Chapter Two: Numerical Methods for Elliptic PDESs

1 Finite Difference Methods for Elliptic PDEs

1.1. Finite difference scheme. We consider a simple example
Pu  0*u
subject to Dirichlet boundary conditions
ulan = g

Basic concept: replacing the derivatives by finite differences.
Let m = {z;, yj}%i(l)’NH define a mesh on 2. For simplicity, we consider a uniform mesh
with the meshsize h, = x; — z;,_1 and h, = y; — y;_1, and u;; be a mesh function on 7.

The finite difference approximation is defined by

_oul@ion,yy) — 2u(@i, yy) + ul@iv, y))
Ugy ~= h2

oul@, yy1) = 2u(zi, yy) + u(@, yj)
Uyy ~ 12
)

Then the finite difference solution u;; is determined by the following system
Uim1j — 2Ui5 + Wip1y | Wij—1 — 2Ui 5 + Ui g1
J & J J 1 L () (1.2)
ha h2
1=1,2,....M; 7=1,2,... N
wg =g(wiy;)  i=0i=M+1,j=0,j=N+1

Lhuij =

In matrix form,

Au=f
where for hy = hy, = h
B I 4 -1
1 |- B -I -1 4 -1
-1 B -1 4

and
_ T
U = (Ull, U2,y ooy UIN, U214y UZNy ooy UDLT, ---UMN) .

In tensor product form,
(A1®IN+IM®A2)u:f
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where

Here the tensor product is defined by
B® C = (b;C)
Some properties:

(1) (A1 ® A)(B1 ® By) = (A1B1) ® (A2 Bs)
(2) (A®A) ' =AT"0A4"
(3)  if Az = AIsx, By= gy

(AR B)(z®y) = Aarp(z®@Yy)

1.2. Linear Solvers.

A major problem for elliptic PDEs is the efficient algorithms for solving the linear systems
since the dimension of matrices for elliptic PDEs is much large than for two-point boundary
value problems.

e Direct algorithm: Gaussian elimination.

Complexity: (NM)3/3 for two-demensional elliptic PDEs. Memory: O(NM?).

e [terative algorithms:

Jacobi, Gauss-Seidel, SOR, CG, Krylov subspace, ...

e Alternatiing direction implicit (ADI) algorithm

(A +wD) @ Tu"™? = — [T ® (Ay —wD)]u" + f
1 ® (A +wh)]u"™™ = = [(Ay —wl) @ u"2 + f

Convergence: (i) ADI is convergence for any w > 0; (ii) If w, = A,, ADI is a finite
method (direct) where A, is the eigenvalue of A;.

Complexity: at each iteration, ADI algorithm needs to solve N M one-dimensional prob-
lems, i.e., tridiagonal linear systems. The complexity at each step is (N?) for N = M.

Remarks: ADI algorithm is simple, efficient and restricted on separable problems.

Convergence analysis:
First we consider the following basic iteration

u"t =Tu" + b
The iterative scheme is convergent if
p(T) < 1.
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(u: w = Tu+ b, proof is easy).
ADI algorithm is a special case with

T=[I® A +w] " [(A —w)QI[(A +w) @I I ® (Ay — wi)]
It is easy to get
T=[(A —wl)(A +w) | @ [(A +wl) (4 — wI)]

and the eigenvalues of T are

e Fast Poisson’s solver.
We have proved that
A F, = A F,
where
s

B 2 1y
2(M +1)

F, = i
M+1 (Sm M+1
and F? = I. Then the finite difference system can be rewitten by

(Fs@DN(MI+10A)(Fsl)u=f

) i = 4(M + 1)?sin?

and moreoever,
MeT+IA)u=(F,eI)f
where
u=(F;®1)u

Fast Poisson solver:
(i) Calculate f = (F, ® I)f;
(ii) Solve the system
MRT+I®A)u=f
(iii) calculate u = (Fs ® I)u.
Complexity: O(N?%logN) for N = M.
1.3. General second-order Elliptic PDEs.
e General domain
e General boundary conditions
e Problems in three-dimensional spaces
e More general elliptic PDEs

A1 Ugy + A2Ugy + A3Uyy + blux -+ bguy + cu = f
e Linear elasticity equations

(A + 2 Uy + pttyy + (N + () Vgy = f1
(A +20)vyy + [z + (A + 1)Uy = fo

where (u,v) define the displacement.
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2 FEM for two-dimensional elliptic PDEs

