Lecture Notes for Numerical PDEs (MAG612)

Chapter One: Numerical Methods for Two—Point Boundary Value
Problems

1 Finite Difference Methods

1.1 Introduction Consider the second order linear two—point boundary value problem
Lu(z) = —u" + p(x)u’ + q(x)u = f(x), z€l, (1.1)
u(0) = go, u(l) =g, (1.2)
where I = [0, 1].
e We assume that the functions p,q and f are smooth on I, ¢ is positive, and p* and g,
are positive constants such that

‘p($>‘ Sp*? 0 < g« SCI(Q?), x el

o Let m = {x;}}" denote a uniform partition of the interval I such that z; = jh,j =
0,1,...,N+1,and (N+1)h = 1. Finite difference method (FD) is to find an approximation
to the solution of (1.1)-(1.2) on mesh points. Let {u;}}' define a mesh function. On this
partition, the solution u of (1.1)-(1.2) is approximated by the mesh function {u;} 4" defined
by the finite difference equations

Us; 1—2U'+U'_1 Uiyl — Ui .
Lhuj = — It h; J —i—pj “hs 9% J + qju; = fj, ] = 1, . .,N, (13)
Up = go, UN+1 = g1, (1.4)

where

pi =p(x;), ¢ =q(z), [f;i=f(z;).
This mesh function is a FD solution of (1.1)-(1.2) and u; ~ wu(z;). Equations (1.3) are
obtained by replacing the derivatives in (1.1) by basic centered difference quotients.

u(xj+1) — QU(JIJ) + U(ZL’j_l) ~ Ujr1 — 2u]' + Uj—1
h? - h?
w(ajr) —u(@j1) Ui — uj

2h 2h

u'(x5) ~

u'(2;) ~

We now show that under certain conditions the difference problem (1.3)-(1.4) has a unique

solution {u;}N4'.

1.2 The Uniqueness of the difference approximation From (1.3), we obtain

h h 4
hQLh’le = — (1 + §p]> Uj—1 + (2 + h2q]') Uj— <1 — 5]9]) Ujy1 = h2fj, ) = 1, cee N (15)
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or in matrix form,

Au = b,
where
[uy ] di e I J1 ] [ €190 ]
Uz cp e J2 0
u = >A = 7b = h2 — ,
UN-1 en_1 N1 0
| Un | ey dy i In | | ENG1 |

and, for j =1,..., N,

1 1
¢ == <1+§hpa')> dj=2+h, e =- (1_§hpa'>‘
e We only need to prove that the matrix A is nonsingular, or det(A) # 0, or Ax = 0 has
only zero solution.

e A matrix B = (b;;)},_, is diagonally dominant if

b > by, i=1,2,..,N
J#i
and strictly diagonally dominant if
|bu‘ >Z|bz]|> 221,2,,]\7
i#i
The matrix A defined above is tridiagonal and strictly diagonal dominant if

h <2/p*

which is called a mesh spacing restriction.

Theorem 1.1 A strictly diagonal dominant matriz is nonsingular.
Proof Assignment.
The case of p = 0 is given in Assignment #1.

1.3 Consistency, Stability and Convergence To study the accuracy and the com-

N+1

putability of the difference approximation {u;};Z", we introduce the concepts of consistency,

stability and convergence of finite difference methods.
Definition 1.1 (Consistency) For any smooth function w on I, we define an operator
Tixlw] = Lyw(x;) — Lw(z;), j=1,...,N,

Then the difference problem (1.3)-(1.4) is consistent with the differential problem (1.1)-(1.2)
of

|Tj=lw]| = 0 as h — 0.
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The quantities 7; z[w], j =1,..., N, are called the local truncation (or truncation error).
Definition 1.2 The difference problem (1.1)-(1.2) is locally p™— order accurate if, for

sufficiently smooth data, there exists a positive constant C', independent of h, such that

. p
max |7xlw]| < CR”.

The following lemma demonstrates that the difference problem (1.3)—(1.4) is consistent
with (1.1)—(1.2) and is locally second—order accurate.

Lemma 1.1 Ifw € C*(I), then

h2
Timlw] = = 5w () = 2p(a;)w® (6)],
where v; and 8; lie in (xj_1,2j41).
Proof — By definition
w(x;y1) — 2w(z;) +w(x,—
ij[w] _ _ [ ( J+1) h(2J> ( J 1) _ w"(mj)l

It is easy to show using Taylor’s theorem that

w(x; — W(T;— / h’
(%j+1) (zj-1) —w'(z;) = —w(3)(9j), 0; € (zj-1,741).
2h 6
Also,
wiwy) = 2w(wy) +wle; ) o
it h2 ’ I —w'(x;) = ﬁw(4)(Vj)> vj € (Zj-1,%41)-

The desired result now follows immediately.
Definition 1.3 (Stability) The linear difference operator Ly, is stable if, for sufficiently
small h, there exists a constant K, independent of h, such that

lv;] < K{max(|vo|, [vn1]) + fggjv‘[/hvi\} J=0,...,N+1,

for any mesh function {v;}}4'.

e Stability in general: the solution is bounded by the right-hand side and boundary

values.

e Maximal principle for elliptic PDEs. We consider a simple case

Lu=—u"(z)= f(z) x€(0,1)



Assume that u(z) is continuous in [0, 1] and
|u(2")] = max |u(z)]
Then

u(l) = u(@”) + (1 - x*)U’(:r*) (1 —a")*u"(&)/2
(@) + (0 —27)*u"(€)/2

If 2* € (0,1), we have
zu(1) + (1= 2")u(0) = u(@) + (1 - a")a™ + 2" (1 - 2*)*)u"(€) /2

and

[u(2?)] < K{max{[u(0)], [u(1)[} + max Lu(z)}

which is the Maximal principle for the differential operator L. It is also true for more general
elliptic differential operator.

Here we study the difference operator L, and prove that, for h sufficiently small, the
difference operator L, of (1.3) is stable, or equivalently has the discrete maximal principle.

Theorem 1.2 The difference operator Ly, of (1.3) is stable for h < 2/p*, with K =
max{1,1/q.}.

Proof — If
= , < gx <
|U]*‘ Ogrjng%(_i_l‘vyh 1 <jx <N,
then, from (1.5), we obtain
dj*vj* = —Gj*l)j*+1 — Cj*vj*—l + h2LhUj*.

Thus,
djelvjal < (eu] + [eje]) [ogl + 1* max [Lyvs].

If h < 2/p*, then
dj = |ejul + |ejul + h2q50,

and it follows that

hgjlvj| < b2 max |Luvsl,

or ]
v < — max [Lyv;].
Gx 1<j<N
Thus, if maxg<;<n41 |v] occurs for 1 < j < N then

1
max |v;| < — max |Lyvj],
0<j<N+1 s 1<G<N



and clearly

o JRBX v < K{max([vol, [un1]) + max, | Lnvjl}

with K = max{1,1/q¢.}. If maxo<j<ny41|v;| = max{|vgl|,|vn41]}, then the above equation
follows immediately. &

e For ¢ > 0, see Assignment.

e An immediate consequence of stability is the uniqueness (and hence existence since
N+1
J=0
means in earlier), for if there were two solutions, their difference {v; };V:ng, say, would satisfy

the problem is linear) of the difference approximation {u;} (which was proved by other

LhUj:O, jzl,...,N7 UOZUN+1:O.
Stability then implies that v; =0, j =0,1,..., N 4 1.

