal
low-pass filter (see [17]). Now, by that 1 — thé lao(& +2mj/d)|* is of period 27 /d,
(58) follows from Riesz Lemma.
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Obviously, i)\(f) = 0 when m = 2n — 1 since qq is then an orthogonal low-pass
filter. For m = 2n, noting that h(y;)y; = sin®(d& /2)/d? for j =0,...,d — 1, we have

b(d&)* = can2n- 1Zhyj )23 = conon- 12 i)y h(y))
“

— Conan1[sin?(dE /2) /d2P) zoh@jm,l(y,-)

= o201 [sin*(d /2)/d7P",

which completes our proof. 0O

3.2 Tight Framelets via Matrix Extension

Fixed m,n € N such that 1 <2n— 1 < m, we next show that we can construct a vector
of Laurent polynomial with symmetry from a low-pass filter ag for the complex
d-refinable pseudo spline of type I with order (m,2n — 1) to which Algorithm 1 is
applicable. Indeed, by (40), we have a 1 x d vector of Laurent polynomial p(z) :=
[b0:0(2), - - ., bo.d—1(z)] from ag. Note pp* = 1 when m = 2n — 1 while pp* # 1 when
2n —1 < m. To apply our matrix extension algorithm, we need to append extra
entries to p when pp* < 1. It is easy to show that

1—2|a0€+2]7t/d —1—2aoy aoy ) zze*i‘g,
Jj=0

where ag,y, 7 =0,...,d — 1 are the subsymbols of ag. By Corollary 1, we have

d-1 R
1= lao(& +2jm/d)|* = [b(dE)*.

j=0

for some 27-periodic trigonometric function b with real coefficients. Hence, we can
construct a Laurent polynomial ag.4(z) from b such that ag, 4(e ) = b(E). Then,
the vector of Laurent polynomials q(z) = [a0.0(2),---,20:d—1(2),20:d(z)] satisfies
aq* = 1. R

For m = 2n, by Corollary 1, [b(E)|* = can2n—1[sin*(€/2)/d?]?"~". In this case,
a0:d(z) can be constructed explicitly as follows:

() = 2—z—1/z\""'1—z (59
a0:d\Z) = y/C2n2n—-1 442 2d

a0:d(z) has symmetry Sag.q = —z. Let bg.q(z) := ap.d(z). Then p := [bo., . . ., bo.d] is
a1 x (d+ 1) vector of Laurent polynomials with symmetry satisfying pp* = 1.
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For m # 2n, ag.4(z) does not necessary have symmetry. We can further let
bod(2) == (a0,d(z) +204(1/2))/2 and bo.g+1(2) := (20,d(z) — a0,a(1/2))/2. In this
way, p := [bo:0,---,Po:d,Po:d+1] is @ 1 x (d +2) vector of Laurent polynomials with
symmetry satisfying pp* = 1.

Consequently, we can summerize the above discussion as follows:

Theorem 3. Let m,n € N be such that 1 < 2n—1 < m. Let ay (with symbol
ag) be the low-pass filter for the complex d-refinable pseudo spline of type I
with order (m,2n — 1) defined in (56). Then one can derive Laurent polynomi-
als apd, - ..,a0.,L € {d,d+ 1} such that py, := [a0.0,--.,30.d—1,---,a0.L] satisfies
Pag P:O = 1, where ag,,...,a0.d—1 are subsymbols of ay. Moreover, one can con-
struct an (L+ 1) x (L+ 1) paraunitary matrix U such that p,,U is a vector of Lau-
rent polynomials with symmetry. In particular, if m = 2n, then L = d and apq is
given by (59).

Now, applying Theorem 3 and Algorithm 1, we have the following algorithm
to construct high-pass filters ay,...,a, from a low-pass filter ag for a complex d-
refinable pseudo spline of type I with order (m,2n — 1) so that y', ..., w defined
by (10) generates a tight framelet system.

Algorithm 3 Construction of symmetric complex tight framelets

(a) Input: A low-pass filter ap for a complex d-refinable pseudo spline of type I with order
(m,2n—1), 1 <2n—1 < m. Note that ag satisfies (36) for r = 1.

(b) Imitialization: Construct p,,(z) and U as in Theorem 3 such that p := p, U isa 1 x (L+1)
row vector of Laurent polynomials with symmetry (L = d when m = 2n while L =d + 1 when
m % 2n).

(c) Extension: Derive P, from p by Algorithm 1 with all the properties as in Theorem 1 for the
case r = 1.

(d) High-pass Filters: Let P := [P.U"]o. 0.1 =: (am;y)o<m<r,0<y<d—1 as in (16). Define high-
pass filters

d-1
am(Z) = % 2 am;Y(Zd)ZY: m= 17 te L (60)
=0

Note that we only need the first d columns of P, U*.
(e) Output: A symmetric filter bank {ag,ay,...,ar} with the perfect reconstruction property, i.e.
P*(2)P(z) = I4 for all z € C\{0}. All filters a,,, m = 1,..., L, have symmetry:

an(z) = emzdcm_mam(l/z)s (61)

where ¢, :=ky +co €ERand all g, € {—1,1}, ky, € Zform=1,...,L are determined by the
symmetry pattern of [P, as follows:

[, e)TSp 1= SP.. (62)

Since the high-pass filters ay, ... ,ay satisfy (43), it is easy to verify that y', ...y’

defined in (10) also has the following symmetry:

vien—)=avy', viea-)=avy’, .., via-)=gy'. (©63)
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In the following, let us present an example to demonstrate our results and
illustrate our algorithms. More examples can be obtained in the same way.

