MA4523 (Introduction of Finite Element Methods)

1 Variational formulation of an one-dimensional model.

We consider the following two-point boundary value problem

—u"(z) = f(x), x € (0,1)
u(0) =u(1) =0 (1.1)

which arises from many physical applications.

1.1 Physical models.
An elastic bar
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Figure 1: An elastic bar

o(x) : traction at x;
u(zx): tangential displacement at x;

f(x): load.
Hooke’s law: —o = Eu/,
Equilibrium equation: o=f

where F is a physical parameter dependent upon the physical material.
Then, we have

(B (2) = [(2)

or

when F is a constant.
The boundary conditions are

An elastic cord

A heat-conduction model
u(x) : temperature at x;
f(x): heat source of intensity;
q: heat flow.

Fourier’s law: —q = ku/
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Figure 2: An elastic cord

heat source f(x)
C O

Figure 3: A heat-conduction model

Conservation of energy: ¢’ = f
where k is a physical parameter.
Then we have

—'(@) = f(@)/k.

The boundary conditions depend upon physical models, such as Dirichlet boundary conditions

1.2 Finite difference method.
The basic idea in FD is to approximate derivatives by divided difference. Let {z,}Y_ be a
partition (mesh) on [0, 1] where

O=xp<rm<..<zxzy_1<zy=1.
For simplicity, we assume that the mesh is uniform, i.e.,
xH_l—xi:h, i:O,l,...,N—l.

Then we have 2 +
o Wil — 245t
ul/(xj) ~ h2
where w; is the numerical solution at =}, i.e., u; =~ u(x;). Using the above formula in (1.1),
we obtain

St M f() = 0,1, N — 1
ug =uny = 0.

In a matrix form, the system can be given by

2 -1 (5%
11 -1 2 -1 Uy
— = F
h? ‘
-1 2 UN-1



Solve the above system to get the finite difference solution {u;}.

Remarks:
e A is nonsingular matrix and the system has a unique solution.
e The error is O(h?) and it is called second-order method.

1.3 Finite element method (FEM).
Some notation: Let v(x) and u(z) be defined in [0, 1] and

(v, u) = fol v(x)u(z) dx
Vo = {v(z)|v piecewise smooth and v(0) = v(1) = 0} .

It is obvious that if u(z) is solution of (1.1), then u € V.
For the model problem (1.1), we define the linear functional F': Vj — R (real number) by

Fl) = 3, o)~ (£, v).

There are three equivalent problems:
Differential equation:

—u"(z) = f(x), xz € (0,1)
w(0) = u(1) = 0. (D)
Minimization problem:

Variational problem:
Find u € Vj such that for all v € Vj

(', o) = (f, v). (V)

The proof of equivalence
(i) (D) — (V)
Assume that u(z) is a solution of (D). Then

—u"(z) = f(z) and wu(0) =wu(l)=0.

For any v € Vg,

Using integration by part,

Since v(0) = v(1) = 0, we have

i.e., u(x) is a solution of (V).
(i) (V) — (M)



Assume that u(z) is a solution of (V). Then for any given v € Vj, we set w = v — u so that

v = w + u and therefore,

F(v)=F(w+u) =3 +w', v +w') - (f, u+w)
s ) = (f, ) + (s w') = (f, w) + 5(w', ).

Since u is a solution of (V), (v/, w') — (f, w) = 0 and the last equation becomes
1
F(v) = F(u) + 3 (u', w/) > Fu)

which implies that u(z) is a solution of (M).
(iii) (M) — (D) (We follow (M) — (V) — (D))
Assume that u is a solution of (M). Then for any v € Vj and real number €, u + ev € Vj and

F(u) < F(u + ev).

Let g(e) := F(u + ev). Then
Lo 1o e

9(€) = Flu+tev) = 5(u', u) + (', ') + 5 (v, v)) = (f, w) —€(f, v)

g(e) has the minimum at ¢ = 0. The necessary condition ¢'(0) = 0 is

and ¢(0) < g(e), i.e.,
satisfied and is written by

d0)= (V)= (f,v)=0 forany v € Vj.