Definition 1.4 (Convergence) Let u be the solution of the boundary value problem
(1.1)-(1.2) and {u;}}25" the difference approzimation defined by (1.3)~(1.4). The difference
approximation converge to u if

max Ju; —u(z;)| =0,
as h — 0. The difference u; — u(x;) is the global (or discretization) error at the point
[Ej,jzl,...,N.

Definition 1.5 The difference approximation {Uj};v:-zl is a p'"—order approzimation to

the solution u of (1.1)—(1.2) if, for h sufficiently small, there exists a constant C' independent
of h, such that

- N < Ch?
OS%%(—H uj —u(z;)| < CRP.

e For a linear problem and a consistent method, stability implies convergence in general.
Here we only consider the case (1.1)-(1.4). The basic result connecting consistency, stability
and convergence is given in the following theorem. The proof shows that the convergence
follows the stability of difference method.

Theorem 1.3 Suppose u € C*(I) and h < 2/p*. Then the difference solution {u;}}'
of (1.8)—(1.4) is convergent to the solution u of (1.1)-(1.2). Moreover,

R— . 2
OSIJ%%{H |uj — ufz;)] < Ch”.

Proof — Under the given conditions, the difference problem (1.3)-(1.4) is consistent
with the boundary value problem (1.1)—(1.2) and the operator L, is stable.
Since

Lipfuj —u(x;)] = f(x;) — Lyu(z;) = Lu(z;) — Lyu(z;) = —7j2[u],
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and ug — u(zg) = uns1 — u(xyy1) = 0, the stability of L; implies that

1
_ V| < — )
|uj —u(z;)] < o 1%521(\[‘73,#@”'
The desired result follows from Lemma &
It follows from this theorem that {u; };V:ng is a second-order approximation to the solution
w of (1.1).

1.4 Numerical estimate for the asymptotic convergence rate If a norm of the
global error is O(h?) then an estimate of p can be determined in the following way. For ease
of exposition, we use a different notation in this section and denote by {u?} the difference
approximation computed with a mesh length of A. Also let

h o h h
e’ =|lu—u"| = mjax|u(xj) — ujl.
If e" = O(hP), then, for h sufficiently small, h < hg say, there exists a constant C', independent
of h, such that
e ~ ChP.

If we solve the difference problem with two different mesh lengths h; and ho such that
hg < hl < ho, then
e~ Ch?

and
e~ Chh

from which it follows that
Ine" ~plnhy +1InC

and
Ine"™ ~ plnhy +1InC.

Therefore an estimate of p can be calculated from
pa In(e™ /e") /In (hy/hy)

In practice, one usually solves the difference problem for a sequence of values of h, hg >
hi > hy > hg > ..., and calculates the ratio on the right hand side above for successive pairs
of values of h. These ratios converge to the value of p as h — 0.

1.5 Higher—Order Finite Difference Approximations
e We have used the approximation

w(@jr) = 2ua;) +ulrj)  ujpn — 20+ uj
h? - h?
w(ajr) —u(@j1) e —

2h 2h

u'(x5) ~

u'(z;) ~



which is based on low-order interpolation of u. One way to get a high-order FD method is
to use high-order interpolation. This makes the method more complicated, particularly near
boundary points. We introduce three approaches below.

e Richardson extrapolation. We consider a general problem where there exists an expan-
sion of the local truncation error of the form

Tjmlu] = R*ru(z;)] + O(hY).

where u(z;) is a mesh function. In fact, for the FD method and two-point BVP mentioned

above,
() — 2p(a, )0 () + O(1) (1.6

We assume that there exists a mesh function e(x;) such that

Tjmlu] =

u(x;) :uj+h2e(xj)+0(h4), j=0,1,...,N+1 (1.7)

where u(z) is the exact solution and u; be a finite difference solution. (For the problem
(1.3)-(1.4), the next theorem will show that the above equation holds).

Now let {u?}ﬁ\f;gl denote the solution with a uniform mesh of meshsize h. In Richardson
extrapolation, the difference problem (1.3)—(1.4) is solved twice with mesh spacings h and h/2
to yield difference solutions {u”}"', and {u?/ 2}§(:]\6+1). Then at a point & = jh = (25)(h/2)
common to both meshes we have, from (1.7),

and

from which it follows that

3 J
Thus
uf = uZJ/Q + g(ugf — u;’)
is a fourth-order approximation to u(z;), j =0,..., N + 1.

Theorem 1.4 Suppose u € C%(I), and h < 2/p*. Then (1.6) and (1.7) hold with e(x)
defined as the solution of the boundary value problem

Le(x) = tlu(x)], xel,
e(0)=e(l) =0,
where 1
Tlu(z)] = —E[u(4)($) — 2p(x)u® ()]



Proof — Since u € C®(I), it is easy to show by extending the argument used in Lemma
that (1.7) holds with 7[u(x)] defined above.
As in the proof of Theorem 1.3, we have

Lh[U(Qf]’)—U]’]:TjJ[U], ]:1,,N
With (1.7) in the above equation, we obtain

Lnlu(w;) — w;] = h*rlu(;)] + O(h?)

= h*Le(z;) + O(h?)

= h?[Le(z;) — Lye(z;)] + h*Lye(x;) + O(h*)
= h27—j,7r[e] + hQLhe(a?j) + O(h4)

From the smoothness properties of the functions p, ¢, and 7, it follows that the solution e(x)
is unique. Moreover, since 7 € C*(I), e(x) € C*(I) and 7; [¢] = O(h?). Thus, we have

Lnfu(z;) — {u; + h?e(x;)}] = O(hY).
The desired result follows from the stability of L,. &
e Deferred corrections. Suppose 7; [ -] is a difference operator such that
|T[u(z;)] — 7 [u"]| = O(h?),

where u" denotes the solution {u;}"5" of (1.3)-(1.4). We define the mesh function {a;}}5"
by

Lyt = f; +h*7.[u"], j=1,...,N,

Uy = go, UNt1= G1-

Then it is easy to show that {@;}7" is a fourth-order approximation to u(z), since

Lylty; — u(z;)] = f; + b7 [u"] — Lyu(z;)
= [Lu(x;) — Lyu(z;)] + h*7 . [u"]
= —Tj[u] + h*7j 2 [u"]
= —h*{rlu(z;)] — 7[u"]} + O(h*).
By the stability of Ly, it follows that
| — u(z;)| = O(hY).