2.1 Basic idea
We consider a simple model problem, Poisson equation

—Au = f(x,y), (z,y) € Q (2.1)
ulag = 0 |

where 02 denotes the boundary of 2 and

Similarly to one-dimensional problem, we need a variational model which will be obtained

by using Green formula instead of integration by part in the last section. Let u = u(z,y)
and w = w(x,y) be smooth functions in Q. Green formula is given by

—/QvAwdQ:—/mvwnds—l—/ﬂvw-vvdﬁ

Pw 0w Oovow  Ovow
_/ (@—FW) dzdy = / v—ds /<a_x8—x+8y8 )da:dy

1.€.,

where

ow __ Jw ow
n 8znx+ 8yny
Ng =cos < W, T >, ny,=cos < W, Y >,

ov ow
Vv—<8v> vw:(gg;).
Ay e
By using the Green formula for the model problem (2.1) and letting v € H}(Q2), we have

—/QvAwdQ:/QVu-Vde:/ande.

Let
a(u,v) = Jo Vu-VodQ

(f, v) = Joq fvdQ
Fv) = %a(v, v)—(f, v).

We can obtain the equivalent (V) model and (M) model

Find u € Hj(Q) such that for all v € H} (),

a(u, v) = (f, v) (V)
and
i F) (M)

Similarly, the above models are to find a solution in a infinite dimensional space. In FEM,
we need to approximate the infinite dimensional space by finite dimensional spaces V},. Let

43



¢j(x,y), j=1,2,---, N, be the basis functions of V},. A function u; € V}, can be expressed
by

uh(x,y) = Z aj¢j(x>y> .

Jj=1

Letting v = ¢;, i = 1,2, ..., N, respectively, in the (V},)-model, we have

a(un, d;) = (f, ¢1)
and

N
;ajfgv@.wjdﬁz/ﬂf@d@, i=1,2,..,N.

The linear system is given by
Aa =105

where

ay= [ V6i-Verd2, b= [ foran.

The importance is the choice of finite dimensional space. Piecewise polynomial space is
one of most popular choices. In this case, one has to construct a mesh, i.e., divided the
domain € into small pieces (element). Mesh generation in multi-dimensional space is one of
important parts in study of FEM.

Figure 4: Finite element mesh in two-dimensional space.

2.2 Basis functions

Here we consider piecewise polynomial basis functions. Let 2 be a bounded domain
which consists of the elements {K;}Y, and nodal points {(z;, y;}}_,. We first consider the
piecewise linear space where

Vi, ={v: continuous on 2, piecewise linear, v =0 on JN}.

The corresponding basis functions ¢;(x) € V3, j = 1,2,..., N, satisfy
* ¢;(x) is pilecewise linear; * ¢;(x;) = J;; where x = (x,y).
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Figure 5: The basis function of linear element in two-dimensional space.

We see that the support of ¢; (the set of points  for which ¢; # 0) consists of the
triangles with the common node ; (shaded area).

Now we need to formulate the piecewise linear function.

Ezample. Find a linear function L(z,y) on Q; = {(z,y)|0 <z < a,0 <y < b, z/a+y/b <
1} satisfies

* linear;
% [(a,0) = 0, L(0,b) = 0
* 1(0,0) = 1.

Figure 6: The function L(z,vy).

Since L(x,y) is a linear function, it can be expressed by L(z,y) = bg + byz + boy. Then
the solution of problem is unique. The equation of line passed through the points (a,0) and
(0,b) is

Let
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Then the solution is

L(z,y) =

which satisfies the all above conditions.

For a given triangle €2; with the three vertices 1, > and x3. We need to find three linear
functions L;(z), j = 1,2, 3, satistying L;(x;) = J;;. Let [;;(x) denote the equation of line
passed through the vertices x; and ;. Then

hie) = 50 bale) = 20 ) =

Now we can formulate the linear basis functions, each of them corresponds to each interior

node. ¢;(x) is nonzero only in the elements around the vertex ;. The formula in such each
element can be obtained as above.

Example (Quadratic element). Find a function Q;(z,y) on a triangle ; with its vertices
xz;, 1= 1,2, 3, satisfies

* quadratic;

*Qj(x;) =045, 4,5 =1,2,3.

It is obvious that the solution is not unique. We need to add some more conditions. Here
we consider a triangular element below.

X3

X6
Xl

Figure 7: The basis function of quadratic element.