Example 2. Consider dilation factor d = 3. Let m = 4 and n = 2. Then P;3(y) =
1432 y—|— 64y?). The low-pass filter ag with its symbol ag for the complex 3-refinable
pseudo spline of order (4,3) is given by

1 4
ao(z)—<—z+;+z> <§+¥>%+<%+#i>—<%+%§i>z}

Note that csupp(ag) = [—5,5] and a(z) = a(z™!). In this case, m = 2n. By Theo-
rem 3, we can obtain p,, = [a0.0(z),a01(2),20:2(2),a0:3(z)] as follows:

a00(z) = — ‘:gi (102+27V5i~ 20+ 1027!);

a0.1(z) = 24/1;( (442V/51)z72 43027 + 604 6V/5i — (5+4/50)2);
a02(z) = ;ﬁ;( (5+4v/51)772 + (60 +6v/51)z ! 430 — (44 2V/51)z)
200l =~ 200 21—

We have ag;1(z) =z 'apa(z7!). Let p = pa, U with U being the paraunitary matrix

given by

NS
U:=diag(1,Up,z ") with Uy=|Y2 V3 ]
V2 V2

Then p is a 1 x 4 vector of Laurent polynomials with symmetry pattern satis-

fying Sp = [1,z7',—z~!,—z"!]. Applying Algorithm 3, we can obtain a 4 x 4

extension matrix P; = [p} ,p3 ,Pa,,Pa;] With pa, 1= [ar0,a1:1,212,213], Pay i=
[a2:0,22:1,32:2,22:3], and pa; = [a3.0,33.1,33;2,33:3]. The coefficient support of P,
satisfies csupp([P.]. ;) C csupp([pa,];) for j = 1,2,3,4. The high-pass filters aj,
aj, a3 constructed from p,,, pa,, and p,, via (60) are then given by

a1(z) =c1(b1(2) +b1(z ")) a2(2) = caba(2) —ba(z")): a3(2) = c3(b3(z) —2bs(z "))

_ /19178 . _ /218094 2/1338
where ¢1 = 3565554 €2 = T7665614° €3 = 347180 >

bi(z) = (—172 - 861\5) S+ (—215 . 1721’\6) A 258iv/58

+ (14704 12241V/5) 2+ (1860 + 232815 ) 2 30365 — 2943
by(2) = (7652 _ 3261‘\6) S+ (7815 - 6521‘\@) A 978iv/57

+ (183205 +1750) 2 + (3508 1v/5+3020) 2
by(2) = (4\6+ 101‘) Sy (5«6+20i> 243008 + <753\67260i> 2

and
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We have aj(z) = a1(z '), a2(z) = —az(z '), and a3(z) = —z%a3(z!). Let ¢ be
the 3-refinable function associated with the low-pass filter ag. Let w!, w2,y be the
wavelet functions associated with the high-pass filters a;, a», a3 by (10), respectively.
Then ¢(—) = ¢, y'(—) = y', y*(—) = =y, and y*(1 — ) = —y° . See Fig. 2
for the graphs of ¢, w', w2, and y°.

1
0.8
0.6
0.4
0.2

0 s

0.8

0.6
0.4
0.2

0

-0.2
-0.4

v

15

1

05

0

-0.5

-1

-02 -0.6 \J/

-04, -15 -0.8 —1.
072.572715717050 051 15 2 25 -25-2-15-1-050 05 1 15 2 25 -25-2-15-1-050 05 1 15 2 25 §1_5 -1 -050 05 1 15 2 25

Fig. 2: The graphs of ¢, y', w2, and y? (left to right) in Example 2. Real part: solid
line. Imaginary part: dashed line

4 Biorthogonal Matrix Extension with Symmetry

In this section, we shall discuss the construction of biorthogonal multiwavelets with
symmetry, which corresponds to Problem 2. Due to the flexibility of biorthogonal-
ity relation PP* = I,, the biorthogonal matrix extension problem becomes far more
complicated than that for the orthogonal matrix extension problem we considered in
Sect. 2. The difficulty here is not the symmetry patterns of the extension matrices,
but the support control of the extension matrices. Without considering any issue on
support control, almost all results of Theorem 1 can be transferred to the biorthogo-
nal case without much difficulty. In Theorem 1, the length of the coefficient support
of the extension matrix can never exceed the length of the coefficient support of the
given matrix. Yet, for the extension matrices in the biorthogonal extension case, we
can no longer expect such nice result, that is, in this case, the length of the coeffi-
cient supports of the extension matrices might not be controlled by one of the given
matrices. Nevertheless, we have the following result.

Theorem 4. Let F be any subfield of C. Let (]P’,I?P) be a pair of r X s matrices of
Laurent polynomials with coefficients in F such that SP = SP = (S6,)*S6, for
some_ 1 X1, 1 X s vectors 0,6, of Laurent polynomials with symmetry. Moreover,
P(z)P*(z) = I, for all z € C\{0}. Then there exists a pair of s X s square matrices
(Pe,fh) of Laurent polynomials with coefficients in F such that

1) [1,,0]P, =P and [I,,0] ]INDe = P; that is, the submatrices of the first r rows of P, f”e
are ]Ii,P, respectively; ~
2) (P,,P,) is a pair of biorthogonal matrices: P,(2)P;(z) = I for all z € C\{0};
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(3) the symmetry of each Po,P, is compatible: SP, = SP, = (S6)*S6, for some
1 X s vector 0 of Laurent polynomials with symmetry;
(4) P,,IP, can be represented as:

Po(z) =Ps(2) - Pi(z), Pe(z) =Ps(z)- Py (2), (64)

where (]P’j,ij),l < j < J are pairs of s X s biorthogonal matrices of Laurent

polynomials with symmetry. Moreover, each pair of (Pj1,P;) and ( j+1,P )
has mutually compatible symmetry forall j =1,...,J —1.

