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Chapter One Numerical Solution of Nonlinear
Equations

1.1 Introduction

This chapter is devoted to the problem of locating roots of equations(or zeros of func-
tions). The problem occurs frequently in scientific work.

Problem: Find a root of the equation

f(z)=0.

FExample 1 : x —sinx = 0.

Geometrically, we know that there exist three roots, denoted by —z, 0 and z. Mathe-
matically, we cannot find the exact roots —z and . Numerically, we need to construct a
sequence {x,} which satisfies

Ty — T when n — oco.

Such a method is called an iterative method.
There are many different ways to construct a sequence, such as for example 1,

For a given x
Tpi1 =sinz,, n=01,..

We shall consider several standard procedures for constructing a sequence.

For an iterative method, the following questions are important:

(i) Under what conditions will the sequence {z,} converge to a solution (Convergent or
divergent) 7

(ii) How quickly will the sequence {z,} converge? (Convergent rate.)

(iii) How to choose the initial point xy 7

1.2 Bisection method
— Theorem 1.1 (in Calculus) : If f(z) is continuous on the interval [a,b] and

fla)f(b) <0 (1.1)

then f(x) has at least a root (zero) in (a,b).



Now we consider a function f(x) satisfying the above conditions.
Let
c=(a+10)/2

and calculate f(c). If |f(c)| is small enough, stop and ¢ is the numerical solution (root).
Otherwise, if f(a)f(c) < 0, we use the algorithm on the interval [a, c|. If f(a)f(c) > 0 (i.e.,
f(b)f(c) <0), we use the algorithm on the interval [c, b].

— Procedure of Bisection algorithm:

Input a,b,0( or €) and M
u - f(a)
v f(b)
e—b—a
For k=1, M, do
e«—ef2
c—(a+b)/2
w < f(c)
if le] < d( or |w| <€), then stop
if sign(w) # sign(u), then
b—c
v —w
else
a«—c
U —w
end if
end

Remarks

* Since f(a)f(b) < 0, the algorithm is always convergent to a root. However, we do not
know which root we will find if there are several roots in |[a, b].

* How can we find the initial interval [a,b]? In practice, one often wants to find a root
in a special area, i.e., the initial interval can be determined by some physical experience. If
not, we also can test some points to find the initial interval.

—Convergence and error analysis

* Convergence

Let ag = a and by = b.

By following the bisection algorithm, we obtain the sequences {a,} and {b,}, which
satisfy

i.e., the sequence {a,} is monotonously increasing and bounded above by by and the sequence
{b,} is monotonously decreasing and bounded below by ao. Then both {a,} and {b,} are



convergent and
b1 — a; = (b—a)/2
b2 — a9 = (bl —CL1)/2 = (b—a)/4

bn — ap = (bn,1 — an,l)/2 = (b — CL)/Q” .
Since f(a,)f(b,) <0, there is a root = € (a,,b,). Then

lim (b, — a,) = 0= lim an:nlirgobn:f

n—~oo n—oo

* Convergence rate
If we choose

CN = (bN + CLN)/Q
as the numerical solution, 7.e., the algorithm stops at n = N, then
|.i' - CN| S (bN — CLN)/Z = (b — a)/2N+1
By the above formula, we can choose the number of iterations for your ¢ to satisfy

|i’—CN|§(5.

It requires that

b—a b—a

1.3 Newton’s method
We consider the equation

flw) = 0.
Let & be a root of f(z), i.e., f(Z) = 0. Let 2o be an initial guess and & = zo + h. Then By
Taylor expansion,

0= f(z)= f(zo+h) = f(xo) + hf (xo) + h;f”(xo) + ...

If o is a good initial approximation to Z, then |h| = |Z — x| is small. Approximately, let
h* satisfy

fzo) + " f'(x9) = 0.
Then

peo ,(1’0)
f'(zo)
is an approximation to h and a better approximation to Z is given by
f(zo)

iL'l:l'o—l-h*:iL'o

 fzo)



— Newton’s method (Newton’s iteration): For a given xy,

Tpt+1 = Tn — ]J:’((ZZ))’

n=0,1,2,..

gives a sequence {x,}.
Procedure of Newton’s iteration:

Input o, M, ( or €)
y <« f(zo)

if |y| < 0 then stop
Fork =1, M, do

1 < Ty —
y < f(z1)

if ly| <9, (or |x; — xo| <€), then stop

Yy
J'(z0)

T < X1
end

FExample 2. Use Bisection and Newton methods to find the negative root of the equation
f(z)=e®*—1.5—tantz = 0.