We require the second condition to be satisfied for j = 1,2,3,4,5,6. Let [;;(x) be the
equation of line passed through z; and ;. Then the solution is

() 11s(X)
) Q (.’L‘) 142?-772 liig-'rz

)-l23 () )
A AR ! (z;z
— _t45\b)hi2ll) — _Y2 13
Q?’(z) - l45(w3;'l125$3) Qs (.’1}) 112(1134; 113?'1»‘4
l23 () Q (.’1}) _ o 131(X)132(X
)-l23(Ts) 131(&Ls)-l32(Te) *
It is noted that @;(x,y) defined above is quadratic for each component.
Ezample (Quadrilateral element. Four-point quadrilateral element)
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The linear basis functions L;(z) can be obtained analogously.

(L) 154 (T) — ha(@)154(Z)
Li(z) = W Ly(z) = W

_ l2(X)-114(X) _ 12()-123()
Ls(2) = rymyaay L@ = @y

which is not exact ”linear” function in general.
Some other high-order elements are as follows.

X1 X,

X >
Figure 8: Some other elements.

Stiffness matrix
For the simple model problem (2.1), we have

as; :/Qqui-ngﬁde.

Here we only consider the linear element.

X3

%

X5 X
Figure 9: The elements around the node X;

Let K; denote the five elements around the node z;. Then

. llg(.'l')
¢j(z) = (@)

The equation of line passed through x; and @, is

r—T Y-
Tog — 1 Y2 — U1

=0
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1.€.,

Loz, y) == (192 — 22y1) — 2(y2 — y1) + y(z2 —21) = 0.

We see that
1 1 1
he(z,y) = |2 21 9
Yy yr Y
and
1 1 1
ho(zj,y) = | & o w2 | = 2A(Ky) = (24)
Yi Y1 Y2

where A(K7) = A; is the area of the element K. Since

%:_?/2—% acbj:xz—lfl
ox 2A1 ay 2A1 ’

we have

az’j—zl:/Klv@'V@dQ_zl:/Kl(ax 6;>+<0y 3yj>d9'

Obviously, if no segment between x; and x;, a;; = 0.
Example. We consider the following Poisson’s equation

—Au=1 (z,y) € Q=10,1] x [0,1]
u‘ag =0

By using linear triangular element and h = 1/3.

@ @ @
@ @ @

@ @
@ © @

) @ ®
©) ® ®

Figure 10: An example.

Node i = 1,
W1 =[xy Kot Kat Krt st ko V01 - Vor dady
:fKQ +fK3 +fK4 +fK7 +st +IK9 .
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We have calculate the integrals one by one. Since on K, ¢1 = (z +y — h)/h,

1 2
/ V(bl-V(bldxdy:/ 2(—) drdy = 1.
K2 K2 h

Also we have

/z<3 V¢1-V¢1da:dy:/K3 (1)2 dady =12

h
and
/ :/ :/ —1/2 / —1.
K4 K7 Kg Ko
Then
a;p =4.
For a2, we have
a2 = Vo1 - Vo dedy.
Ki+Ko

We can obtain

/ Vo, - Ve drdy = / Vo - Ve dedy = —1/2
Ky Ko

and therefore,
19 — —1.

Similarly,
a3 = —1 ajy =0 ( no edge between 2, and )

and
Ago = a3z = aygq = 4
a3 =0 agy=az =1.
Then the stiffness matrix is
4 -1 -1 0
1{-1 4 0 -1
Al -1 0 4 -1
0 -1 -1 4

The calculation of the load vector b is more complicated.
01 = Jiot Kot Kut Fert Kot 1o 1 d2AY
by = [k, K5t Kot Kot Kr04 K01 P2 dody

b3 - fK8+K9+K10+K13+K14+K15 ¢3 dl’dy
b4 = fK10+K11+K12+K15+K16+K17 ¢4 da:dy ’

The finite element linear system is
Aa=b.

49



If we consider the case with N x N mesh. Then the stiffness matrix is block tridiagonal

B I
-1 B -I
A= ‘
-1 B
where
4 -1
-1 4 -1
B = ‘
-1 4

If we have used different partition, or different index, we will obtain different stiffness
matrices. It will be very complicated for general geometry, equations and boundary condi-
tions.

2.3 Element stiffness matrix.

The above approach is very complicated to implement in computer. As we discussed in
the section one, we consider an alternative approach, element stiffness matrix.

We assume that we have had a triangular mesh on the domain €2, which consists of the
elements Ky, k=1,2,..., M and ¢,, j = 1,2, ..., N, be the linear basis functions.

For the element K}, we denote its element stiffness matrix by
k
Ay = (a'z('j))3><3

where for the simple model (2.1),

o) = a(¢s, ¢;) = /K Vi Vo drdy.