(5) if r =1, then the coefficient supports of P, ]P’ are controlled by those of P, Pin
the following sense:

max {lesupp ([Pl esupp([Pel ) [} < max esupp([P)e) |+ max lesupp([Flo)]. (65)

4.1 Proof of Theorem 4 and an Algorithm

In this section, we shall prove Theorem 4. Based on the proof, we shall provide a
step-by-step extension algorithm for deriving the desired pair of biorthogonal ex-
tension matrices in Theorem 4.

In this section, [F denote any subfield of C. The next lemma shows that for a pair
of constant vectors (f, £ ) in [F, we can find a pair of constant biorthogonal matrices
(U( £5) U( ‘ f)) in F such that up to a constant multiplication, it normalizes (£, f) to
a pair of unit vectors.

Lemma 4. Let (£, £) be a pair of nonzero 1 x n vectors in F. Then,

(1) if £ #0, the}z there exists a pair of n X n matrices (U(ff)’(j(ff)) in IF such
that U, 7 = [(£)",F), Uez = [(£), F], and Urs (f%) = I,, where F,F are
n x (n—1) constant matrices in F and c,c are two nonzero numbers in F such
that ££ = cc. In this case, fU(f‘;_f> =cé& and AfiU(fE) =ce;

Q) if ff =0, then there exists a pair of n X n matrices (U(f%) U(f7f>) in F such
that U

_ /£ f T _[(f f
(25 = [E) G F) Uz = () (B)Fl and Uiz Uf ) = o
where F,F are n x (n—2) constant matrices in F and cy,c,¢1,¢; are nonzero
numbers in F such that || £||> = c1¢1, || £]|* = caca. In this case, U s 7 = C1€1
and %ﬁ(fﬁ.‘) = C2&).

Proof. 1f £E # 0, there exists {£5,..., £, } being a basis of the orthogonal compli-
ment of the linear span of {£} in F". Let F := [£3,... . £;] and U 7 := [(£)*,F).
Then U, 7 is invertible. Let lNJ(fE) = (U

. ()
U (£,7) are the desired matrices.

*. It is easy to show that U(f,f) and
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If ££ =0, let {£3,...,£,} be a basis of the orthogonal compliment of the lin-
ear span of {£, £} in F”. Let Ugs = [(%)* (£)*,F] with F := [£%,...,£}]. Then

3 02
7 o —1 \x 3 1
U(ff) and U(ff) = (U ~)) are the desired matrices. O O

(£.F

Thanks to Lemma 4, we can reduce the support lengths of a pair (p, p) of Laurent
polynomials with symmetry by constructing a pair of biorthogonal matrices (B, B)
of Laurent polynomials with symmetry as stated in the following lemma.

Lemma 5. Let (p,p) be a pair of 1 X s vectors of Laurent polynomials with symmetry
such that pp* = 1 and Sp = Sp = €z°[ly,,—ly,,2 155, —2 '1y,] =: SO for some
nonnegative integers sy, ..., s4 satisfying sy +---+sa =sande € {1,—1},c€ {0,1}.
Suppose |csupp(p)| > 0. Then there exists a pair of s x s matrices (B,B) of Laurent
polynomials with symmetry such that

(1) (B,B) is a pair of biorthogonal matrices: B(z)B* (z) = I,;

(2) SB =SB = (56)*S6; with S6; = ezf[ly, —1S/2,1711s/3,—Zillsz]for some non-
negative integers s|,...,s, such that s} +---+sj, =s;

(3) the length of the coefficient support of p is reduced by that of B. B does
not increase the length of the coefficient support of p. That is, |csupp(pB)| <

|esupp(p)| — |csupp(B)| and |csupp(PB)| < |csupp(p)|.

Proof. We shall only prove the case that SO = [I,,,—1,,,z ', —z '1;,]. The
proofs for other cases are similar. By their symmetry patterns, p and p must take
the forms as follows with ¢ > 0 and coeff(p, —¢) # 0:

(-2
p=I[f1,—£2,91,~ %l " +[f3,— 4,95, —galz T+ Y coeff(p, k)
k=—0+2

+[£3, Ea,91, 9] 4 [£1,£2,0,0)";

_ i (66)

B = [fl ) _f27§1 ’ _§2]Z7é + [f3s _f47§37 _)g\(‘dZiH»l + z COCﬁ‘(ﬁ,l{)Zk
k=—0+2

+ [537%47617§Z]Z[71 + [517%27070]Z['

Then, either [[£1]| + [ £2[| # O or [|g1]| +[g2|| # 0. Considering ||£: ][ + | £2[] # O,
due to pp* = 1 and |csupp(p)| > 0, we have £F, — £,£, =0.Let C:= £, £, = £, £5.
There are at most three cases: (a) C # 0; (b) C = 0 but both £, f, are nonzero
vectors; (¢) C =0 and one of £1,£ i 1sO

Case (a). In this case, we have flfl #0and f2f2 # 0. By Lemma 4, we can con-

struct two pairs of biorthogonal matrices (U(f1 Y, f1)) and (U(f2 7)) U(fz fz))

with respect to the pairs (£, ) and (£,, £) such that

~ 1\ = ~ ~ -
, U(fl,gl)ZK ):F1:|7 Bl 5y =, B1Ug 5 =Cién,

C1

~ £\ ~ =~ ~ ~
U(fzfz) = |:(Z) ,Fz} ) fo(fzfz) = e, fo(fzfz) =aén,
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where ¢}, ¢ are constants in F such that C = ¢;¢;. Define By (2), Eo (z) as follows:

