
4 Further Applications

4.1 Linear Elasticity in two-dimensional space.

1. Basic equations: Stress equations:

∂σ11

∂x
+

∂σ12

∂y
+ f1(x, y) = 0

∂σ12

∂x
+

∂σ22

∂y
+ f2(x, y) = 0

Stress-stain relation:

σ11 = (2µ + λ)ε11 + λε22

σ12 = 2µε12

σ22 = (2µ + λ)ε22 + λε11

where

εij =
1

2

(

∂ui

∂xj

+
∂uj

∂xi

)

, i, j = 1, 2,

x1 = x, x2 = y, σij and εij are the stress and strain, respectively and ui represents the displace-
ment in xi-direction.

General Green formula:

∫ ∫

Ω

(

∂Q

∂x
−

∂P

∂y

)

dxdy =

∫

∂Ω
(Pdx + Qdy) (4.1)

2. Variational model. Let v1, v2 ∈ H1
0 . We have

∫ ∫

Ω

(

∂σ11

∂x
+

∂σ12

∂y

)

v1dxdy = −

∫ ∫

Ω
f1(x, y)v1dxdy

∫ ∫

Ω

(

∂σ12

∂x
+

∂σ22

∂y

)

v2dxdy = −

∫ ∫

Ω
f2(x, y)v2dxdy

and moreover,

∫ ∫

Ω

(

∂(σ11v1)

∂x
+

∂(σ12v1)

∂y
− σ11

∂v1

∂x
− σ12

∂v1

∂y

)

dxdy = −

∫ ∫

Ω
f1(x, y)v1dxdy

∫ ∫

Ω

(

∂(σ12v2)

∂x
+

∂(σ22v2)

∂y
− σ12

∂v2

∂x
− σ22

∂v2

∂y

)

dxdy = −

∫ ∫

Ω
f2(x, y)v2dxdy

Using the general Green formula with Q = σ11v1 and P = −σ12v1 in the first equation gives

∫ ∫

Ω

(

σ11
∂v1

∂x
+ σ12

∂v1

∂y

)

dxdy −

∫

∂Ω
v1(−σ12dx + σ11dy) =

∫ ∫

Ω
f1(x, y)v1dxdy

and using the general Green formula with Q = σ12v2 and P = −σ22v2 in the second equation
gives

∫ ∫

Ω

(

σ12
∂v2

∂x
+ σ22

∂v2

∂y

)

dxdy −

∫

∂Ω
v2(−σ22dx + σ12dy) =

∫ ∫

Ω
f2(x, y)v2dxdy
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Let

εij(v) =
1

2

(

∂vi

∂xj

+
∂vj

∂xi

)

Then
∫ ∫

Ω
(σ11ε11(v) + 2σ12ε12(v) + σ22ε22(v)) dxdy −

∫

∂Ω
(v1T1 + v2T2)ds =

∫ ∫

Ω
(f1v1 + f2v2)dxdy

(4.2)
where T1 and T2 define the tractions on boundary.

If we have the boundary conditions

u1 = u2 = 0, on Γ1

Ti = gi, on Γ2 (4.3)

where ∂Ω = Γ1 + Γ2.
The variational model is to find u1, u2 ∈ H1

0{u|u = 0 on Γ1} such that

a(u, v) = (f, v), v ∈ H1
0 (4.4)

where

a(u, v) =

∫ ∫

Ω
(σ11ε11(v) + 2σ12ε12(v) + σ22ε22(v)) dxdy −

∫

∂Γ2

(v1g1 + v2g2)ds

and

(f, v) =

∫ ∫

Ω
(f1v1 + f2v2)dxdy .

The minimization model is:
min
u∈H1

0

F (u)

where

F (u) =
1

2
a(u, v) − (f, v) .

3. FEM for elasticity. Let VN be the finite dimensional FEM space and {φj}
N
j=1 be the

base of the space. Then the finite element method is to find u1, u2 ∈ VN such that

a(u, v) = (f, v), v ∈ VN (4.5)

Let u1 =
∑

α1jφj and u2 =
∑

α2jφj . Then

σ11 = (2µ + λ)
∂u1

x1
+ λ

∂u2

x2

σ12 = µ

(

∂u1

x2
+

∂u2

x1

)

σ22 = (2µ + λ)
∂u2

x2
+ λ

∂u1

x1

Choose

v = v1i =

(

φi

0

)

and v = v2i =

(

0
φi

)

,
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respectively. We have the system

a(u, v1i) = 0

a(u, v2i) = 0,
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4.2 Parabolic PDEs

Here we consider numerical solutions of a simple model problem

ut = uxx, x ∈ (0, 1), t > 0 (4.6)

u(0, x) = u0(x), x ∈ (0, 1)

u(t, 0) = u(t, 1) = 0, t > 0 (4.7)

where u0(x) is given.
1 Semi-discrete FE for parabolic PDEs. To formulate a finite element method, we

need a variational model for the parabolic PDE.
Let v ∈ H1

0 and
(ut, v) = (uxx, v)
(u(0, x), v) = (u0, v)

Using integration by part,
(ut, v) + a(u, v) = 0
(u(0, x), v) = (u0, v)

(4.8)

where a(u, v) = (ux, vx).
The corresponding variational model is: Find u ∈ H 1

0 such that for all v ∈ H1
0 , the above

equation holds. Theoretically, we can prove the equivalence of the parabolic PDE and the
variational model.

The variational model for FEM is to find u ∈ Vn such that for all v ∈ VN , the equation (4.8)
holds.

Now we consider the linear FEM. Let {φj}
N
j=0 be the basis functions of linear FEM. Then

u(t, x) =
∑

αj(t)φj(x), ut(t, x) =
∑

α′

j(t)φj(x) .