The main problem in deferred corrections is the construction of second-order difference
approximations 7;.[u"] to the truncation error term 7[u(z;)]. One way is to replace the
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derivatives appearing in 7[u(z)]| by standard difference approximations using the finite dif-
ference solution {u; };-V:JBI in place of the exact solution u(z). One problem with this approach
is that it requires some modification near the end—points of the interval, or it is necessary
to compute the numerical solution outside the interval I. A second approach is to use the

differential equation to express 7[u(z)] in the form
Tlu(z)] = Co(x)u'(z) + Ci(z)u(z) + Co(x),

where the functions Cy, Cy, Cy are expressible in terms of the functions p,q, f and their
derivatives. Then choose

) Uir] — Ui
Tj,w[uh] — Cz(x])% + Cl(]}j)u]' + Co(ZL’j).
Since
u” = pu' 4 qu — f,
we have
U(S) :pU” +plul + qu/+q/u _ f/
=plpu' +qu—f)+ @' +u' +qdu—f
=@+ +Qu + (pg+q)u— (pf + )
= Pu' + Qu— F.
Similarly,

u = (Pp+ P'+ Q' + (Pg+ Q)u— (Pf + F').

We obtain the desired form.

In deferred corrections, the linear algebraic systems defining the basic difference approxi-
mation and the fourth-order approximation have the same coefficient matrix, which simplifies
the algebraic problem.

If the solution u of the boundary value problem (1.1)—(1.2) is sufficiently smooth, then it
can be shown that the local truncation error 7; . [u] has an asymptotic expansion of the form

Tielt] = i W2 ;)] + O™ ),

and, if m > 1, deferred corrections can be extended to compute approximations of higher
order than 4.

e Numerov’s method (compact scheme).
Here we consider the simple case p = 0. other cases can be discussed similarly. A higher-
order finite difference method is easily constructed in this case that (1.1)—(1.2) becomes

Lu(z) = —u"(z) + q(z)u(z) = f(z), wel,
u(0) =go, u(l) =g
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Now let
Apu(es) = [u(wj) = 2u(z;) + u(z;-1)]/h*
=u"(x;) + %hQu(‘l)(xj) + O(RY).

From the differential equation, we have

and therefore
u (2;) = Anlg(x)u(z;) — f(2;)] + O(R?).
Thus,
() = Myau(y) = <o W lataue) — ()] + O(h).

We define {a;} 4" by

J:
o _ 1, . 1, ‘
'Chuj = —Ahu]' + <1 + ﬁh Ah) q;ju; = <1 + ﬁh Ah) f(xj), ] = 1, .. ‘,N,
Uy = go, UN+1 = N+1,

which is commonly known as Numerov’s method. The coefficient matrix of the linear system
is symmetric tridiagonal and may be written in the form

L G 1 ,
Cijuj—1 + dej + €ilUj41 = Eh2 [fj+1 + 10fj + fj_l], J= 1, ceey N,
where

- 1 ~ 5 . 1
Cj = — (1 — Eh2qj_1) s dj =2 + Ehij, ej = — (1 — Eh2q]‘+1> .

It is easy to show that, for h sufficiently small, the coefficient matrix of this system is strictly
diagonally dominant and hence {@j}ﬁ-\sgl is unique. From a similar analysis, it follows that
the difference operator L, is stable. Also, since

. 1
Lty — uep) = (14 T80 £ay) = Lauley) = O(hY),
the stability of £;, implies that

|i; — u(z;)| = O(hY).

1.6 Second—Order Nonlinear Equations We consider the second—order nonlinear
two-point boundary value problem

Lu(x) = —u" + f(z,u) =0, rel, (1.8)
u(0) =go, u(l)=g
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The basic second-order finite difference approximation to (1.8) takes the form
Ehqu—Ahuj—i—f(xj,uj):O, ]:1,,N
Uo = Jo, UN+1 = G1-

If
Timlu] = Lnu(z;) — Lu(z;)
then clearly ,
Tialu] = —5u(&), & € (g,
if u e CYI).

e Stability of the nonlinear difference problem is defined in the following way.

Definition 1.6 A difference problem defined by the nonlinear difference operator Ly, is
stable if, for sufficiently small h, there exists a positive constant K, independent of h, such
that, for all mesh functions {"U]}NJrl and {w;}}5',

v — w;| < K{max(\vo — wol, [Un+1 — wN41]) + max |Lhvj — Ehwj|}-

For a linear operator, this definition reduces to the definition in section 1.3 applied to
the mesh function {v; — w;} 4"

Theorem 1.5 If f, = a_ is continuous on I x (—o0,00) such that
0<g: < fu
then the difference problem is stable, with K = max(1,1/q.)
Proof — For mesh functions {v;} and {w;}, we have
Lpvj — Lpw; = —Ap(vj —wj) + flaj,v5) — [, w;)
= —An(v; —wj) + fulwj, 5)(v; — wj), (1.9)
on using the mean value theorem, where v; lies between v; and w;. Then
W2 [Lhv; — Lywy] = ¢j[vj-1 —wja] + djlv; — wy

+ ej[vj4 — wjga] (1.10)

where ¢; = e; = —1 and

dj =2 + h2fu(l’j, ’UA])

Clearly
lcj| + lej| =2 < [dy].

The remainder of the proof is similar to that of Theorem 1.2. 1
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e An immediate consequence of the stability of £, is the following:

Corollary 1.1 If the difference approzimation {u;} defined above ezists then it is
unique.
For a proof of the existence of the solution, see Keller (1968). (*** show the proof later)

Corollary 1.2 If u is the solution of (1.8) and {u;}}"5" the FD solution of defined
above, then under the assumptions of Theorem 1.5,

h2
_ . o 4) =
oy — ()] < K max ()], j=0,... N+1,

provided u € C*(I).
e In order to determine the difference approximation {u; };V:ng, we must solve the system
of nonlinear equations, which may be written as

Ju+ h*f(u) = g,

where
2 -1 ] [ (51 ] [ f(iEl,Ul) ] [ 9o
-1 2 -1 U2 f(552> us) 0
J fry : : : s u = . s f(u) = . s g fry .
| UN—1 fxn-1,un—1) 0
L -1 2 | | UN ] i f(xN,UN) ] | 91 |

This system is usually solved using Newton’s method (or a variant of it), which is described
below.

1.7 Newton’s Method for Systems of Nonlinear Equations In the case of a single
equation, Newton’s method consists in linearizing the given equation

¢(u) =0

by approximating ¢(u) by
o(u®) + ¢' (@) (u — u?),

where u(© is an approximation to the actual solution, and solving the linearized equation
o(u®) + ¢/ (u®) (u® — u®) = 0.

or
0 ¢(u®)
¢'(ul®)

The value u() is then accepted as a better approximation and the process is continued if

1)

uM = 4!

necessary.
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e Consider now a system of the N equations
oi(ur,ug, ..., uy) =0, i=1,..., N,
for the unknowns uy, us, ..., uy, which we may write in vector form as
®(u) =0.

If we linearize the i*" equation, we obtain

© al a@ Oy 1)
Gi(uy uy” .., coouy Jupt —wu’) =0, i=1,...,N.

j=1 ]

If J(u) denotes the matrix with (i,7) element 8¢;( u), then the nonlinear system can be
written in the form

J (u(o)) Au=—® (u(o)) )
If J7(u®) is nonsingular, then

Au=—[7)] ' ®@),

and

is taken as the new approximation. If the matrices J(u™), v = 1,2,..., are nonsingular,
one hopes to determine a sequence of successively better approximations u®, v =1, 2,...

from the algorithm

u" =u® 4+ AU, v =0,1,2,...,

where Au® is obtained by solving the system of linear equations

j(u(”))Au(”) — —@(u(”)).

