MAG6612 Solutionof Assignmen4

Q1. (i) Multiplying both sideby v 2 H}() and integrating them, we have

Z Z Z
v ud + puvd = fvd;
By the Green'sformula
z z z
v ud = rv rud v@Quds
@
one can deducethat Z 4 z
rvrud + puvd = fvd

where we have noted v 2 H3(). The variational model isto nd u 2 H}() sud that above
equation is satis ed by all v 2 H}().
(i) From above variational model, we may de ne

Z
a(u;v):=  rv rud :
: . . P, . . .
If the numerical solution u, 2 V3 is represetted by uy, = j-1 | j» It satises the following
linear system of equations
Ve Z
a( j; i) j = fid; 1=123:

i=1

By a direct calculation, the matrix form of the systemis given by

22 32 3223

?O 0 1 —
2

0 22 0 ,L_8 4
9 2 2

007 3 ﬁ

The solution is 4 4
up = —sin( x)sin( y) + ——sin(3 x)sin(3 y):

81
Q2. By Green'sformula,
Z Z Z
v wd = rvr wd v@wds
Z Z z@
w vd = rwrvd w@vds
@
from which Z Z Z Z
v wd + w vd + = v@wds + w@vds:
@ @



Multiply both sidesof the equation 2u = f by a function v 2 H3y() = fv2 H3() ;@u =
0; on @ g and using the above equality with ! = u, we obtain
Z Z
v 2ud = u vd :

The variational model isto nd u 2 HZ,() sud that the following equation is satis ed by all
v2HE() ; 7 7
u vd = fvd :

Q3. The straight line de ned by P,P3, P3P; and P1P, are respectively as follows
p_
l2s(x;y) = 3(x 1)+y=0

p_
laa(xy) = 3x y=0
lo3(X;y) =y=0:

Therefore, the three linear basisfunctions on the triangle are

Liy) = 290 X¥%+L

123(0;0) ~
oy la(xy) _ ,
Latay) = 25y =X Py
oy (y) 2y
L3(X1 y) - %p;_) - pTé

Q4. Let PiP; bethe straight line passingthrough de ned by I (x;y) = 0.

A direct calculation gives

l13(x;y) = y; lws(Xy) = X, lse(Xy) = x+y 1,

1 1 1
o las(Xy) = x5 las(Xy) =y >

V) = x4
loa(X;y) = x+y > >



The quadratic basisfunctions are given by

l24(X; Y)136(X; Y)

Li6yY) = 00 0) - XY Dty D)
o D
and
Le(y) = ST oy

113(0; 1)l45(0; 1)

Q5. We canusethe following formula directly, of which k represernts the k-th triangle elemer,

1
a!} = 4—k (yik+2 yik+1 )(yjk+2 yjk+1) + (XE(+2 Xik+1 )(X]!(+2 X]k+1) :

For the element (xX;y%) = (0;0), (x5;y%) = (1,0), (x§;y%) = (1=2; P 3=2), one can compute the

matrix as follows
2 . } }3

2 2
1 1 1
A= p— Z -
P 2 1 3

11

2 2

Q6. We shall usethe indexing as shavn in the following gure and denotetriangle by T;; | =
1,2;3;4.



By formula in question 5, one can compute

1 1 1 1
ay; = > ap, = 0; az= > az, = > azs = 5 83 1
1 1 1 1
ahi= 1 aj= > a3 = > a3, = > a33=0; a3;= >
1 1 5
ai, = 7 ai, = 7 ai3= 0; a3, = 7 a33= 1 alz=1
5 1 1
a‘1‘1= Z; aéllzz 21; 3113: 1 a‘2‘2= Zi a‘2‘3= 0; a§3= L

Now one may add above elemen stiness coe cien ts to the global matrix. For T;, the local-
global match are 1! 1, 2! 2, 3! 5, therefore

al; should be addedto aj;

al, should be addedto aj»
al, should be addedto ajs
a}, should be addedto ay
al; should be addedto aps
al; should be addedto ass

the resulting global matrix from T4 is asfollows

2%000%3
0 300 3
A1=R0 000 O
0000 O
0000 1

For Ty, the local-global match are 1! 5, 2! 2, 3! 3, therefore
a2, should be addedto ass

a2, should be addedto as;
a2, should be addedto as3
a3, shouldbe addedto az
a3, should be addedto ap3

a3; should be addedto ass



the resulting global matrix from Tq; T, is given by

2% 0 0 O %3
o1 0 0 3
A=20 0 3 0 O
0 0 0 0 O
0 3 30 2

For T3, the local-global match are 1! 1, 2! 5, 3! 4, therefore
a3; should be addedto aj;

a3, should be addedto ajs

a3 should be addedto ayy

a3, should be addedto ass

a3; should be addedto as4

a3; should be addedto a
the resulting global matrix from Tq; To; T3 is given by

2% 0 0 0 4%3
o1 0o 0 3
Az=80 0 2 0 O
0O 0 0 1 0

1 1 13
o 4 1 1B

For T4, the local-global match are 1! 5, 2! 3, 3! 4, therefore
al; should be addedto ass

al, should be addedto as3

al; should be addedto as4

a3, should be addedto as3

a3; should be addedto az4

a3; should be addedto agy
the resulting global matrix from Tq;T; T3; T4 is given by

2%00023
o1 0o o0 }
Ay=R0 0 2 0 O
0O 0 0 2 0
o i 3 23



Due to the symmetry of the global matrix, the nal global matrix is

2

5 0 o
0 1 0
A= 0 o0 %
0 0 O
31

BMlw

0

0

0

2

2

[ IR N

Blw

NIl©

3

Sincethe problem is with homogeneou®Diric hlet boundary condition, we can remove the matrix
coe cien ts multiplying u(x1), u(x2), u(xs), u(xs) sothat the remaining matrix is just a trivial

number 9=2.