Thus wu is a solution of (V). To prove that u(x) is a solution of (D), we need to assume that

u € C?[0,1]. By integration by part,

i.€.,
1
/ (W' + flvde =0 for any v € Vj.
0

Hence,
—u"(z) = f(x) and w(0) =u(l) =0

where we have noted that C2[0,1] C Vp. So u is a solution of (D).
In general, we define a(u,v) being a bi-linear form. In this simple case,

a(u,v) = (u', v')
which can be obtained by using integration by part for the original differential equation. For

the bi-linear form, we can define

and the variational form can be written by

a(u,v) = (f,v).



Remarks
e The basic idea of finite difference method is

Differential equation ======> finite difference system

by replacing the derivatives with divided finite difference. The basic idea of finite element
method is to solve the (M)-model or (V)-model numerically instead of the original differential
equations.

e It should be noted that the corresponding minimization problem is different from those
classical minimization problems in calculus. Here F'(u) is a functional defined on Vj, a infinitely
dimensional space.

Example

mingerf(z) = x? — 2z + 2.

Here we need to find the minimum for z € R'. The set R! is an one-dimensional (linear vector)
space. By using classical results in calculus, the minimal point satisfies

df (x) _
W —0.

Ezxzample
ming yer2 f(T,y) == 22+ y? — 2z +2

where R? is a two-dimensional (linear vector) space. The solution satisfies

of (x,y)
- dr =0
of (z,y)
Ty _0

Similarly, for a minimization problem in N-dimensional space R

min  f(x).

xcRYN

The necessary condition is
9f(x)
(9::3@-

However, in the (M)-model, Vj is a infinitely dimensional space. The above formulas are no
longer true. In fact, it is more difficult to solve such a functional minimization problem (M). The
basic idea of finite element method is to approximate the infinite dimensional space by using
finite dimensional space V.

=0 i=12.,N.

Ezample Let u(z) be a smooth function in [0, 1]. Its Taylor expansion is given by

w(z) = u(0)+zu'(0) + ... + %N!u(N)(()) + R(u)
= t(z)+ R(u)



where R(u) is the residual of the Taylor expansion and t(x) is a polynomial of degree N.
t(z) is a good approximation to u(x) when N is large enough. Let Viy be a polynomial space

defined by
N-1

Vv = {vjv = Z o'}
=0

which is an N-dimensional space. We consider the following minimization problem in a finite

dimensional space

instead of the original (M)-problem. We can expect the solution of the above minimization
model is a good approximation to the solution of original (M)-problem (or differential equation
problem) when N is large enough. This is the basic idea of FEM. In fact, the problem (1.2) is
equivalent to

N—-1
in F ! 1.
min (§ a;z’) (1.3)

which can be solved by using classical methods in calculus.
By some basic results in linear algebra, for any N-dimensional space Vi, there are bases
oi(x) € Vy,i=1,2,..., N, such that for any u € Vi,

M
i=1

The major problem is how to choose the finite dimensional space, i.e., the basis functions ¢;,
such as siniz, cos iz and polynomials. The corresponding minimization problem and variational
problem in a finite dimensional space can be given as follows.

min F() (My)

which is called (My)-model (the method based on the model is called Ritz’s FEM method) and
The corresponding variational model is: to find u € Vy such that for all v € Vi

(', v") = (f, v) (Vn)
which is called (Viy)-model (the method based on the model is called Galerkin FEM method).

1.4 Piecewise linear polynomial approximations.
Most interesting basis functions are piecewise polynomials. We consider the model problem
here. Let {x;} be a partition (mesh) on [0, 1] where

O=xg<1 <--<zy1<zy=1

which divides the interval (0,1) into N small pieces (element). For simplicity, we assume that
the mesh used is uniform, i.e., z;11 — x; = h. A piecewise polynomial is a polynomial at each
piece.

The functions ¢;(z), i = 1,2,---, N, are the bases of piecewise linear polynomial space if
¢;(x) is continuous and piecewise linear and satisfies

e ifi=j,
‘Mm’)_{o ifi7,



Obviously the piecewise linear basis functions can be expressed by

A x € (zj1, x5),

R
¢]($) = g%—a: UAS (x]" ijrl)’
0 other .
K1 K Ka

Figure 4: The basis function of linear element (¢;(x)).