This procedure is known as Newton’s method for the solution of the system of nonlinear
equations. It can be shown that as in the scalar case this procedure converges quadratically
if u® is chosen sufficiently close to u.

e Now consider the system of the nonlinear FD equations
Gi(uy, ... un) = —ui—y + 2u; — ey + B f (3, 0;) i=1,...,N,
In this case, the (7, j) element of the Jacobian J is given by
T (w) = J + h*F(u)

where

F(u) = diag(fu(zi, u;)).
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In this case, Newton’s method becomes
[J + th(u(”))} Au) = — [Ju(”) + h2f(u™) — g} ,
u ) = u® 4+ Au®, v=20,1,2,....

1.8. Other boundary conditions There are several different boundary conditions
w(0)=0 4/(1)=0,
W'(0)=0 4/(1)=0,
au(0) + fu'(0) =~ u(1) =0,

nonlocal boundary condition

1
/0 u(z)dr = gy, u(0) =g
and the periodic boundary condition

uw(0) = u(l) «'(0) =u'(1).

Example
Let’s consider such a boundary value problem

Lu(z) = —u" + p(z)u' + q(x)u = f(x), z€l,
uw(0) =0, «'(1)=0,
where I = [0, 1].
And the finite difference equations are:
Ujpr — 25 +Uj1 Uil — Uy
2 MR
up =0, —2uy + (2+h’qni1)uni = By,

LhUjE— _1+quj:fj7 j=1...,N,

where
pi=px;), q=q(x;), f;=[f(z))

The whole system can also be written in a matrix form.

Au = b,
where
[y ] di e [ S ]
Uz c .. f2
u= VA= .b=n? ,
uN . . T . eN fN
i | 2 24 gy | i |
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and, for j=1,..., N,

1 1

Obviously, A is nonsingular if h < 2/p* and the difference system has a unique solution.
The truncation error of FD equations is O(h?). L, is stable for h < 2/p* with K = 1/q,,

such that

i< | 7=0,...
‘u]‘ — Klgriré%\%{—ﬁ—l ‘Lhuz| J 07 7N+ 17

Besides, {u;})" is convergent to the solution u and

R— . 2
0< EN 11 |uj — ufz;)] < Ch*.

1.9 The solution of tridiagonal linear systems
We consider a general tridiagonal system of the form

Au = b,

where

CN-1

dn—1
CN

EN-1

dn

e Gaussian elimination (or LU-decomposition), if no pivoting is needed,
A= LR,

where and L is unit lower bidiagonal and R is upper bidiagonal.
If A is diagonally dominant or satisfies, or satisfies

()| da| > |eal,
(ii)[dn| > lenl,

and
ciei_l#o, ’i:2,...,N7

(1.11)

that is, A is irreducibly diagonally dominant, without pivoting, such a matrix can be factored

in a stable fashion with

a 1 4!
Co (g 1 7

L yn-1
CN OéN_ 1
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where

(i)Oél = dl,

(”)% = ei/ai, iy = dig1 — i1y, i=1,...,N -1

e We now show that conditions (1.11) ensure that the quantities a; and ~; are bounded
and that the bounds are independent of the order of the matrix A.

Theorem 1.6 If the elements of A satisfies conditions (1.11), then

and
O<‘dl|—‘CZ‘<|OKZ|<‘CZZ|+‘CZ‘, 2:2,,N

Proof —
Since v1 = e1/aq = e1/dy,
Il = leal/|di] < 1,
from (1.11(i)). Now suppose that
il <1, j=1,...,i—1.
Then, with (1.11 (iii)) in (1.11 (ii)), we have

Vi = €i/(di — cii-1)
and
vl = leal /(Ids| = lesllvial) < lesl/([dil = |eil) -
Thus, using (1.11 (ii)), it follows that |v;| < 1, and the theorem follows by induction.
e Procedure of algorithm
v =b1/oy
Fori=2toNdo
Uy = (bz’ - Cz'Uz'—l)/Oéi

end

Uy = Un

Fori=1toN — 1do

UN—; = UN—i — YN—iUN—i+1

end
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2 The Finite Element Method (FEM)

2.1 Introduction

Consider a simple two—point boundary value problem of the form

Lu=—u"+qx)u= f(x), xe€l:=][0,1]. (2.1)
u(0) =u(l) =0.

where the function ¢ > 0 and f are smooth on I. The above boundary value problem has a
unique solution. Let L?(I) be the space of all functions satisfying

/ N(u(@))2dz < C

where C'is a constant. For u,v € L*(I), let

1
/ wvdr = (u,v) .
0

Let Hj(I) denote the space of all piecewise continuously differentiable functions on I which
vanish at 0 and 1. If v € Hj(I), then

—u"v + quv = fo,
and . .
/ [—u"v + quulde = / fodx.
0 0
On integrating by parts, we obtain
1 1 1
/ u'v'dr — [u'v]|é+/ quudx :/ fodz.
0 0 0
Since v(0) = v(1) = 0, we have
(W', v') + (qu,v) = (f,v), v € Hy(]), (2.2)

where )

(o, ) = /0 ()i (x)de.

e A variational model (V). The equation (2.2) is called the weak form of the boundary
value problem (2.1), and is written in the form

a(u>v):(f7v)7 UEH&(I),

where

a(¢,¥) = (¢',4) + (¢¢,¥),  &.¢ € Hy(]).
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A variational model of (1.1) (Galerkin method) is to find u € H}(I) such that for any
v e Hy(I),
a(u,v) = (f,v).

e Minimization model (M). Let

F(u) = ga(u,u) — (£,

A minimization model (Ritz model) is to find the solution

min  F(u).
ueeHj(I)

e Under certain assumptions, there three models, (D), (M) and (V) are equivalent math-
ematically.

Proof — (i) (D) — (V)

Assume that u(z) is a solution of (D). Then

—u"(z) = f(z) and u(0)=wu(l)=0.

For any v € H,

Using integration by part,

1 1
—(u",v) = —/ u"vdr = —u(z)v(z)|; +/ u'v'dx .
0 0

Since v(0) = v(1) = 0, we have

i.e., u(z) is a solution of (V).

(i) (V) = (M)

Assume that u(z) is a solution of (V). Then for any given v € Hj, we set w = v — u s0
that v = w + u and therefore,

Fv)=Fw+u) =30 +w, v +w)—(f, utw)
= 5(u', u) = (f, w) + (', w') = (f, w) + 5(w', w').
Since w is a solution of (V), (v/, w’) — (f, w) = 0 and the last equation becomes

F(v) = F(u) + (!, w') > F(u)

which implies that u(z) is a solution of (M).
(iii) (M) — (D) (We follow (M) — (V) — (D))

18



Assume that u is a solution of (M) and v € C?(I). Then for any v € H] and real number
€, u+ev € Hj and
F(u) < F(u+ev).
Let g(¢€) := F(u+ ev). Then
1 / / / / 62 / /
g(e) = Flu+ev) = (), w) +e(u, v') + o (v, v) = (f, u) = e(f, v)

and ¢(0) < g(e), i.e., g(¢) has the minimum at e = 0. The necessary condition ¢'(0) = 0 is
satisfied and is written by

g0)= (' v)=(f,v)=0 foranyvelj.
Thus u is a solution of (V). By integration by part,
—(u", v) = (f,v) =0
1.€.,
/Ol(u"+f)vdx =0 foranyvel.