Xk

3

Figure 11: A typical element.
Let (z;, 9;), @ = 1,2, 3, be the coordinates of three vertices of K. Then

(k) _ Ok, 0Pk, | Oy, OPx,
i _/I('k(ax or + dy Oy

) dedy i,57=1,2,3

50



and

1 1 1 1 1 1 1 1 1
1 o 1 o 1 _
¢klzm T Ty T3 ¢k2:E Tods T ¢k3:2—Ak T T
Y Y2 Y3 Yy Ys W Yy Yy Y2
In general,
1 1 1
1 _ _
¢ki:2—Ak z 9fz'+1 in+2
Y Yi+1 Yir2

where £, = &, and x5 = x5. Hence,

dor, 1| 1 1 ot 1| 1 1
Ox 20k | Uit1 Yiso dy 20k | Tig1 Tigo
We have the following formulas:
(k) L. _ _ _ _ _ _ _
Y = IA, [(Tiv2 = Uis1) Witz — Jjr1) + (Tive — Tig1) (Tjp2 — Tjy1)] (2.2)

and
b = / f(@,y)idudy .
Ky

Since f(z,y) could be an arbitrary function, we need to use Gauss-Quadrature technique to
calculate the above integrals

p
0 =" wif (a0 i, vp)
=1

where (z},y/) and w; define the Gaussian points and the corresponding weight.

Remarks. For some complicated elliptic PDEs, a(u,v) could be complicated and we
cannot obtain the above general formula. We have to use Gauss-Quadrature to calculate

both aft and b{".
In most computer program, the stiffness matrix is obtained by using the following ap-
proach. Let A = (a;;) and Ay = agf) be the (global) stiffness matrix and element stiffness

matrix, respectively. Then for each element K}, we need the following loop
Ajp, g = Qjp,jq + %(fé) p,q=1,2,3 (2.3)

and
bjp:bjp+b§,k) p,qg=1,2,3.

The relationship between (j,, j,) and (p, ¢) will be discussed later. Finally we use the bound-
ary conditions to reduce the size of the matrix.
Ezample. We consider the same problem as in the last example. Here A, = 1/18.
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13 NE 2|33 23 3 2
19
@\ | & @\,
1 ANE 2 Sk 2\ 12
° EN 2133 ZEEN 2
o @
@ @ @
1 1 1
1 2\! 2\[1 2\|g
5 K3 2\3 2133 2
3 3
@ @ ©
@ 1 @ 1 @ 1
1 2\J1 2 \]1 2
1 2 3 4
Figure 12: An example.
(i) Element stiffness matrices. By using the above formulas,
o =2k [ )+ () ()] =
a = [(3) (=3) + (5) 0] = -2
g = a5 [(3) 0+ () (5)] = -1/2
o) = [(3) () +0] =12
at) = & (5)-0+0- Y] =0
o= 5 0 ) )1
Then we have
1 —1/2 —1/2
A= -1/2 1/2 0
-1/2 0 1/2
and similarly
/2 —-1/2 0
Ay=1| -1/2 1 —1/2
0 —1/2 1/2
Moreover, we have
Ay =A3=A5--- = Ajs = Ayy Ay =Ay=- = A= Ass.
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(ii) Global stiffness matrix. Now we assemble them into a global stiffness matrix. Key
point for the assembling is the local index and global index. In our formulas, p, ¢ represent
the local indexes and j,, j, are the global indexes. The relationship is as follows.

2 1 5
1 311 3

®

2 2

3 4

Figure 13: The connection.

local  global local  global
A, 1 - 1 A, 1 - 2
2 - 2 2 — 6
3 — 5 3 — 5

Following the rule, we can put the element matrix into the global matrix. For example,

a%) should be added in a5
o (1)
15 = Q15 + 13
and
a\?) should be added in asg
o — (2)
26 = (26 + Ajg -
We obtain (assemble the first 8 elements)

ri -1/2 -1/2

1/24+1/2+1 -1/2 0 -1/2 —1/2
1/24+1/2+1 -1/2 —1/2 —1/2
1/2+1/2 —1/2
1/24+1/2+1 -1/2 —1/2 -1/2
A= 14+1/24+1/24+1/2+1/2 —1/2
- 14+1/241/2
1
1/2+1/2

The right hand side can be assembled similarly.
(iii) Condensation. By using the boundary conditions

=0y =03 =04 =05=08 =0 = Q13 =013 =014 =015 =15 =0,
we obtain the final linear system

b + b5 + b5 + b5 + oY +

4 -1 -1 0 [ as

1 4 0 1| ar | | 040 40 -0 bl o

10 4 =1 faw || BB b5 b5 b b
0 -1 -1 4 |[oy b5 + 0 4 b 4 b5 4 b 4 {7

93
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The finite element solution can be obtained by solving the above system.