The solution of piecewise linear FEM.
General formulas.
We consider the minimization model (My). Let

N
u(z) = Z a;oi(x)
j=1

where ¢;, j = 1,2,..., N, are the basis functions of piecewise linear polynomial space as defined
above. Then

N 2 1 N
F(u) — %/01 (Z a]gb;(x)) dx —/0 f(x) (]Zlajgbj(x)) dx

and

The minimal solution satisfies the necessary condition % = 0. In a matrix form,

N
Z aijaj = bz‘
j=1

or

Aa=1b



where A = (a;j) be an N x N symmetric matrix, called stiffness matriz and b = (b;) be a vector,
called load vector and

aij = /01 Gi(x)di(x)de by = /01 f(x)pi(z) 4,7=1,2,..,N.

The formulas for linear FEM. For the piecewise linear basis functions,

1/h r € (zj-1, 75),
¢i(x) =4 —1/h T € (x5, Tjt1),
0 other .

and
= [y &(x)d}(x) dz = 2/h
Qi = ai-1i = Jo ¢}(@)9ly (2) do = ~1/h
aij =0 |i—jl>1

T; Tit1 P
b= [ f@ e [ @) .
Ti—1 T4

Hence, the FEM linear system is given by

2 -1 aj b1

1 -1 2 —1 9 b2
- = . 14

-1 2 an by

The finite element solution can be obtained by solving the above linear system in which the
coeflicient matrix is the same as in finite difference system.

Now we consider the variational model (V) (or V4,). We need to find u € Viy such that for
any v € Vy,

(W', V) = (f, v).
We choose v = ¢;(x), i =1,2,---, N, respectively. Since

N
u=7y aj¢;(x)
j=1
we have
N
j=1
i.€.,

N
Z (85, 07) = (f, &1)

which is the same as the linear system (1.4).

A (simple) error estimate.



Let u(z) be a solution of (D)-model and uy(x) be the solution of the linear FEM method.
We need to give an upper bound for

error = ||u(x) — up(z)|]

lw (@)l = [lw(@)llz2 = (w,w)"/? = \//Olw2 dz .

Theorem 1.1. Let V}, (or V) be the piecewise linear space defined above. For any v € V},

where

(= un)ll < ll(w = )]l (1.5)
Proof. Let v € V}, be arbitrary. We have

(ulfw U/) - (fa U) =0
' o) = (v =0

and
((u—up)’, v") = 0.

We set w = up, —v. Then w € V}, and

1w —=un)[I* = ((w—up), (w—wup)) + ((u—up)', w')
= ((u—up)’, (u—up+w))

= ((w—=up)’, (u—v)).

By using Cauchy’s inequality |(v, w)| < ||v|| - [Jw]||, we obtain
(=)' 1* < ll(w = wn)l| - ll(w = 0)']] -

(1.5) follows immediately. The proof is complete. i
In order to get an error estimate from (1.5), we need to choose a special v(x). Let @, be the
linear piecewise interpolation of the exact solution u(x), i.e.,

N
Up = Z u($])¢]($) eV
j=1

which satisfies up,(z;) = u(x;).
By Theorem 1.1,
(= )l < 1w — @)l -

By some results in elementary numerical analysis (numerical differentiation),

|(w—ap)|| <h- max |u(z)| = hMs
z€(0,1)

A simple error estimate for the first-order derivative is

l(u = an)'|| < hM>.



Since u(0) — up(0) =0,

and therefore,

which means that
up(x) — u(zx) as h— 0(or N — 00).

The above upper bound is not best one. The optimal error bound is
lu —un|| < O(h?).

But the proof is a little complicated.

1.5 Other two-point BVPs and boundary conditions.
Notation: Let © be a bounded domain, in this simple case 2 = [0, 1].

L2(Q) = {v|v is defined on Q and [, v*dz bounded },
HY(Q) = {vjv € Ly(R) and v’ € Ly(Q)},
H(Q) = {v|v € HY(Q) and v = 0 on 9N} .

The basic procedure of formulating a FEM is:
(i) Boundary value problem (D).
(ii) Choose a suitable bi-linear form a(u, v) and formulate the corresponding (V)-model or
(M)-model.
(ili) Choose a finite dimensional space Viy and the corresponding basis functions {¢; };VZI
(iv) Present a formula to calculate coefficient matrix and load vector in the FEM system.
(v) Present an algorithm for solving the FEM system.