Hence,
—u"(z) = f(z) and u(0)=u(l)=0.
u is a solution of (D).
e All three models need to find a solution in Hj(I). This minimization model is dif-

ferent from those in calculus course where one needs to find a minimal solution in a finite
dimensional space. For example,

Ezample 1.
. . 2
min f(z) ==a* +2x
Ezxample 2.
min F(X)
XeRN

FEM method is based on a finite dimensional approximation to the infinite dimensional
space Hi(I). There are many such approximations. For example, if u(z) is smooth enough,
we have its Taylor’s series

- / ( — xo)" (n)
u(z) = u(zg) + (x — xo)u'(xo) + ... + U (ro) + ...
Here u(x) is a linear combination of (z — zo)’, i = 0,1..., or u € S = {1, (x — x¢), ..., (v —
x9)", ...}. A simple approximation to u(z) is its Taylor’s polynomial,

un = u(zo) + (z — zo)u'(z0) + ... + %u(”)(aso)
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Then uy € Sy = {1,(z — zg), ..., (x — 20)V'} where Sy define a finite dimensional space.
Based on the idea, we have a class of numerical approximations to the above models. Let
Sy be a finite dimensional space. The discrete variational model (V) is to find u € Sy such
that

a(u,v) = (f,v), wve Sy,
Here we always assume that Sy = Sy. This method is called Galerkin method.

The corresponding discrete minimization model (My) is to find u € Sy such that

min F(u).

uESN

e The approximation solution in a finite dimensional space. Let Sy be an N-dimensional
space and {gbj};y:l be the base. For any u € Sy, we have the expression

N
u=7y ap;)
j=1

Equivalently, (My) model and (V) model are to find the coefficients «;. For the minimiza-
tion model

min F(u) = min F( Z%¢y

ueeSy QeRN

the solution satisfies the equations

N
Z ¢Z7¢] i:1727‘”7N7

=1

60zZ

and in matrix form,

Aa=F
where A = (aij)gj:b F = (f;) and

_a(¢i>¢j)> fj = (f7¢])
For the variational model, taking v = ¢;, 2 = 1,2, ..., N, respectively, gives
N
CL(ZOéJQbJ, ¢Z) = (f7¢2>7 Z:17277N
j=1
or the linear system

N
S aja(¢y, 6) = (f,é1), i=1,2,.,N
j=1

Ezxample.
1

min / (v)? + 2u® — du)dx
0

uePy
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e For more general boundary value problem

the variational model can be obtained by integration by part, which gives
(', ") + (pu',v) + (qu,v) = (f,v) ve Hy(I).
The variational model is to find v € H}(I) such that
a(u,v) = (f,v), ve& H;(I)

where a(u,v) = (v/,v) + (pu',v) + (¢, u,v).

2.2 Spaces of Piecewise Polynomial Functions The choice of the subspace S}, is a
key element in the success of the Galerkin method. It is essential that S, be chosen so that
the Galerkin approximation can be computed efficiently. Secondly, S;, should possess good
approximation properties as the accuracy of the Galerkin approximation u; depends on how
well u can be approximated by elements of S,. The subspace S} is usually chosen to be
a space of piecewise polynomial functions. To define such spaces, let P, denote the set of
polynomials of degree < r, let

T:0=zxy<z21<...<Ny <INy =1
denote a partition of I, and set
I =[zj_1,2], j=1,...,N+1,
hj =x; —xj_; and h = max; h;. We define
Mi(m)={veC*I):v|,€P,j=1,...,N+1},

where C*(T) denotes the space of functions which are k times continuously differentiable on
LO<k<r, v 1; denotes the restriction of the function v to the interval I;, and

M () = Mi(m) 0 {v]u(0) = v(1) = 0}.

It is easy to see that M () and M}°(n) are linear spaces of dimensions N (r—k)+7+1 and
N(r — k) +r — 1, respectively. These spaces have the following approximation properties.

Theorem 2.1 For any u € WJ(I), there exists a i € Mj(m) and a constant C inde-
pendent of h and u such that

1w = @) oy < CH D Loy, (2.3)

for all integers £ and j such that 0 < /(< k+1,(<j<r+1. Ifue Wg([) N {v|v(0) =
v(1) = 0} then there exists a @ € M} (r) such that the above equation holds.
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o My"(m): the space of piecewise linear functions (C°-linear).
Based on piecewise linear interpolation, one chooses the basis functions ¢;(z), i =

1,2,---, N, which satisfy the conditions (i) continuous; (ii) piecewise linear and (iii)
1 ifi=j
() = e 24
R P 2.4)
Obviously the piecewise linear basis functions can be expressed by
% z € (zj-1, 75),
QS]('I) = 96;+—}1I VIS (xj7 xj-i—l)?
0 other .

Now we consider the linear FEM solution, i.e., find a solution in M{(m) for the given
partition m. Let {¢;(z)} be a set of basis function of the space and the FEM solution can

be expressed by
N-1

un =) ;).

j=1
By variational model, choosing v = ¢;, 1 =1,2,.... N — 1,

N

~1
a(¢za¢])a] = (.f7 gbz)a 1= 1727"'7N1'

j=1
In matrix form

Aa=F
where A = (ay;) and F = (f;) = (f, ) and
iy = al@i, d5) = (&1, ¢5) + (pi, ) + (495, ¢;)
or A=A+ B+ C and
a; =2/h, a;iy1=-1/h, a; =0 for|j—i|>1.

Forg=1,
b = 2h/3, bz’,i—l—l = h/6, bz’j =0 for |j — l| > 1.
o M{"(n): the space of piecewise quadratic functions (C°-quadratic). Similarly for a
given partition, we need to find the basis functions ¢;(z) which are (i) piecewise quadratic;
(ii) continuous (C?) and satisfies the above condition (2.3).

[ st / 2 v 3 i
72 Y4 72
3 Y2 Y1 Y2 73

Y2 Y4 V2
Y2 T 72 3
0 7 7 7
L Y3 2 7/2 |
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and
A=h"'T(a),  C=hl(p),

where

aq :14/3, 042:—8/37 043:]_/3, ()64:].6/3,
ﬂ1:4/15, 62:1/157 ﬁ3:—1/30, ﬁ4:8/15

o M3°(x): C'-cubic FEM.
Hermite cubic interpolation is to use the data: u(0),u'(0),u(1),u'(1) to construct a cubic
interpolatory polynomial, which is given by

ue(t) = u(0)&:(t) + v (0)&2(t) + u(1)&: (1 — 1) — u'(1)&(1 — 1)

where
) =1 +20)(1—t)*  &=t(1—1).