(LJ[) 1[—15=(E)7 0] 0
Bo(e) = | ~Lxl(2)r 0| (2 B| 0 |,
0 0 0 0]l
. Tz b Eiyve |1zl £« S3+~Y4: 67
N — (L_) Fi|— 2 (E) 0 0
Bo(e) = |~ () 0| L~ (2)" B| 0
I 0 0 0 Ty 1oy |

Direct computation shows that By(z )Bo( )" = I due to the special structures of
the pairs (U(fn U, fl)) and (Ug, z,):Upg, z,)) constructed by Lemma 4. The

symmetry patterns of pBy and pBy satisfies
S(pBO) = S(Béo) = [Z717 1S171 9 _Z717 _1S2717Z71 15‘37 _Z71 15‘4]'

Moreover, By(z), By (z) reduce the lengths of the coefficient support of p and p by
1, respectively.

In fact, due to the above symmetry pattern and the structures of By, Eo, we only
need to show that coeff([pBo];,¢) = coeff([ﬁgo]j,ﬂ) =0 for j=1,s; + L. Note that
coeff([pBo];,¢) = coeff(p, £)coeff([By].1,0) = % (£,£, — £2£,) = 0. Similar com-
putations apply for other terms. Thus, |csupp(pBy)| < csupp(p) and |csupp(pBo)|
< |csupp(p)|. Let E be a permutation matrix such that

S(pBO)E = S(Bg())E = [1s1717_1s27171711s3+1,_Zills4+1] =: 591

Define B(z) = By(z)E and B(z) = By(z)E. Then B(z) and B(z) are the desired
matrices.

Case (b). In this case, flﬁ = fzfz =0 and both £, £, are nonzero vectors. We
have £,£] # 0 and £,£5 # 0. Again, by Lemma 4, we can construct two pairs of

biorthogonal matrices (U(fhfl),(j(fhfl)) and (U(f27f2),(7(f27f2)) with respect to the
pairs (£1,£) and (£5, £5) such that

£11\" ~ £1\*

Ut e0) = Ka) =Fl} » Ulge) = Kg) 7F1]7 E1U(s,.5,) = Cot1,
£2)" ~ £2)"

U(fz,fz) = |:<g_22> 7F2:| ) U(fz,fz) = |:(C_§) 7F2:| ) fZU(fz,fz) = Coé€1,

where cp,c1,c¢2 are constants in [ such that £1£] = co¢; and £ = cocs. Let
Bo,Bo(z) be defined as follows:
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_ » .
Lt () A 1’2 ()0l 0
Bo(e) = | ~151(2) 0| 2 (2) B| 0 |,
I 0 0 0 0 Ty 1oy | )
—1 " -
Ll (B R|-15= (&) 0] o
1 N
Bo(z) = | —15—(£)* 0 1+2 (2) Bl 0
I 0 0 0 0 [Ty 1, |

We can show that By(z) reduces the length of the coefficient support of p by 1, while

go(z) does not increase the support length of p. Moreover, similar to case (a), we
can find a permutation matrix E such that

S(pBo)E = S(BB0)E = [1y, 1, — s, 1,2 "lys1,—2 g 1] =: S6;.

Define B(z) = By(z)E and B(z) = By(z)E. Then B(z) and B(z) are the desired
matrices. B B

Case (c). In this case, £1£; = £,£, =0 and one of £; and £, is nonzero. Without
loss of generality, we assume that £1 # 0 and £, = 0. Construct a pair of matrices
(U(flfll’ U(f1 )) by Lemma 4 such that flU(f 7)) = C1€l End flU(fl,fl) =08
(when £, = 0, the pair of matrices is given by ( (fl’f”,U(fl,fl))). Extend this
pair to a pair of s x s matrices (U,U) by U := diag(U(f fl)’l‘““‘t) and U :=
diag((j(fhfl) Iy, +s,). Then pU and pU must be of the form:

q:= pU = [C],O, .. '7077f27917792}zik+ [f377f4ag37794lzié+1
-2
+ Y coeff(q, k) + [£3,£4.91,920" " +[c1,0,...,0,£2,0,0)z";
k=—(+2

a = ﬁﬁ = [0 C2yene 70~, _’fVngl 5 _52}2_4 + [’fv% _E4s§3~, _§4}Z_Z+l

i _
+ z coeff(§, k)7 + [£3,£4, 31, gz]z ' 410,¢2,...,0,,£2,0,0]2".
k=—E+2
If [q]; = 0, we choose k such that k = argming; {|csupp([q]1)| — |csupp([a]¢)|},
i.e., k is an integer such that the length of coefficient support of |csupp([q]; | —

|csupp([q]x)| is minimal among those of all |csupp([q]1)| — |csupp([ale)], ¢ =2, ..
otherwise, due to qq* = 0, there must exist k such that

lesupp([a]1)] — |esupp([a]i)| < max lesupp([q];)| — |esupp([q]1)],

(k might not be unique, we can choose one of such k so that |csupp([q];)| —
|esupp([qlx )| is minimal among all esupp([q]1)| — |esupp([al¢)[,£ = 2,...,5).

