Solutions to Assignment 1 of MA6612 (Numerical PDEs)

Q1.Define the finite difference equations
Ujp1—Uj UG U1
hjt1 hj Uj+1 — Uj—1 .
) . — f. —1...-.N
hj+12+hj +Dj hj1 + h; + qjuj = fj, J 7

Lyuj = —

Uup = a, UN+1 = bu
where p; = p(z;), qj = q(z;), f; = f(x;).
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Matrix-vector form

Au = b,
where ~ _
r 7 d1 €1 r 7 r b
U1 fi c1a
(5 2 e f2 0
u = 714 e 7b — : —
UN-1 L enet N1 0
| un ] i ox  dy | O R N
. 2 + hjpj . 2 . 2 — hj+1pj
G Tyt he) Y T Wl Y T Ty 4 hyay)
j(hj + hjy1) jlvj+1 ja1(hg + hjg1)

If maxh; = xj —xj—1 < 2/p*, then the matrix A is strictly diagonally dominant. So the uniqueness
is obtained.

Q2.
Uj—1 — 2Uj + Ujy1 Ujy1 — Uy
Lpuj = — ’ hgj a +q; o h L= i Uo = 9o, UN+1 = g1-
Matrix-vector form
Au = b,
where
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Consider the following diagonally scale of A,
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cod1 agdy  eads
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en—1dn
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where
D= diag(d17d27 T adN)

We now require d; to be such that A is a strictly diagonally dominant matrix. For the new finite
difference system
Av=AD-D tu=b,

by the proof of Theorem 1.2, we have

max _|v;| < f{{ max |Lhuj|},

1<j<N 1<j<N
with
5 1
K= .
min (lajd;| — [cjdj-1| — |ejdjt1l])

1<j<N

Then it is easy to show that

| <K Lyu;
[maxfuj] < {1%%! hug\},

with
K = ax |d]’K
1<j<N

It is easy to show using Taylor’s theorem that |Lu(z;) — Lyu(z;)] = O(h). By uy — u(xg) = 0,
un+1 — u(xy4+1) = 0, we have
= )| = O(h).
g — ()| = O(h)

o If g(x) > 0 for x € (0,1), choose d(x) = x(2 — x) and d; = d(jh) = jh(2 — jh). Then

lajdj| = lejdj1| = lejdjn| = %{(2 — hg;)(2jh — j°h%) = 2(j = Dh+ (j — 1)°h?
—(1 = hg;)(2(j + Dh = ( +1)*h%)}
= 2+4+2¢; — (2§ +1)gjh > 2
Thus we have 1
K< ok
e If g(z) <0 for x € (0,1), choose d(z) =1 — 2% and d; = d(jh) = 1 — (jh)%. Then

1 . .
lajdi| — |cjdj—1] — |ejdjt1]| = ﬁ{@ — hg;)(1 = 5°h*) — 1+ (j — 1)*h?
—(1 = hg;)(1 = (j+1)*h*)}
= 2-(2j+1)gh > 2
Thus we have 1
K < —.
< 2

e For general case, let

d(x) = /x elo (a®)=1)dt
0

and choose

Jh
d; = d(jh) = / eJi o)1)t g
0
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Obviously, )
d'(z) = elo @OV 5 gmeml @ () = (q(x) — 1)d(x).

Then for sufficiently small h,
1
lajdj| = lejdj—1l = lejdjsal = 75{(2 = hgj)d; —dj—1 — (1 — hg;)dji1}
1
= 5212dj — dj1 — dji1 + haj(dji1 — dj)}

1 210 h4 " 2 / h3 /!
= —h d 2d (&) +h qjdj + Ede (15)

h2
1 2 U h4 " 2 h3 U
= 3P (g = Ddj) = 5d" (&) + Wogid; + 5 q5d" ()
1 h3
— h2 {thl _ 7(1,/”(5]) qjd/l(uj)}
1 —a—1
= d;+0(h) > se ,

2
where &; € ((j —1)h, (j + 1)h) and p; € (jh, (5 + 1)h). Thus we have

K < 2e*T! max |d(z)|.
z€(0,1)

Q3. Proof. Suppose A is singular. Then there exists a nonzero vector v such that Av = 0.
Without lost of generality, we assume ||v|loo = 1. Let |v;] =1, then |v;| < |vs| =1, j=1,2,--- ,n. By
Av = 0, we have

n n
|ai| < Z |aij|lvj| < Z |aijl,
j=1,j%#i J=1,j#1

which contradicts the strictly diagonally dominant condition.

