
MA6612 Solutionof Assignment 4

Q1. (i) Multiplying both side by v 2 H 1
0 (
) and integrating them, we have
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By the Green's formula
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one can deducethat Z
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where we have noted v 2 H 1
0(
). The variational model is to �nd u 2 H 1

0(
) such that above
equation is satis�ed by all v 2 H 1

0(
).
(ii) From above variational model, we may de�ne

a(u; v) :=
Z



r v � r ud� :

If the numerical solution uh 2 V3 is represented by uh =
P 3

j =1 � j � j , it satis�es the following
linear systemof equations
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a(� j ; � i )� j =
Z



f � i d� ; i = 1; 2; 3:

By a direct calculation, the matrix form of the system is given by
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The solution is
uh =

4
� 4 sin(� x) sin(� y) +

4
81� 4 sin(3� x) sin(3� y):

Q2. By Green's formula,
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from which
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Multiply both sidesof the equation � 2u = f by a function v 2 H 2
00(
) = f v 2 H 2

0(
) ; @n u =
0; on @
 g and using the above equality with ! = � u, we obtain

Z



v� 2ud� =

Z



� u� vd� :

The variational model is to �nd u 2 H 2
00(
) such that the following equation is satis�ed by all

v 2 H 2
0 (
) ; Z



� u� vd� =

Z



f vd� :

Q3. The straight line de�ned by P2P3, P3P1 and P1P2 are respectively as follows

l23(x; y) =
p

3(x � 1) + y = 0;

l31(x; y) =
p

3x � y = 0;

l23(x; y) = y = 0:

Therefore, the three linear basis functions on the triangle are

L 1(x; y) =
l23(x; y)
l23(0; 0)

= � x �
y

p
3

+ 1;

L 2(x; y) =
l31(x; y)
l31(1; 0)

= x �
y

p
3

;

L 3(x; y) =
l12(x; y)

l12( 1
2 ;

p
3

2 )
=

2y
p

3
:

Q4. Let Pi Pj be the straight line passingthrough de�ned by l ij (x; y) = 0.

A direct calculation gives

l13(x; y) = y; l16(x; y) = x; l36(x; y) = x + y � 1;

l24(x; y) = x + y �
1
2

; l25(x; y) = x �
1
2

; l45(x; y) = y �
1
2

:
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The quadratic basis functions are given by

L 1(x; y) =
l24(x; y)l36(x; y)
l24(0; 0)l36(0; 0)

= (2x + 2y � 1)(x + y � 1);

L 2(x; y) =
l16(x; y)l36(x; y)
l16( 1

2 ; 0)l36( 1
2 ; 0)

= � 4x(x + y � 1);

L 3(x; y) =
l16(x; y)l25(x; y)
l16(1; 0)l25(1; 0)

= x(2x � 1);

and

L 4(x; y) =
l13(x; y)l36(x; y)
l13(0; 1

2)l36(0; 1
2)

= � 4y(x + y � 1);

L 5(x; y) =
l13(x; y)l16(x; y)
l13( 1

2 ; 1
2)l16( 1

2 ; 1
2)

= 4xy;

L 6(x; y) =
l13(x; y)l45(x; y)
l13(0; 1)l45(0; 1)

= y(2y � 1):

Q5. We can usethe following formula directly, of which k represents the k-th triangle element,

ak
ij =

1
4� k

�
(yk

i+2 � yk
i+1 )(yk

j +2 � yk
j +1 ) + (xk

i+2 � xk
i+1 )(xk

j +2 � xk
j +1 )

�
:

For the element (xk
1; yk

1) = (0; 0), (xk
2; yk

2) = (1; 0), (xk
3; yk

3) = (1=2;
p

3=2), one can compute the
matrix as follows
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Q6. We shall usethe indexing as shown in the following �gure and denote triangle by Tj ; j =
1; 2; 3; 4.
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By formula in question 5, one can compute

a1
11 =

1
2

; a1
12 = 0; a1

13 = �
1
2

; a1
22 =

1
2

; a1
23 = �

1
2

; a1
33 = 1;

a2
11 = 1; a2

12 = �
1
2

; a2
13 = �

1
2

; a2
22 =

1
2

; a2
23 = 0; a2

33 =
1
2

;

a3
11 =

1
4

; a3
12 = �

1
4

; a3
13 = 0; a3

22 =
5
4

; a3
23 = � 1; a3

33 = 1;

a4
11 =

5
4

; a4
12 = �

1
4

; a4
13 = � 1; a4

22 =
1
4

; a4
23 = 0; a4

33 = 1:

Now one may add above element sti�ness coe�cien ts to the global matrix. For T1, the local-
global match are 1! 1, 2! 2, 3! 5, therefore

a1
11 should be added to a11

a1
12 should be added to a12

a1
13 should be added to a15

a1
22 should be added to a22

a1
23 should be added to a25

a1
33 should be added to a55

the resulting global matrix from T1 is as follows

A1 =
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:

For T2, the local-global match are 1! 5, 2! 2, 3! 3, therefore

a2
11 should be added to a55

a2
12 should be added to a52

a2
13 should be added to a53

a2
22 should be added to a22

a2
23 should be added to a23

a2
33 should be added to a33
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the resulting global matrix from T1; T2 is given by

A2 =

2

6
6
6
6
6
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6
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1
2 0 0 0 � 1

2

0 1 0 0 � 1
2

0 0 1
2 0 0

0 0 0 0 0

0 � 1
2 � 1

2 0 2

3
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7
7
7
7
7
7
7
7
5

:

For T3, the local-global match are 1! 1, 2! 5, 3! 4, therefore

a3
11 should be added to a11

a3
12 should be added to a15

a3
13 should be added to a14

a3
22 should be added to a55

a3
23 should be added to a54

a3
33 should be added to a44

the resulting global matrix from T1; T2; T3 is given by

A3 =

2

6
6
6
6
6
6
6
6
6
6
4

3
4 0 0 0 � 3

4

0 1 0 0 � 1
2

0 0 1
2 0 0

0 0 0 1 0

0 � 1
2 � 1

2 � 1 13
4

3

7
7
7
7
7
7
7
7
7
7
5

:

For T4, the local-global match are 1! 5, 2! 3, 3! 4, therefore

a4
11 should be added to a55

a4
12 should be added to a53

a4
13 should be added to a54

a4
22 should be added to a33

a4
23 should be added to a34

a4
33 should be added to a44

the resulting global matrix from T1; T2; T3; T4 is given by

A4 =

2

6
6
6
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4

3
4 0 0 0 � 3

4

0 1 0 0 � 1
2

0 0 3
4 0 0

0 0 0 2 0

0 � 1
2 � 3

4 � 2 9
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:
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Due to the symmetry of the global matrix, the �nal global matrix is

A =

2
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3
4 0 0 0 � 3

4

0 1 0 0 � 1

0 0 3
4 0 � 3

4

0 0 0 2 � 2

� 3
4 � 1 � 3
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:

Sincethe problem is with homogeneousDirichlet boundary condition, we can remove the matrix
coe�cien ts multiplying u(x1), u(x2), u(x3), u(x4) so that the remaining matrix is just a trivial
number 9=2.
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