In an element (x;,x;41), we have

,I'—fL’j

h

JI—ZE]' I—ZE]' ,I'—flfj

: )+ agjéi(1 - ) — ajohéa(l — h )

up(x) = agj_1&( ) + agihés(

The stiffness matrix and mass matrix with Dirichlet boundary conditions have the structure:

/2 0 s s

72/2 =
o0
AC= Y2 Y5 V4 ’
Mmoo0 o
Y2 V5 T4
2.3 Other boundary coniditons.
e Neumann boundary condition «/(0) = /(1) = 0. This is called natural boundary

conditon, which is not needed to impose in the finite element space. We consider the model
problem

Lu:=—u"4+qu=f rel
w'(0)=4u'(1)=0

The variational model is to find u € H*(I) such that
a(u,v) = (f,v), ve H(I).

It is easy to verify the equivalence.

Consider the piecewise linear space M (7) with the basis functions {¢;},
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Let u = Y00 aj¢;(x) and v = ¢;(x). We have

N+1

> aga; = f;
=0

where
aij = a(gi, ¢;)  fi=(f, i), i=0,1,..,N+1.

The coresponding linear system for ¢ =1 is
(A+Cla=f

where
1 -1 1/3 1/6

-1 2 -1 1/6 2/3 1/6
-1 2 -1 1/6 2/3 1/6
-1 1 1/6 1/3

e Neumann-Dirchlet boundary conditions.
e Inhomogeneous Dirichlet boundary conditions. Consider, for example, the inhomoge-
neous Dirichlet boundary conditions

uw(0) =go, w(l)=g1, gog1 #0.

Question: Can we choose Vy = {piecewise polynomial : v(0) = go,v(1) = ¢, }7 This is not a
linear space !!!
By integration by part, we still have

(W', v) + (qu,v) = (f,v)  ve Hy(l).

We consider the piecewise linear approximation. The Galerkin solution can be expressed by

N+1
up = ) a;d;(x)

J=0

with oy = go and ay1 = g1, and is defined uniquely by
(uh, ') + (qun,v) = (f,0) v e My’

Similarly, choose v = ¢;, i = 1,2, ..., N, we have

N+1

Zaijaj:fi i:1,2,...,N
j=0

and moreover,

N _
ZC_LZ'J'O(]' :fz 1= ]_,2,...,N
Jj=1
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where

Ji=fi — Gipao — @i 1N 11

In matrix form (¢ = 1),

1 -1 ] [1/3 1/6 ] [ fi+ % — koo T
o
Lz 1/6 2/3 1/6 . o
2
7 ' o +h . = :
1 2 1 1/6 2/3 1/6 ' Fao1
i 1 1| i 1/6 173 |) - | v ha

e More general linear boundary conditions

Aou(0) — p(0)u'(0) = vo,  Mu(l) + p(1)u'(1) = vy,

2.4 The Uniqueness of the Galerkin Approximation.
Some notations, linear spaces, norms and inequalities:

LA(I) = {u() « lullz2 < oo} Jullre = \//01 utdy

HI) = {u(@) : Jullm < oo} llulmn = y/lulZ + ]2
H'(I) = {u(e) : ullar < 00} llullen = y/llullZ + -+ [l 2,
Hy(I) = {u(x) € H'(1),u(0) = u(1) = 0}

Let C denote a general constant which could be different at different places. Following are
some basic inequaities

Schwartz’s inequality |(u,v)| < ||u||2||v] L2 u,v € L*(I)
Sobolev’s inequality ul|?o < Cllul|p2]le]| 22 u € Hy(I)
Poincare’s inequality ul|2: < C|u'|22 u € Hy(I)

Holder’s inequality [(u, )| < ||u||Le]|v] La I/p+1/g=1
We now show that there exists a unique solution u;, € S}, of
(u/h? U/) + (pu;wv) + (quhu U) - (f? U) v e Sh

for h sufficiently small. Since the problem under consideration is linear, it is sufficient to
show uniqueness.

Let U; and U; be two solutions and set Y = U; — Uy. Then
a(Y,v) =0, ves). (1x)
Let ¢ € Hy(I) be the solution of
L =Y(x), ze€l,
»(0) =¢(1) =0,
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where L* denotes the formal adjoint of L,
L'u = —u" — (pu) + qu.
It follows from the hypotheses on the smoothness of p and ¢ that ¢ € H*(I) N HE(I) and
[$llz < CIY[ 2. (2%)
since
L' = =" = (pv) + qp = - ((wefpdr)'e—fpdr>, +qp=— ((wp)’p—l)' + g
where p = efpd””, and
(Vo) = (L7, pvo) = (—((Wp)'D "), ¥p) + (av, ¥)
By integration by part,
(L, pv) = ()", (D)) + (b, ¥p) > Cll(Wp) (172 + ClI|[3-
By Schwartz’s inequality,

[9]17e < O, p¢) < Clwplle2 Y llz2 < Cllll 2 Y ||z
and
(L, ) > Cll(p)'[|72 = CllY'D + ¥p' |22 > Cllo'||7 — Cllw )12
and therefore,

IWlI72 < CY,p¢) + CllellLe < CllllealYllze + 11122 < CIYIIZ:

Similarly,

Y2 = [ =¢"+ @) +aqvllee 2 972 = 1) |2 =l ll 2 = 1971 2 = Clle || 2 = Clled |2

which implies that
[ < CY ]|z W

Thus, using integration by parts and (1*), we have

1Y (|72 = (L*9,Y) = a(Y,¥) = a(Y, ¢ — ),

where y € 5),, and since

(¢, 9) < Clllla 1], (3%)

since

a(g,¥) = (¢, ¢") + (p¢',¥) + (¢4, ¥)
<N N2 l9lz2 + Clld le2llllz + Cligll [l e < Cligl [l B
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where we have used the Schwartz’s inequality.
For ¢, € H'(I), it follows that

Y172 < ClIY (e 14 = xllan-
From Theorem 2.1, we can choose n € Sj, such that

I —nllm < Chl|v]|ge.

stncewe can take j = 2 and let [ = 1 and [ = 0, respectively

19" = 'll2 < ChIY" |2 < Chll¢|
l¢ = nllze < CRA[Y"||Le < CR|[Yllpz W

Thus
1Y (|7 < CRIIY | [l gz < CRIY | Y]] 2,

where in the last inequality we have used (2*), and we obtain
1Y llz2 < Chl[Y || 2. (4%)

Since Y € S,
a(Y,Y) =0,

from which it follows that
Y72 = =Y, Y) = @V, Y) < C{Y g2 + VI HY [l 2. < ChIY |3
sincea(Y,Y) = (Y, Y')+ (pY",Y) + (¢Y,Y) = 0. Using this inequality and (4*), we obtain
Y[l < CRIIY 7.