Q4. Let
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By

1
IL7T)2 = |[L7YL7T ||y = Apax(L7L™T) < trace(L71L7T) = ("J;)n <n?,
2T Ar = 2T LL ¢z + 2" Doz = (LT 2)" (LT 2) + 22 > ||LT z||2
1 2
and
a'w = |a|3 = |L7TL 2|5 < ||IL7T5) L7 =3,
we have
2Tr < n?2T Ax.
Q5.(a)
a +a; h h?2 h3
% =a; + 56‘} + Za;/ + ﬁam(flj), &1 € (@5, j41),
a; +a;_ h h? h3
% == 55+ o = 50" (&y), &y € (w,1y),
u(x —u(x; h h? h3
( ]H)h (z;) = u'(z5) + 5””(%’) + EUW(%’) + ﬂuw(f{ij)a €35 € (w5, 7541),
u(zj) —u(z—1) h h? h3
J ; J =u'(zj) — §u”(xj) + gu"'(xj) — ﬂu””(@j), aj € (zj-1,xj).
By
1 (ajp1+aju(rjsr) —u(z;)  aj+aj_ u(z;) —u(zj_1) "
B { 2 h 2 I + ()
h2 " n h2 I h2 n_n h2 / n n 3
= =579 (&) +u" (&) — aju" (x5) — Trafu’(z;) — 50 () (a7 (€yy) + 0" (&) + O(RY),
thus
N f] = ) N < 2
max, [ Lpu(z;) — fil nax |Lpu(z;) — Lu(z;)| < Cih
(b)-(d)
a;—1+a; aj—1+2a; + a1 a; + a1
Lyuj = ——2——- TS Luj_y < ! 2}; : —i—qj) uj — I 2hQJ Uji1.
Matrix-vector form
Au = b,
where _ _
— - dl 61 - - — -
Uy fi 190
U2 c - P 0
u = ,A - ,b - : - :
B L _ 0
UN-—1 T eny fj}/ 1
L UN I eN dN_ | JN ] L €ENG1 |
__%-1tay _ %-1+2a5 +ajn _ % tajn
S - A T B G =TT

The matrix A is strictly diagonally dominant with no restriction on h. Then follow the lecture notes
to show the stability. Obviously, d; > 0 and ¢; = e;_1, A is symmetric.
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Q6.(a) For 1 <j < N,

h2
Lyu(xj) — fj = Lpu(ay) + o’ (z5) — quiz;) = ——u™(&), & € (zj-1,7511).

12
For j =0,
h h) — h
Lyu(e) — f; = (4 Mu(o) - 10 By
2
= (4 yu(0) ~ ' (0) — s (0) ~ S (&) 0~ o f(0)
h h h? h
= (L4 5)u(0) = (—a+u(0)) = 5(qu(0) = £(0)) = Tu" (%) —a— 5 £(0)
h2
= gu///(g )7 50 € (07 h)
For j = N 41,
Lyu(ey) — f; = (4 Mu() + MZHIZR) g By
h h h? h
= (14 Gu) + (1) = S () + L (Ev) = B = SI(D)
hq h n? ,, h
= (1+ 7) (1) + (8 —u(l)) - 5((1“(1) - f(1) + i (Ent1) — B — §f(1)
2
= %UW@N 1), En1 € (1—h,1)
Thus,
0B |Lyu(z;) — f| = O(h?)
(b)-(d)
Matrix-vector form
Au=Db,
where
[ uo ] dy o T [ fo ]
u1 c d ¢ fi
us S fa
u= A= o b= : ,
UN-—1 oo IN-1
uN ¢c d ¢ IN
| ungr | CNt+1 dN+41 | | fvar |
d():l—i-%—i-%, Coz—%, c:—%, d:%—kq, CN+1=—%, dN_H:l—i-%—i-%.

The matrix A is strictly diagonally dominant with no restriction on h. Then follow the lecture notes
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to show the stability. Let

wdo  7co
c d c
A= ,
c d c
1 1q
L RCN+1 RAON+1 |
then A is symmetric.
Q8. Let
o L ;
151
1 2 2
B=I,—-A= ‘
2 1 0 1
2 1 2
I 7 0]

By Gershgorin circle theorem, all the eigenvalues of B,
Al < 1.

Since the matrix B is symmetric, then all the eigenvalues of B are real. Obviously det(I,, — B) # 0
(it suffices to prove that the system (I,, — B)v = 0 has only the zero solution) and det(—1,, — B) # 0,
i.e., +1 are not eigenvalues. The spectral radius of B is less than 1, p(B) < 1, so we have

oo
(I.—B)™"'=> B
=0
Because B%,i = 0,1,--- ,00 are nonnegative, therefore
A7l = 1(1‘ -B)'= liBi
2 ! 2 1=0

is nonnegative.