2.4 Implementation Computer program structure.

(i) Data input

* functions (such as f(z,y)) and parameters in the PDE;

* boundary conditions;

* Geometry .

(ii) Mesh generation

* generate the coordinates of all nodal points;

* generate the connection among the local indexes (of points) and global indexes (of
points).

(iii) Stiffness matrix and load vector

* generate element stiffness matrices;

* generate element load vector;

* Gaussian quadrature;

* assembling.

(iv) Linear solver (iterative methods or direct methods)

(v) Post-process.

Gauss quadrature

We consider the integral

In general,

| [ fy)dedy

Usually we use the same approximation in FEM to approximate the function f(z,y). For
example, if we use linear FEM method, then

//Af(l’,y)d:rdy%//AfL(m,y)dxdy

where fr(z,y) is a linear interpolation polynomial on the element A.

Linear solver
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Chapter Three Numerical Solution for Parabolic PDESs

1 FD for parabolic PDEs.

Here we consider numerical solutions of a simple model problem

z € (0,1),t>0

xz e (0,1)
t>0

Ut = Ugg,
U(O,QZ’) = U’O(x)v

u(t,0) = u(t,1) =0,

where ug(x) is given.
Let {t,,z;} define a partition, where

0=ty <ty <ty. <t, <tni1
O=a2g <21 <Zy... <y <2Tny1=1.

For simplicity, we assume the mesh is uniform, i.e.,

h:a:j+1—a:j T:tn+1—tn.

(1.1)

Let u? be a mesh function defined on the mesh {t,,z;}. Similarly, we use the following

ny j— ny j ns j
E t?’L 1 j tn7 j

for the parabolic equation. The FD solution satisfies the following system

n+l _ . n no__ n n
U i —2uf Ul

] pr—
T h?
0
U; = uo(;)
n__..n
uy = Uy =0

In matrix form, we have
Un+l _ (I _ lAl)Un

h2
U =1,
where
2 1 i

12 -1 “ o

u U\ T

A = N Un — 2 Uy = o

1 2 -1 . '

19 uly up(z)
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which is called the explicit (forward) Euler FD scheme.
Similarly, if we use the approximation

u(ty, ;) — u(tn_1,7;)

Ut(tn,l’]) ~ -

Then we obtain the implicit (backward) Euler FD scheme

n—1
u? —u’; u?_, —2u” +u”
J TJ — izt h; L i=1,2,.,N;n=1,2, .. (1.5)
U?—Uo(%)

(I+ %Al)U” U™l p=1,2,.. (1.6)
U° = U,

In terms of Taylor’s expansion, we can prove that the trunction error for both explicit
and implicit Euler scheme is O(7 + h?).

In order to get a scheme with second-order accuracy in t direction, we consider the
approximation

(tn+17 x]) - u(t?% ,T])

u
Ut(tn -+ ’7—/2, ZEJ) ~

-
Tu(t,i,xi-1) — 2u(tni1, 5 trntl, Tj
Ugcgc(tn‘i‘T/Q,ij) ~ 5”( +1,Lj 1) U( }:-21 .T]) —|—U( +1 x]-i-l) (17)
Lu(ty, xj-1) — 2u(tn, ¥;) + ultn, Tj11)
2 h? '
The corresponding scheme can be writtren by
17 A 17 A"
U’ =0,

This is so-called the Crank-Nicolson FD scheme. The trunction error is O(72 + h?).

2 FE for parabolic PDEs

To formulate a finite element method, we need a variational model for the parabolic PDE.
Let v € H} and
(ut7 U) - (umﬂ? U)
(U(O, Qf), U) = (uO’ U)
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Using integration by part,
(ug,v) + a(u,v) =0

(u(0,z),v) = (ug,v) (2.1)

where a(u,v) = (g, vs).

The corresponding variational model is: Find u € H} such that for all v € H{, the above
equation holds. Theoretically, we can prove the equivalence of the parabolic PDE and the
variational model.

The variational model for FEM is to find u € Vi such that for all v € Vi, the equation
(2.1) holds.