Thus, for h sufficiently small,
Y[ =0,

and hence from Sobolev’s inequality,
Y =0. |
For the self-adjoint boundary value problem

Lu=—(pu) +qx)u = f(z), ze€l
u(0) =u(l) = 0,

the uniqueness of the Galerkin approximation wu, € S, satisfying
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is much easier to prove. In this case, the coefficient matrix A of the Galerkin equations
is positive definite, from which it follows immediately that the Galerkin approximation is
unique. This result is proved in the following theorem.

Theorem 2.2 The matrix A is positive definite.

Proof — Suppose B € R® and 8 # 0. Then, if A = (a;;) and w = 3;_; Bjw;, then

S

,BTA,B = Zaz‘gﬂzﬂj

ij=1

= > {wBuw, Biw;) + (qBwi, Bjw;)}
ij=1

= (pw',w') + (qu, w)

||p1/2 1/2

> pefwze.

wl|zs + lla"*wlZ:

The proof is complete if ||w’|| > 0. Suppose ||[w'|| = 0. Then w' = 0 and w = C, where C
is a constant. Since w € Sp,, w(0) = w(1) = 0, from which it follows that C' = 0. Therefore
w = 0; that is 335_; Bjw; = 0. Since {wy, ..., w,} is a basis for S, and is therefore linearly
independent, this implies that 3, = 0, 7 = 1,..., N, which is a contradiction. Therefore
|w'|| > 0 and A is positive definite. 1
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2.5 The Accuracy of the Galerkin Approximation

e Optimal H' and L? error estimates.

In the following, an estimate of the error u — uy, in an H*-norm (or an LP-norm) will be
called optimal in H* (or LP) if the estimate has the same power of h as is possible by the
approximation properties of the subspace S} with the same smoothness assumptions on w.

Theorem 2.3 Suppose w € H (1) N Hy(I). Then, for h sufficiently small,

lu — up||z2 + hllu — up|l g < CA™ | grea
Proof — Let ¢ € HJ(I) satisfy

L¢=e(x), xze€l,

9(0) = ¢(1) =0,
where e = u — uy,. Then, as in section 2.4 but with ¢ and e replacing ¥ and Y, respectively,
we have
lellrz < Chlle[| (5%)
since
ale,v) =0, v € Y.
Since

ale,e) = ale,u —x), X € Sh,
it follows that

le'llZ2 = —(pe’,e) — (ge, €) + ale,u — X)
< C{ll1e/ 122 + Nellz=]lell = + llellm llu = xllan }

on using Schwarz’s inequality and (3*). On using (5*) we have, for h sufficiently small,
lellz < Cllu = x||m-
Since u € H™(I) N H(I), from Theorem 2.1, y can be chosen so that
lu— x|l < CR||ul| g,

and hence
llellzr < Ch"™||u|| g+

The use of this estimate in (5*) completes the proof. 1
e Optimal L error estimate.
In this section, we derive an optimal L error estimate when S, = M};°(x) and the
partition 7 of I is from a quasi—uniform collection of partitions, which we now define.
Definition Let
T 0=xy<r1<...<xny <Ny =1
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denote a partition of I and let TI(7) denote the collection of all such partitions 7 of I. As
before, set
hi:.fEi—.fEi_l, Zzl,,N+1,

and h = max; h;. A collection of partitions C C II([) is called quasi—uniform if there exists
a constant ¢ > 1 such that, for all 7 € C,

max hh;! <o.
1<j<N+1 7

The following lemma, which is proved in [?], plays an important role in the derivation of
the L™ estimate.
Lemma 2.1 Let Pu be the L? projection of u into M?%(7), that is,

(Pu—u,v) =0 ve Mj(nr),
where 0 < k <r —1. Then, if u € W (I),
1Pu— ullpoo(ry < CR™ ]l ot g,

provided 7 is chosen from a quasi—uniform collection of partitions of I.
We now prove the following theorem.
Theorem 2.4 Suppose S;, = MZ’O(W), with ™ chosen from a quasi—uniform collection

of partitions. If u € WZH(I) N Hy(I), then

= up|[ e < CR™Hul| s

Proof — Let W € S}, satisfy
(W' o') = (u,v'), veS.

Since
a(u —up,v) =0, vES,

it follows that
(W —wup),v") + (u— up, qu — (pv)') =0,

for all v € S),. If we set v = W — uy, then
I(W —un)' 172 < Cllu = unll2|W — up [ 2
Therefore, since || - g2 and || - ||z2 are equivalent norms on H{,
W = un|lm < Cllu — unl| 2
and from Sobolev’s inequality, we obtain

W = un|[p < Cllu = up] 2.
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Then, from Theorem 2.3, it follows that
||W - UhHLoo S Ohr—i_lHu||Hr+1.

Since
L,
we need to estimate ||[u — W[~ to complete the proof.

Note that since
((u - W),7 1) =0,

it follows that W’ is the L? projection of v/ into M} _1(7), and hence, from Lemma 2.1, we

obtain
[(u = W) < CR"|[W |z, < CR"|[ulyyrsa. (6x)

Now suppose g € L' and define G by

Then
1Gllwz < Cllgllr, (7%)

and, for x € Sy,
(u=W,g) = =(u—-W,G") = ((u—-W)", (G =X)).
On using Holder’s inequality, we obtain
(u—=W,9) < [(w—= W)L (G = )| -
From Theorem (2.1), we can choose x so that
(G = x)'llrr < Chl|Gllwe.
Hence, on using (7*), it follows that
[(u =W, 9)] < Chll(u = W)= llgll -
On using (6*) and duality, we have
= Wl < CH# fullygor

The desired result now follows. 1

2.6 Superconvergence results The error estimates of Theorems 77 and 7?7 are optimal
and consequently no better global rates of convergence are possible. However, there can be
identifiable points at which the approximate solution converges at rates that exceed the
optimal global rate. In the following theorem, we derive one such superconvergence result.
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Theorem 3.5 If S, = M{’(x) and w € H™Y(I) N HA(I), then, for h sufficiently small,
|(u— up)(x;)| < CR* ||lu|lgrr, i=0,...,N+1.
Proof — Let G(z,&) denote the Green’s function for (77?); that is,
u(r) = —(Lu, G(z,-)) = a(u, G(x,-))

for sufficiently smooth u. This representation is valid for v € Hj(I) and hence it can be
applied to e = u — uy,. Thus, for y € S},

e(z;) = ale,G(x;,+)) = ale, G(4,-) — X),
ale,x) =0, x € Sh.

Thus,
le(z:)| < Cllellm |G (i, -) = Xl

From the smoothness assumptions on p and ¢, it follows that
G(ai,-) € H™([0, ) N H™ ([2;,1]),

and

1G s, -) <c

+ HG(LEZ, ')||Hr+1([xi’1]) =

||H7‘+1([07zi})

Hence there exists x € ), (obtained, for example, by Lagrange interpolation on each subin-
terval) such that
|G (i, ) = x|l < CR.