For such k (in the case of either [q]; = 0 or [q]; # 0), define two matrices
B(z),B(z) as follows:
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1 0--0 10 (2)
0 1 0 01 0
B(z) = e B(z) = ,
—b(z) 0 1 00 1
|Is7k |Is7k

where b(z) in B(z), B(z) is a Laurent polynomial with symmetry such that Sh(z)

S([al1/lali), lesupp((ali —b(z)[ali)[ < [esupp([alx)], and [esupp([alc —b"(2)[als )|;

max<¢<s |csupp([d]¢)]. Such b(z) can be easily obtained by long division.

It is straightforward to show that B(z)B*(z) = I,. B(z) reduces the length of the
coefficient support of q by that of b(z) due to |csupp([q]1 —b(z)[q]x)| < |csupp([ax)|-
And by our choice of k, g(z) does not increase the length of the coefficient support
of q. Moreover, the symmetry patterns of both q and q are preserved.

In summary, for all cases (a), (b), and (c), we can always find a pair of biorthog-
onal matrices (B, ﬁ) of Laurent polynomials such that B reduces the length of the
coefficient support of p while B does not increase the length of the coefficient sup-
port of p.

For ||£1]| + ||£2]| = 0, we must have ||g;| + ||92|| # 0. The discussion for this
case is similar to above. We can find two matrices B(z), é(z) such that all items in
the lemma hold. In the case that g3} = 9,33 = c1¢; # 0, the pair (Bo(z), By (2)
similar to (67) is of the form

_I~Y1+S2 0 0 0 O_
Bo(g)= | 0 | HF(E)" GI=EE)T 0,
|0 @) 0 (R G o
_Isl+32 0 0 0 0
Bo@)=| 0 [ BF(2) G- (E) 0
|0 [FIE(B) 0] BEA(B) Gy

The pairs for other cases can be obtained similarly. We are done. O O

Now, we can prove Theorem 4 using Lemma 5.

Proof (of Theorem 4). First, we normalize the symmetry patterns of I’ and P to
the standard form as in (22). Let Q := Use PUsg, and Q = Use ]P’Usg2 (given 0,
Usg is obtained by (23)). Then the symmetry of each row of Q or Q is of the form
e[y, —1sy,2 1y, —z 1,] for some € € {—1,1} and ¢ € {0, 1}.

Let p:=[Q]i. and p := [Q]1.. be the first row of Q,Q, respectively. Applying
Lemma 5 recursively, we can find pairs of biorthogonal matrices of Laurent poly-
nomials (B,B)), ... (Bx,Bg) such that pB; ---Bg = [1,0,...,0] and pB, ---Bx =
[1,q(z)] for some 1 X (s — 1) vector of Laurent polynomials Wlth symmetry. Note
that by Lemma 5, all pairs (Bj,B;.1) and (Bj,B,) for j =1,...,K — 1 have
mutually compatible symmetry. Now construct Bx(z), §K+1 (z) as follows:
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Bk+1(2) = [q*l(z) ISOI] ) EKJrl(Z) = [(1) _I?(lz)] .

Bk and §K+~1 are biorthogonal. Let A := B --- BxBg41 and A= El ‘e EKEKH.
Then, pA =pA =¢g;.
Note that QA and QA are of the forms
1 0 ~~ 1 0
A= ,QA=| =
Q [0 Ql(Z)} « [0 Ql(Z)]

for some (r— 1) x s matrices Qy, Qi of Laurent polynomials with symmetry. More-
over, due to Lemma 5, the symmetry patterns of Q; and Q; are compatible and

satisfies SQ; = SQ;. The rest of the proof is completed by employing the standard
procedure of induction. 0O 0O

According to the proof of Theorem 4, we have an extension algorithm for Theo-
rem 4. See Algorithm 4.

Algorithm 4 Biorthogonal matrix extension with symmetry

(a) Input: P,P as in Theorem 4 with SP = SP = (S6,)*S6, for two 1 x r, 1 x s row vectors 0y,
6, of Laurant polynomials with symmetry.

(b) Initialization: Let Q := U§61 PUsg, and Q := U§61 PUsg, . Then both Q and Q have the same
symmetry pattern as follows:

SQ=SQ=1[1y,,~ln,zl,y, —21,,] Ly, — 15y, 2 gy, =211, ], (70)

where all nonnegative integers ry,...,r4,51,...,54 are uniquely determined by SIP. Note that
this step does not increase the lengths of the coefficient support of both [P and P.

(c) Support Reduction:

1: LetUg := U’ge2 and A=A := I.

2: fork=1tordo ~

Letp:= [Q}k,k:s and 5 = [Q}k,k:s-

4:  while |csupp(p)| > 0 and |csupp(p)| > 0 do

5: Construct a pair of biorthogonal matrices (B, ﬁ) with respect to the pair (p,p) by
Lemma 5 such that |csupp(pB)| + |csupp(pB)| < |csupp(p)| + |csupp(p)|-
Replace p,p by pB, Eé, respectively.
Set A := Adiag(l—;,B) and A= Kdiag([k,l , E)

end while

The pair (p,p) is of the form: ([1,0,...,0],[1,q(z)]) for some 1 x (s — k) vector of Laurent

polynomials q(z). Construct B(z), §(z) as follows:

B(z) = {q*l(z) Iﬁk} B(z) = {(1) —IQ_(;)}

10:  Set A := Adiag(l;_,B) and A ::Adiag(lk_l,é).