FEzample 1 We consider a more general two-point boundary value problem

— i (p(0)d) + qla)u = f(x),  weQ=[0,1],

u(0) =u(l) =0. (16)

In order to get a suitable bilinear form, we use integration by part. Let v € Vy (or HE(Q)).
We have

1 d du 1 1
—/0 v(x)% <p(x)%> dx—i—/o v(x)q(r)ude :/0 v(x)f dx
and therefore,
1 1 1
/ p(x)v'u’ dx — pu'v|} —|—/ quu dx :/ v(z)fdr.
0 0 0
Then we choose

1 1
a(u, v) :/0 p(x)v/u/dx—i—/o quudz .

Since v € H}(2), v(0) = v(1) = 0 and we have
a(u, v) = (f, v).

10



The corresponding (M)-model and (V)-model are given below.

(M)-model:
1
uerlr}i}I(lQ) F(u) = ga(u, v) = (f, v)
(V)-model: Find u € H}(2) such that for all v € H(Q)
a(u, v) = (f, v).

Ezample 2

—u" = f(x), xz € (0,1)

w'(0)=4'(1)=0
We have

1 1
—/ u"vdx:/ fvdx.
0 0

1 1
/ u'v' dz — (u'(1)v(1) — ' (0)v(0)) = / fodz.
0 0

Using integration by part

since no boundary conditions are imposed in V. We choose V' = {v|smooth} and the mesh
{xj}j.v:"(')l. ¢j, 7 =0,1,..., N, denote the piecewise basis functions.

K1 K Ka X X N X

Figure 5: Linear elements

X XX
Figure 6: Linear elements

For any u € Vi, u =3, ga;p;(x). Let v = ¢;(z). Then

N 1 1
]Zo | astigidn = [ @) do

11



The corresponding linear system is

1.6 Other approximation.
FEM methods depend upon the choice of basis functions ¢;. There are many different

choices.
polynomial spline (piecewise polynomial approximation);
global polynomial approximation;
orthogonal functions, sin j7z and cos jrz.

Ezxzample. Quadratic FEM. Let
0=xo<Z1--<Iy1<zZny=1

be a partition on [0,1] and each subinterval [Z;,Z;;1] defines an element. To form a quadratic
interpolation, let zo; = Z; and xg;41 = (Z; + Tj41)/2. We can define piecewise quadratic
Lagrange basis function ¢; satisfying

* quadratic polynomial in each element (z2;_2, 22;);

* (i) = b5

Let 0 = 29 < x1--- < zan—1 < 2y = 1 be a uniform mesh and ¢; be the quadratic basis
functions. Then

(z—wgj1)(x—T252)
( . o . ) x € (w252, T25),
. — T—T2j41)(T—T2j42
Poj(x) = Lt gt x € (225, T2j4+2),
0 other
(x—m2j—2)(T—T2;)
¢ . (.%') _ thQ / HARS (ij—27 ij)a
-1 10 other
q)zj ¢2j'1
\ | !
xzj—l mzj .'112j+1 m2j+2 :Ezj 2 2j-1 wzj

Figure 7: The basis functions of quadratic element.
1.7 Element stiffness matrix.

12



For an one-dimensional problem (simple model (1.1) or general model (1.6)), the stiffness

matrix can be obtained by
aij = a(Pi, ;)

where a(, ) denotes the corresponding bilinear form. However, formulas become much more
complicated in multi-dimensional space. In most computer program, one uses a so-called element
stiffness matrix technique, in which one first generates an element stiffness matrix for each
element and second, assemble them into the (global) stiffness matrix.

In order to present the formulas of element stiffness matrix and the procedure of algorithm,
we consider the simple model problem

—u" = f(x) xz € (0,1)
u(0) = ap,u(l) = a;
with four linear elements denoted by Ki, k = 1,2,...,4, where the parition is defined by the

mesh points, zg, [ =0,1,,,,4.
Multiplying v € H(Kj) in the equation and using integration by part,

Tk Tk T
/ UV dT — ULV = / fudx, k=1,2,3,4.
Tp—1 Tp_1 Tp—1
Let
u = ap_10k—1(z) + apdr(x), T € [Tp_1, T4

and choose v = ¢p_1(x), pr(x), respectively. Then

T Tk
/ (Qp—10_1 + Qrd)) O _1dz + ug(zr_1) = / for—1dx,
x Tp_1

k—1

/xk (ap-10)_1 + apdy)Ppdr — ug(zy) = /xk fordx

k—1

Let
= [ 6ol iz o= [ i(w)de i =1,2;
ij = ftim2(T) Py j_o () d P = f(@)pppi1(z)dr i,5 =1,2;
Tr—1 Tp—1

We have the linear system for the elment Kp,
oty afy) | [ ous L k) | ")
o) o) | [ o —u/ () aQ

AE Q®) L 5E) _ )

or

where A®) is the clement stiffness matrix and o) the element loading vector for the k-th
element.