Now we consider the linear FEM. Let {¢;}’_ be the basis functions of linear FEM. Then

u(t,z) =Y a;(t)o;(x),  w(t,z) =Y o(t)e;(x).
Let v = ¢;(z), i =1,2,...,N,
(X (1) 9, di) + a(X a;(t)dj, ¢i) =0
(X ;(0)o;, i) = (uo, ¢1)

equivalently
X aj(t)(95,0i) + X aj(t)aldy, i) =0
> (0)(dj, ¢5) = (uo, ¢i) -

In matrix form,

Ca +Aa =0
Ca(0) = (22)
where
ai; = a(¢j, ¢i), cij = (¢5,¢0:) b = (uo, ¢;)
or

A= %Al, C = tridiag(1/6,2/3,1/6),

a=(at),az(t), - an(t)" o =(d(t),a5(t), -, ay(t)".

(2.2) is a system of ODEs. In fact, in terms of FEM approximation in x direction, we reduce

the parabolic PDE to a system of ODEs. One can use classical ODE solvers for solving the
resulting ODE system. Thus such a scheme is called the semi-discrete method.

There are many different fully-discrete schemes. Here we only consider some FD schemes

for ¢ direction. If we use the approximation in (1.3), the variational model is to find u € Vi

such that for all v € Vi,
(un+1(x)—un(r) , ’U) + a(u"(m), U) -0

(u0(2), v) = (ug, )

The variational model for FEM is to find u € V,, such that for all v € Vy, the equation
(2.3) holds.

(2.3)
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Similarly, we consider the linear FEM. Let {¢;}_ be the basis functions of linear FEM.
Then

u(z) = Za?aﬁj(x), .
Let v =¢;(z),i=1,2,..., N,

Yot —a) (), ¢i) + T ala(¢y, i) = 0
Za?(¢ja ¢i) = (uo, Ps)
In matrix form
Can—i-l
Ca' =

(C—1A)" (2.4)

<l

where
o™ = (al(t), aj(t), -, (1)

This is so-called the explicit Euler with linear FEM. Similarly, there are the implicit Euler
with linear FEM and the Crank-Nicolson with linear FEM.

3  Stablility

e Stability of parabolic PDEs
We consider model problem (1.1). A perturbed model problem is given by

Ut = VUgg, x€(0,1),t>0 (3.1)
v(0,x) = up(z) + 0(x), z e (0,1)
v(t,0) =v(t,1) =0, t>0

where ug(x) is given.
Let e(t,x) = u(t,z) — v(t,z). We have

et = €y, ze€(0,1),t>0 (3.2)
e(0,z) = 6(x), z € (0,1)
e(t,0) =e(t,1) =0, t>0

The model problem (1.1) is said to be stable with respect to the norm || - ||, if there exist
positive constants K such that
lell < &[0 -
e Stability of discrete methods
First we consider a general scheme
u"t = Mu™ + f (3.3)
u® = b(given)



where M is an N x N matrix. A perturbed system is defined by

Un+l:MUn+f
W =049

Let €® = v™ — «™. Then

and therefore,
= Me" = M?*e = = M = Mty

It follows that
[e"H 1 < I l6]]

By theorem in Linear Algebra, if

p(M) := max |\ (M)] < 1.
J

|M™ | -0 as n— oo

and [[e""!|| — 0. In this case, we say that the discrete method is (absolutely) stable.
For the explicit (forward) Euler FD scheme

T
Then

T 4 JT
)\](I — ﬁAl) =1- Tﬁ S1n (m) .

The explicit Euler FD scheme is absolutely stable.

4 g
— —) <2
"2 G )
and approximately
T - 1
hz ~2°

For the implicit (backward) Euler FD scheme

T —
M:(I+ﬁA1) L

We have

T 1
(M :/\-<1+—A ‘1): : <1 j=1,2,---,N
D=2\ ) 1+ 755 sin® (58y) /

The implicit (backward) Euler FD scheme is unconditionally stable.
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For the Crank-Nicolson FD scheme,

17
2 h?

A)NT - 1lAl).

M=(I+ 57

It is easy to verify that this method is also unconditionally stable.
For FEM, we have

1 1
A - EAI, C - h([ - 6141)

For linear FEM with explicit Euler scheme,

M=CNC=7A) =100 A=1- (I - %Al)-lAl |

2
Then ,
48in” w3
- T 2(N+1)
32(N+1)
The scheme is absolutely stable if
T 1
— < <.
h? 6

We can study the stability of linear FEM methods with implicity and Crank-Nicolson schemes
similarly.
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