11: Set Q:= QA andé:: 6/&

12: end for - -~

(d) Finalization: Let U; := diag(Usg, ,/;—,). Set P, := U;A*Ug and P, := U; A*Uy.

bl

o XD

(e) Output: A pair of desired matrices (P,,P,) satisfying all the properties in Theorem 4.
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4.2 Application to Construction of Biorthogonal Multiwavelets
with Symmetry

For the construction of biorthogonal refinable function vectors (a pair of
biorthogonal low-pass filters), the CBC (coset by coset) algorithm proposed in [11]
provides a systematic way of constructing a desirable dual mask from a given pri-
mal mask that satisfies certain conditions. More precisely, given a mask (low-pass
filter) satisfying the condition that a dual mask exists, following the CBC algorithm,
one can construct a dual mask with any preassigned orders of sum rules, which is
closely related to the regularity of the refinable function vectors. Furthermore, if the
primal mask has symmetry, then the CBC algorithm also guarantees that the dual
mask has symmetry. Thus, the first part of MRA corresponding to the construc-
tion of biorthogonal multiwavelets is more or less solved. However, how to derive
the wavelet generators (high-pass filters) with symmetry remains open even for the
scalar case (r = 1). We shall see that using our extension algorithm for the biorthogo-
nal case, the wavelet generators do have symmetry once the given refinable function
vectors possess certain symmetry patterns.

Let (¢, ¢) be a pair of dual d-refinable function vectors associated with a pair of
biorthogonal low-pass filters (ag,do), that is, ¢,¢ are d-refinable function vectors
associated with ayg, ay, respectively, and

(0,0(-—k)=8K),, kel (71)

It is easy to show that the pair of biorthogonal low-pass filters (ag,dy) satisfies

d—1
> a0y(2)ap,(2) =1,  z€C\{0}, (72)
y=0

where a., and ao,, are d-band subsymbols (polyphase components) of ag and ag
defined similar to (15) by

ao;y(Z) =d1 Yez ao(k + dk)zk,

~ - € Z. 73
307(2) 1= do Sycp ok + k), T (73)

Here, d;,d, are two constants in [ such that d = dd>.
To construct biorthogonal multiwavelets in L, (R), we need to design high-pass
filters ay,...,aq—1 : Z — F™>" and ay,...,aq_1 : Z — F"™" such that the polyphase

matrices with respect to the filter banks {ag,ay,...,aq_1} and {39,a1,...,a4_1}
ago(z) - apd-1(2) ano(z) -+ And-1(2)
apo(z) - ana-1(@) |~ aro(z) - and-1e)
P(z) = : : : P(2) = : : : (74)

ad—l-;O(Z) ad—l;(;—l(z) gd—l-;O(Z) Sd—l;(;—l(z)
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are biorthogonal, that is, P(z)IN’* (z) = l4y, Where a,,;y, ap;y are subsymbols of a,,,a,
defined similar to (73) for m,y = 0,...,d — 1, respectively. The pair of filter banks
({a0,.--,ad-1},{30,...,34_1}) satisfying PP* = I, is called a pair of biorthogonal
filter banks with the perfect reconstruction property.

Let (ag,dp) be a pair of biorthogonal low-pass filters such that ay and dp have
the same symmetry satisfying (36). By a slight modification of Lemma 1 (more
precisely, by modifying (40)), one can easily show that there exists a suitable in-
vertible matrix U, i.e., det(U) is a monomial, of Laurent polynomials in F act-
ing on Py := [20:0,- - ->a0:d—1] so that P,,U and PSOU have compatible symmetry
(G = (U")™1). Note that IP,, itself may not have compatible symmetry.

Now, for a pair of biorthogonal d-band low-pass filters (ag,ap) with multiplicity
r satisfying (36), we have an algorithm (see Algorithm 5) to construct high-pass
filters aj,...,aq_1 and ay,...,aq_1 such that the polyphase matrices P(z) and P(z)
defined as in (74) satisfy P(Z)IN’*( ) = Iy,. Here, ]P’ao [20:0; - - - »a0,d—1] and I?’go =
[30:0; - - - »a0:d—1] are the polyphase vectors of ag,ap obtained by (73), respectively.

Algorithm 5 Construction of biorthogonal multiwavelets with symmetry

(a) Input: A pair of biorthogonal d-band filters (ag,ap) with multiplicity r and with the same
symmetry as in (36).

(b) Initialization: Construct a pajr of biorthogonal matrices (U, 0) in F by Lemma 1 such that
both P := P, U and P= ]Pao
coefficients in [ having compatible symmetry: SP = SP = [e124,...,67]TSO for some
ki,...,k, € Z and some 1 x dr row vector 6 of Laurent polynomials w1th symmetry.

(c) Extension: Derive (P,, P,) with all the properties as in Theorem 4 from (P, ]P’) by Algorithm 4.

(d) High-pass Filters: Let P := P, U* = =1 (amy)o<m,y<d—1» P:= ]P’ U =: (@Qm;y)o<m,y<d—1 as in
(74). Form =1,...,d — 1, define high-pass filters

U= (U*)~1) are matrices of Laurent polynornials with

ldl

am : z am; 'y(z s am(z = - z am; ]/(Z (75)

(e) Output: A pair of biorthogonal filter banks ({ag,ar,...,ad4_1},{20,a1,...,a4_1 ) with sym-
metry and with the perfect reconstruction property, i.e. P,P in (74) are biorthogonal and all

filters a,;,a,, m = 1,...,d — 1, have symmetry:
am(z) = diag(ef'z%T , ... g1'29 )a,, (1/z) diag(e;z~1,..., 62 ), 76)
an(z) = diag(e]'z",..., &% )a,,(1/2) diag(£1271,..., &2 )

where ¢! := (k]' —k¢)+co € Rand all e)' € {—1,1},k}' € Z,for £ =1,...,randm=1,...,d—
1, are determlned by the symmetry pattern of P, as follows