Adding the second equation in k-th element system to the first equation of k + 1-th element
system, we obtain

k k k
agi%) k a§2)k 1 kO 1 Ykl wlwg-1) k bg )k 1
K ol PO I A B PTIES
0 aé’iﬂ) ag;H) Qg1 _ul($k+1) bgk+1)

13



and moreover, we have the global system

r 1 1 7] r 1 7]
ag (1>a§2) 2) & o (1>b§) 2)
(31 Gy + ajq a9 o u' (o) by + by

0 A e o || 0
o0 g ||| e ]|
0 0 0 af) ol | L Y

Using the boundary conditions u(0) = ag,u(1) = a1, finally we obtain a system of three equa-
tions,

ol ol a] [ — oy
I bt B B R B R P
o) @ L] [ et

For the computation of element stiffness matrices and element loading vectors, we introduce
the change of variable x = x;_1 + th, by which,

b _ 1t

of =5 [ S a

k 1 n

0 = n [ e ma0a i =1,2
0

where ¢1(t) and ¢2(t) are two standard basis functions defined in (0, 1).

o —— — _ 2
.e.
N

Figure 8: Two basis functions, ¢; and ¢9(z), for the element K.

Step I. Generate element stiffness matrices and element loading vectors. On K}, we have

o) =-1  @h(t)=1.

Then
1 st 1
aiy =af =5 [ (G1(0)Pde =5
1 1. - 1
alh) = aly) = > | d1(t)dh(t) dt = e
(k) ! (1) !
b =n [ ftn)éit)dt B =h | fth)da(t)dt

14



and
1 1 -1 b
A = — b =

Step II. Assemble the global stiffness matrix.

el 1 7 - 1 .
aélli (1)ag2) (2) (2) (Ubg | (2)
apy Aoy + Gy ajy by’ + by
| R gl W - |
as)  a) Z)aﬁ) a% o) z)bf‘)
L asy Qg | L by

Step III. Condensation. By the boundary conditions oy = ag and ay4+1 = a1, we have the
FEM linear system A« = b. In the simple case with uniform mesh h,

Step IV. Solve the linear system to obtain the finite element solution.

Remarks. One can obtain the same linear system as before by using the above technique.
In the computing ag?), one only needs to calculate the integrals at each subinterval and the
formulas are easy to extend to more general problems and complicated boundary conditions.
For a given problem, the bilinear form a(u,v) is an integral in the interval (0,1). If we define a

local bilinear form ay(u,v) in the same form as a(u,v) in the kth subinterval. Then

Now we use a quadratic finite element method for solving the above model with two elements,
K7 and K5. In this case, h = 0.5. In each element, there are three basis functions

o —0B)(t—1) - Ht—1) - . t(t—05)
P1(t) = o5 Pa(t) = o2 P3(t) = o5
and % —1.5 2% —1 2% — 0.5

Step I. On K7, we have

afy = %/01(% —1.5)%dt = g
a%) = %/01 4(2t — 1)%dt = g
a:%) = %/01(275 —0.5)%dt = g
afy = %1 /01 2(2t — 1.5)(2t — 1)dt = _g

1 ! 1
) = [ - 1)t - 05)dt = ¢

1 1 A
aby = 7/0 2(2t — 1)(2t — 0.5)dt = —5

15



and

1 t—05)(t—1
B =g / F(xo +th)(—)()dt,
0.5
(1 _ 1)
by’ =h / xo + th _0 52 —=dt,
b\ = h/ Flao + th)ﬂdt
0 0.5
For K5, we have
As =4y
and similalry we can calculate b(2).
Step II. Assemble the symmetric global matrix
o 1 1 T r 1 T
. g
~ 22 a23 - b
- O R A P
2 2 2
EIE:
L a3z | b3

Step II1. By the boundary conditions ag = ag and oy = a1, the final global matrix and global
loading vector become

1 1 1 1
as)  aly b — afyag
AT | o= | e -l
(2) b(2) (2
%) 2 Qg3 a1
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