Let v = φi(x), i = 1, 2, ..., N ,

(
∑

α′

j(t)φj , φi) + a(
∑

αj(t)φj , φi) = 0

(
∑

αj(0)φj , φi) = (u0, φi)
(4.9)

equivalently
∑

α′

j(t)(φj , φi) +
∑

αj(t)a(φj , φi) = 0
∑

αj(0)(φj , φi) = (u0, φi) .
(4.10)

In matrix form,
Cααα′ + Aααα = 0
Cααα(0) = b

(4.11)

where
aij = a(φj , φi), cij = (φj , φi) bi = (u0, φi)

or

A =
1

h
A1, C = tridiag(1/6, 2/3, 1/6), A1 = tridiag(−1, 2,−1)

ααα = (α1(t), α2(t), · · · , αN (t))T ααα′ = (α′

1(t), α
′

2(t), · · · , α
′

N (t))T .

(4.11) is a system of ODEs. In fact, in terms of FEM approximation in x direction, we reduce
the parabolic PDE to a system of ODEs. One can use classical ODE solvers for solving the
resulting ODE system. Thus such a scheme is called the semi-discrete method.

47



2 Fully discrete FE for parabolic PDEs. There are many different fully-discrete
schemes. Here we only consider some FD schemes for t direction. If we use the approximation
in (4.8), the variational model is to find u ∈ VN such that for all v ∈ VN ,

(

un+1(x)−un(x)
τ

, v
)

+ a(un(x), v) = 0

(u0(x), v) = (u0, v)
(4.12)

The variational model for FEM is to find u ∈ Vn such that for all v ∈ VN , the equation (4.10)
holds.

Similarly, we consider the linear FEM. Let {φj}
N
j=0 be the basis functions of linear FEM.

Then
un(x) =

∑

αn
j φj(x), .

Let v = φi(x), i = 1, 2, ..., N ,

∑

(αn+1
j − αn

j )(φj , φi) + τ
∑

αn
j a(φj , φi) = 0

∑

α0
j(φj , φi) = (u0, φi)

(4.13)

In matrix form
Cαααn+1 = (C − τA)αααn

Cααα0 = b
(4.14)

where
αααn = (αn

1 (t), αn
2 (t), · · · , αn

N (t))T .

This is the so-called the explicit Euler scheme with linear FEM.
The variational model for the implicit Euler scheme with linear FEM is to find u ∈ VN such

that for all v ∈ VN ,
(

un(x)−un−1(x)
τ

, v
)

+ a(un(x), v) = 0

(u0(x), v) = (u0, v)
(4.15)

and in matrix form, we have
(C + τA)αααn = Cαααn−1

Cααα0 = b .
(4.16)

The variational model for the Crank-Nicolson scheme with linear FEM is to find u ∈ VN

such that for all v ∈ VN ,

(

un+1(x)−un(x)
τ

, v
)

+ 1
2a(un+1(x), v) + 1

2a(un(x), v) = 0

(u0(x), v) = (u0, v)
(4.17)

and in matrix form, we have

(C + 1
2τA)αααn+1 = (C − 1

2τA)αααn−1

Cααα0 = b .
(4.18)

3 Stability.

1. Stability of parabolic PDEs
We consider model problem (4.6) and (4.7). A perturbed model problem is given by
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vt = vxx, x ∈ (0, 1), t > 0 (4.19)

v(0, x) = u0(x) + δ(x), x ∈ (0, 1)

v(t, 0) = v(t, 1) = 0, t > 0 (4.20)

where u0(x) is given.
Let e(t, x) = u(t, x) − v(t, x). In terms of (4.6)-(4.7) and (4.19)-(4.20), we have

et = exx, x ∈ (0, 1), t > 0 (4.21)

e(0, x) = δ(x), x ∈ (0, 1)

e(t, 0) = e(t, 1) = 0, t > 0 (4.22)

The model problem (4.6)-(4.7) is said to be stable with respect to the norm ‖ · ‖, if there
exist positive constants K such that

‖e‖ ≤ K‖δ‖ .

2. Stability of discrete methods
First we consider a general scheme

un+1 = Mun + f

u0 = b(given) (4.23)

where M is an N × N matrix. A perturbed system is defined by

vn+1 = Mvn + f

v0 = b + δ (4.24)

Let εn = vn − un. Then

εn+1 = Mεn

ε0 = δ (4.25)

and therefore,
εn+1 = Mεn = M2εn−1 = ... = Mn+1ε0 = Mn+1δ .

It follows that
‖εn+1‖ ≤ ‖Mn+1‖‖δ‖ .

By theorem in Linear Algebra, if

ρ(M) := max
j

|λj(M)| < 1 (4.26)

‖Mn+1‖ → 0 as n → ∞

In this case, we call the discrete method is (absolutely) stable.
For FEM, we have

A =
1

h
A1, C = h(I −

1

6
A1)
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where

A1 =

















2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2

















Theoretically, we can prove that the eigenvalues of A1 are given by

λj(A1) = 4 sin2 jπ

2(N + 1)
.

For linear FEM with explicit Euler scheme,

M = C−1(C − τA) = I − τC−1A = I −
τ

h2
(I −

1

6
A1)

−1A1 .

Then

λj(M) = 1 −
τ

h2

4 sin2
(

jπ
2(N+1)

)

1 − 2
3 sin2

(

jπ
2(N+1)

)

The scheme is absolutely stable if
τ

h2
<

1

6
.

We can study the stability of linear FEM methods with implicity and Crank-Nicolson schemes
similarly.

50