12, e el el AT e 1 TS = SP,. an

Let (¢, ) be a pair of biorthogonal d-refinable function vectors in L, (R) asso-
ciated with a pair of biorthogonal d-band filters (ag,3g) and with ¢ = [¢y,...,¢,]T,
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0 =[o1,..., ¢r] . Define multiwavelet function vectors y™ = [y, ..., y"|T, gy =
[yr,...,yM T associated with the high-pass filters a,,a,, m = 1,...,d — 1, by

PP(E) = an(e 6)P(E). FM(dE) = Fnle 9)D(E). £ € . (78)

Itis well known that {y',... w9~ y! ... 91} generates a biorthonormal multi-
wavelet basis in Lp(R). Moreover, since the high-pass filters aj,...,
ad—1, al,...,aqd—1 satisfy (76), it is easy to verify that each y" = [y7",..., v T,
vy =[yp,..., T defined in (78) has the following symmetry:

yilel =) =iyl (G =) =g'ys L YR ) =g o,
vl =) =€y, p( =) =& (e =) = gy

In the following, let us present an example to demonstrate our results and illus-
trate our algorithms.

Example 3. Let d = 3,r = 2, and ag,ap be a pair of dual d-filters with symbols
a0(z),30(z) (cf. [13]) given by

_ L tan@an@| ~ ., 1 Tlan(z) anlz)
20(2) = 54 L B0() = ey | S D203
243 | a21(2) an(z) 34884 | ax1(z) axn(z)
where
an(z) = —21z72 430z +81 4147522,
an(z) =607 +84—472 +473,
an (z) =472 1484246027,
an(z) = —5z""+ 14481243022 212,
and
a1 (z) =129272 42,8447 ' +17,496 2,590z — 1,284 7% + 1,866 2%,
A12(z) = —4,773772 49,6827 +8,715—2,961 7+ 38622 — 9697,
a1 (z) = —969772+3867"' —2,961+8,715z+9,6827 —4,7732°,
(

an(z) =1,866772—1,28477" +2,590+ 17,4962+ 2,8442> + 1,292 7.
The low-pass filters ay and ay do not satisfy (36). However, we can employ a very
simple orthogonal transform £ := [ L } to ag, ag so that the symmetry in (36) holds.
That is, for bo(z) := Eag(z)E ! and by(z) := E~'39(z)E., it is easy to verify that by
andgo satisfy (B6)withc) =cp = 1/2 andeg; =1, =—1.Letd=d d> withd; =1
and d> = 3. Construct ]Pbo = [b();(), b();l, b();z] and ]INDBO = [B();(),B();] ,B();z] from by and

Bo. Let U be given by
zh 0z 000

0z'0z'00
U—| 1 0 -1000
01 0 -100
00 0 010
0 0 0 001
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and define U := (U*)"!. Let P := Py, U and P:= EDEOG' Then we have SP = SP =
7!, =z 1T[1,—1,—1,1,1,—1] and P, P are given by

p m(l+1) m(l-1) -1  ns ns(l+1) ne(1-1)
=c 1 1 1 1 1 NE
1(1=2) ma(1+43) 314 2) 22a(1 = 2) tas(1 = 2) ta6(1 +3)
B_z m(l+ ) m(-Ha(1-1)  7a  fs(1+1)he(1-1)
=C|~ 1y~ 1\~ 1\~ 1\~ 1y~ 1y |
n1(1=2) (14 2) a(1+ ) 2a(l = 2) tas(1 = ) f6(1 + )
where ¢ = &,E: ﬁ and 7j;’s, thk’s are constants defined as follows:
t =162, t1p = 34, t13=—196, t14=0, t15 =81, tie =29,
1 = —126, 1ty =—14, t13 =176, thy = —36, tis =—99, tie = —31,
;112578147 ;12:_176157 ;i3:_771607 ?14207 ;15:578147 ;16:275847

1 =—5,551, 1) =5,808, f13="7,740, 1y =—1,358,15=—6,712, 116 = —4,254.

Applying Algorithm 2, we obtain P, and f”e as follows:

(i (1+ D) (1= n3(1-1) 0y ns(1+1) n6(1-1)
(1 =1 o1+ 1) ta(141) a(1 = 1) s(1 = 1) (1 +1)
P,—c B1(1+32) (1 —2) 133(1—2) 3a(1432) t3s(14+32) 136(1 = 3) ’
141 0 0 f44 t45 0
0 152 153 0 0 156
| te1(1— %) te2(1 +%) t63(1 +%) tea(1 — %) tes5(1 — %) te6(1 +%)_

where all ¢;;’s are constants given by

472 148
t31 =24, lsz—f, l33—*f7
112
134 = — t35 = —24 fap = — ——
34 36, 35 ; 36 77
L _1.09998 94,041 L 1,09,989
H7T TS 0 T TE33 BT TS
16,09,537
ts) = 4—06L07 t53 = 323(:07 156 = 1, 142L07 co= W,

te1 = 24,210cy, ter = 14,318¢y, te3 = —11,807¢y, tes = —26,721cy,
tos = —14,616c1, tes =—1,934c;, i =200/26,163.