From Theorem 77, we have
el < CR"[[ul[ s,

for h sufficiently small, and hence combining (?7)-(??), we obtain

le(zo)| < Ch"||ullgrrs,

as desired. N

A method which involves very simple auxiliary computations using the Galerkin solution
can be used to produce superconvergent approximations to the derivative, [?]. First we
consider approximations to u'(0) and '(1). Motivated by the fact that

(f,(1—2))=(—u"+pu + qu,1 —2) =u'(0) + a(u,1 — ),
we define an approximation I'y to «/(0) by

To=(f,1—2)—alup,1—1),
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where wy, is the solution to (?77?). Also, with 1 — x replaced by x in the above, we find that

u'(1) = alu, z) = (f, @),

and hence we define an approximation I'y 1 to u/(1) by
Iy = alup, z) — (f, 2).
It can be shown that that if u € H™"!(I), then
T — ()] < Ch¥ [Jufl s,

j =0, N +1, when for example, S, = M}°(r).

If S, = M{°(7), a procedure can be defined which at the nodes x;, i = 1,..., N, gives
superconvergence results similar to (??). Specifically, if I';, an approximation to u'(z;), j =
1,..., N, is defined by

a(un, ) — (f, 2)r

N J
I = ‘ ,
Lj

where the subscript I} denotes that the inner products are taken over I} = (0, ;), then (?7?)
holds for j =1,..., N. The approximation I'; is motivated by the fact that

(Lu7 x)I]' = (f> x)I]'-v

and, after integration by parts,

—u(z;)z; + a(u,2)r = (f,2)r.

2.7 Remarks

e non-uniform mesh

e Quadrature Galerkin methods.

e Linear solver.

e Nonlinear Problems. Consider the boundary value problem

where we assume f, > 0. It is easy to show that the weak form of this boundary value
problem is
(', 0") + (f(u),v) =0, ve Hy(I).

As before, let S;, be a finite dimensional subspace of Hj(I) with basis {wy,...,ws}. The
Galerkin approximation to u is the element u;, € S} such that

(uy,, ") + (f(up),v) =0, veESy, (5%)
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and if

T) = iajwj(if)

we obtain with v = w;, the nonlinear system

S
Z(w w ( Zal,wy wz):O, i=1,...,s,
j=1
for ay, ..., as. Newton’s method for the solution above can be easily derived by linearizing
(5*) to obtain

n)’ n— n— n n—
(ug ) 4+ (Fug ™, 0) + (fulu D) =), 0) =0, v e Sh,

where ugo) is arbitrary. If

S
_ (k)
= Z a; "Wy,
j=1

then
(A+ Bn)a(") = —F, + B,a™"V, (2.5)

where
A= ((whw}), a™ = (@™,...,af)7,
B, = ((fu(ilo‘i"‘”wu)wz» w;)),
F = (/) w0).
Note that (2.4) may be written in the form
(A+ B,)(a™ —a V)= —(Aa™V + F,).

A comprehensive account of the Galerkin method for second order nonlinear problems is
given by Fairweather (1978).

A different way is to use Newton method (linearization) for the boundary value problem
before to change it to a weak form. The linearized eqaution is given by

™Y 4 f(,u™) + folz, u™) (Y — ™) =0
u("+1)(0) =u" (1) =0.

34



3 Collocation Methods

3.1 Introduction. Consider the linear second order two-point boundary value problem

Lu=—u"+px)u +q(z)u= f(z), zel, (3.6)

where the functions p, ¢ and f are smooth on I. Let
T:0=2y<21 <...<ny <2Tny1 =1

denote a partition of I, and set h; = z; — z;_1.

Let Vi be a finite dimensional space approximating to Hj(I) and we hope to find an
approximation in V. Let u, = > aj¢;(x) where ¢;(z), j = 1,2, ..., N, are the basis functions
of V. The collocation solution uy(z) (or ;) satisfies the system

Luh(xf) :f(xc>7 L= 17277N7

)

where x¢ € I denote the collocation points. Moreover, we have

N
S Loi(af)oy = f(x5),  i=1,2,..,N,
7j=1

or

N
S aya; = f(z),  i=1,2,..,N,
7=1

where a;; = Lo;(z5).

Variational form: find a solution u;, € Vx such that
(Lup,v) = (f,v) v e Uy

If we choose
v=>0(zr — x) i=1,2,...,.N

)

we have
Lup(z5) = f(xf) 1=1,2,...,

7

which is the collocation system.
Collocation methods: simple, clear and no numerical integration, but linear system is
symmetric.

3.2 spectral collocation methods. Collocation methods depend upon: (i) Vy and
(ii) collocation points x¢, i = 1,2, ..., N.

e Spectral collocation uses: Global polynomial of degree N + 1 with the conditions
u(0) = u(l) = 0, and zeros or extremal points of some special polynomials, Legendre,
Chebyshev, or Radau-type and Lobatto-tyep.
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Ezample 3.1. For the case p =0, ¢ =1 and f(z) = sin7z, find the spectral collocation

solution in P;. Let
up = x(1 — x)(ap + o)
and choose the collocation points to be the zeros of Gauss-Legendre polynomial of degree 2,
2= (1-V3/3)/2,  a5=(1+v3/3)/2
. Then
—uy (25) + up () = sin(wzf), i=1,2 (3.7)
e Linear system: condition number =O(N%), ill-conditioning and nonsymmetric.
e exponental accuracy: O(N7).

3.3 Orthogonal Hermite cubic spline collocation methods.
In the orthogonal Hermite cubic spline collocation method for (3.6), the approximate
solution uy, € M3(m). If {¢;}5_, is a basis for M3(7), where s = 2(N +1) +2, we may write

up(x) = ilujqu(m) (3.8)

Then the coefficients {u;}?_, are determined by requiring that uy, satisfy (3.6) at the points
{2¢}5Z7, and the boundary conditions in (3.1):

j=0
Luh(x;):f(gj)a j:1727"'73_27
up(0) = go, un(1) = g1,

where
x?z_l)(T_1)+k :xl_l+h0—k7 i:1,2,...,N+1, k:1,2,
and {0} }?_, are the nodes for the 2-point Gauss-Legendre quadrature rule on the interval

[0,1], i.e.,

1 1 1 1
v, = 1+=(1——4|h, a5,=x,1+=(1+—|h, i=1,2,...,N+1.
A 2( ﬁ) S 2( ﬁ)

In a standard element [0, 1],
up = uy (14 26) (1 — )% 4 uft(1 — 1) + ug(3 — 26)t2 — ubt*(1 — t)
= wino(t) + uim (t) + uan(l — 1) —uym(l —1).
Then in the element [z}, z;41],
up(x) = up(x; +th) = umo(t) +wihn (t) +ujane(l —t) — ughm (1 —t)

Ezxample 3.2 We consider the same problem as in example 3.1. We need to solve the
boundary value problem

—u"(z) + u = sin7x (3.9)
u(0) =u(l) =0
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by Hermite cubic spline collocation method with two elements and two collocation points

at each element. Let u;, = Z?Zlujaﬁj(x). We have a system of four equations with two
boundary conditions.

4
> 0i(=¢5(af) + 6;(af)) = f(af), i =1,2,3,4
j=1

We have a system of four equations with two boundary conditions. In the element [z, x1],
The linear system is given by

X X X ug f(zf)
X X X up || f(25)
X X X uy || f()
X X X ul f(z9)

e Linear solver.
e Convergence.
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