Solution to Midtest of MA6612 (Numerical PDEs)
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Suppose b = 0, we only need to show that u = 0. Let

[ug,| = max fusl,
then
lauj, | < lewj, 1| + leu;, 1] < e+ elluy, |,
ie.,
qlu;. | = 0.

If ¢ = 0, it is easy to show that

g, | = luj. -] = fuj, 41l
Thus we have

ur] = fua| = -+ = un].

By auy + eus = 0 and |a| # |e|, we know u; = ug = 0. Thus u = 0. If ¢ > 0, it is obviously A is strictly
diagonally dominant.

(it}) Lu(e;) — Lyu(z;) = Su (602 — S (m)h? = O(h2),  &my € (25-1,3741)-

(iv) Following the lecture notes (theorem 1.2), the linear FD operator Ly, is stable and therefore, max |u(z;)—

Q2.
Ui — 2U; + Uj
Lyuj = === %3 L2ty = f,
uny1 =0
U1 — Ug h
- — — f(0))=0
0 2o — £(0)

The truncation error is

1 .
[Luu(z;) — Lu(z;)l = 5 u"(&)h* = 0(h?),  1<j<N.

u(h) - U(O) h } "

I 2 ul0) - () — o (0) = (€ = O()



Q3. Variational model.

1 1
/ (—u" + pu’ + qu)vdx = / fvdz, Yo € Hy(I), I=(0,1).
0 0

1 1
= / (u'v" + pu'v + quu)dr = / fodax.
0 0
Find v € HL(I) s.t.,
a(u,v) = (f,v), Ve Hy(I),
where

1 1
a(u,v) = /0 (u'v" + pu'v + quv)dx, (f,v) = /0 fudz.

By a linear finite element method with three uniform elements, we have the FEM system
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Solving the system gives u = 0.0938(¢1 + ¢2).

Q4.
Vo = {u| polynomials of degree < 3,u(0) = u(1) =0}

Thus,
Vo = span{¢y = z(x — 1), ¢p = 2%(z —1)}.
Choose v = ¢1, ¢2, respectively. We have

1 1
/ (101 + az¢) idai = / 2¢;dx
0 0

or Av = b, where
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a1 = / (x—1+x)de ==, a2=a = / (2¢ —1)(32” — 2z)dw = —
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The system becomes

Therefore