And

—~

w
—~

—~

~—

[0 (1+1) 71

~—

SIS =M
[l Y

~—

fy  hOs(1+1) e
D1 (1= 1) Do u(1- Y hs(1-1) 1
5 31(1+1) 13 13414 7) 13514 1) 136
[ 0 0 fa4 145 0
0 152 153 0 0 156
761 (1— 1) To(1+ 1) 763 (1 4+ 1) Toa(1— 1) Tes(1 — 1) Ze6 (1+ 1) |

—~
=)}
—~

— [ — =
2= = 2 =
~—

— | —_ =
29 = = 2 =
~—

— | —_ =
29— = 2 | —
~—

—~
~—
—~
~—
—~
~—
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where all ?jk’s are constants given by

Xiaosheng Zhuang

T3 =3,4830), I3 =37,427¢0, 133 =4,3420), = —12,2228,
- ~ 8,721

t3s = —3,483¢cy, 136 = —7,267, =

35 3,483co, 36 67, <o 1.264°

T = 5,814, T =1,1628, T1s = —1,1628,

~ ~ ~ - ~ _ . 12,680,011
152 = 3¢y, ts3 = 2cy, ts6 = 10cy, T
o1 = 18,203G2, e = 1,01,5950,, fe3 = 1,63852,  fes = —33,950G2,
~ - ~ . . 26,163

tes = —10,822¢5, 166 = —36,582¢,, =\

65 0,822¢c5, 166 36,582c;, 3.13.200

Note that P, and ]INDe satisfy

S]P) _S]P) _[ y =% 17271515_17_Z71]T[15_17_151515_1]'

From the polyphase matrices P := P,U* and P := P,U*, we derive high-pass filters
bi,by and by, b, as follows:

bh(Z) b%z(z) b%l(z) b%z(z)
bl(Z) = bl bl ,bQ(Z) = b2 bZ )
21(2) b (2) 51(2) b (2)
where
b0 = 199 125 5 4, 19 4, 125
1 6,561 ' 6,561 81° ' 6,561 8l 6,561
361 125 56 361 56 125
Bl _ _ 3 2 —1 -2
1200 =~ 56T T 6561°  6.561° T 6.561° 6.561° T 6.561°
679 679 679 387 387
bho(2) = 3 _ 2 i :
213 = 37557 T3 708° 1.509° " bin(e) = 21325 2132
b2, (2) = ¢3(3232° —323z),
% (z) = ¢3(4062° +2,2842% +4067),
b3 (z) = ca(—36,017 4 12,4033 —29,2327% 4+ 36,0172 +29,2327 " — 12,403772),
b}, (2) = c4(41,039 — 12,4037% — 3,8687% + 41,039z — 3,868 ' — 12,403772),
27 50
3=————, C4=———.
3732,19,074° 7 63,57,609
And
- 71 1 - 72 2
bi(z) = 2%1(1) éiZ(Z) ba(z) = %1(1) ééz(z)
) )
bzl(Z) bzz(z) bzl(Z) bzz(Z)
where
o= 859 | 7.825 ; 3483 , 859 3483 , 7835
= 7177056 T 17,056 ° 8,528~ 17,056 © 8,528 ' 17,056 -
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49,640 25,205 ; 559 , 49,649 559 ., 25205
17,056 ' 17,056~ 656 ' 17,056 ' 656~ 17,056~ '

- 1 - 1
bh(e) = £ (& +2-22%), bp(2)=3( —2),

b (2) = 263(2° —2),

bly(2) = -

- _ 39,257

b2(2) = 3323 + 1022 +32), & = TRIE

o 200 HSB 5 1623 5 993 16230 ., 958
287 70770,560 ¢ 8,52,800 © 4,26,400 ' 1,70,560 < 4,26,400 ©  8,52,800
B LT 0S8 o 420, 8L3M 421, 4058

2= 1770,560 T 1,70,560 © 32,800 ' 1,70,560 ° 32,800° ' 1,70,560 °

Then the high-pass filters by,b, and by,b, satisfy (76) with cl=dc =12,

811 =1 821 =1and c% = C% =3/2, 811 —1 821 = —1, respectively. Using E, we can
define al,az and 3,2, to be the high-pass filters constructed from by, bz and b1, bz
byal( ) 1b1( )E,az = 1b2Eandal( ).—Ebl( ) , .—Esz 1.

See Fig. 4 for graphs of the 3-refinable function vectors ¢, ¢ associated with
the low-pass filters ag, ap, respectively, and the biorthogonal multiwavelet function
vectors ', y? and y!, Y2 associated with the high-pass filters a;,a, and 3,325, re-
spectively. Also, see Fig. 3 for graphs of the 3-refinable function vectors 1, 7 associ-
ated with the low-pass filters by, by, respectively, and the biorthogonal multiwavelet
function vectors ¢!, ¢2 and ¢!, 2 associated with the high-pass filters by, by and
bl, b2, respectively.

05 0 05 1 15 1 05 0 05 1 15 -1 05 0 05 1 15 05 1 15 05 1 is 21 05 0 05 1 15

4|

b b Lo 4N e s

-
05 0 05 1 15 -1 05 0 05 1 15 -1 05 0 05 1 15 05 1 15 0 05 1 15 -1 05 0 05 1 15

Fig. 3: Graphs of ¢ = [¢1, %", ' = [y],w3]", and y* = [y}, y3]" (10p, left to
right), and ¢ = [¢1,¢o]", ¥' = [y{, Y], and y* = [y, y3]" (bottom, left to right)
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-05 -05
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-1 -1 -10 -12 - -3 -3
- 05 0 05 1 15 -1 05 0 05 1 15 -1 05 0 05 1 15 -1 05 0 05 1 15-1 05 0 05 1 15 -1 05 0 05 1 15

-4 -3
g1 05 0 05 1 15:1 05 0 05 1 15 1 05 0 05 1 15

Fig. 4: Graphs of n = [7717772] Cl [CpCz] andCZ [CpCz] (top, left to right),
and 1 = [71, 2] 7, gl [gl,gz] and gz [gl,gz] (bottom, left to right)
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