Table 1. The comparison of Bisection and Newton methods

Newton’s method | Bisection method with [-20, 0]
No. of Iteration x f(x) c=zx f(x)
1 -7.0 -0.702E-1 -10.0 0.288E-1
2 -10.677 | -0.226E-1 | -15.0 0.423E-2
3 -13.279 | -0.437E-2 | -12.5 -0.903E-2
4 -14.054 | -0.239E-3 | -13.75 -0.180E-2
5 -14.101 | -0.800E-6 | -14.375 0.134E-2
6 -14.101 | -0.901E-11 | -14.063 0.194E-3
20 -14.101 0.314E-7

— Graphic interpretation

The equation of tangent line of f(z) at x = x,, is

When y =0,

Thus, the Newton method is obtained by local linearization.

— Convergence

y— flan) = f(wn)(z -

n




Let e,, = x,, — Z. Then

e =X —T=x —f(xn)—j
T T )
e f(zn)
" f' ()
_eaf'(a) — f(ra)
f'(zn)

Since by Taylor expansion

2
— en
0= f(l‘) = f(xn - en) = f(xn) - enf/(xn) + Ef//(gn%
_ 1576
Ent1 = zen f,(xn)
Theorem 1.2 Let f(z) € C? (i.e., f”(x) is continuous) and Z is a simple root of f(x).
If the initial guess ¢ is good enough, the Newton’s sequence {z,} is convergent and has a

(1.2)

quadratic convergence rate, i.e., there exists a constant C' such that
|leni1| < Ce?
Ent+1| > L€, .

Proof. Since T is a simple root,

c:=f'(z) #0.
There exists § > 0, such that
yf@n>§, for |z — z| < J.

Suppose that we start the Newton iteration with a point z( satisfying |zo — z| < . Then
leo| = |xo — Z| < d. Hence, we have

11" _ Mo

2 flw)] = e

where

My, = max |f"(z)].

lz—2|<é

By the equation (1.2),
M. M.
71— Z[ = |ea] < 6(2)72 < |€0|572 = leolp < leo] <0

when § is small enough, where p = 0Ms/c < 1. This shows that the next point, x1, also lies
within 0 units of . Hence, the argument can be repeated, with the results

lex] < pleo|
lea| < pler] < p?le]
les| < plea| < pPleq]



In general, we have
len| < p"[eo

Since 0 < p < 1, we have 71113010 p" =0 and so 71151010 e, = 0. Thus,

lim z, =7.
n—o0
Combining with equation (1.2), the proof is completed. H
Remarks
(i) Newton’s method has a quadratic convergence. Therefore, Newton’s method is faster
than the bisection in general.
(ii) A good initial guess is necessary for Newton’s method (one can use bisection method
to find a good initial guess and then, use Newton’s method to get better solution).
(iii) At each Newton’s iteration, one needs to evaluate both f(z) and f'(z).

1.4 Secant method (Quasi-Newton method)

One of disadvantages of Newton method is the need of the evaluation of f'(x). In many
physical and engineering problems, it is difficult (or impossible) to provide the information
of derivation of f(x). For example, f(x) is given only by discrete experimental data. We
need an iterative method without the evaluation of f’(x) and with good convergence rate.

The basic idea of the secant method is to approximate the derivative f'(z,) in Newton
method by those discrete data.

We know that
Fon) — tim 1) =)

T—T0 T — Xg
Then when |z — x| is small enough,

f(z1) = f(wo)

f(x0) = (finite difference) .
T — X

Replacing the first-order derivative by the finite difference

We have the algorithm
f(@n)(@n — 2n1)

T f () = Floa)

Obviously, the algorithm needs two initial guesses xy and x;.

— Graphic interpretation: replacing the tangent line with a line which passing through
the points (zo, f(z0)) and (z1, f(21)).



— Procedure

Input zg, 21, M, 0

Uy < f(370)
uy — f(z1)

Fork =2, M, do
Ty = o1 — ur(T1 — T0) /(U1 — o)
if |xg — 21| < 9, then stop

Up ~— U

To < 11

u — f(z2)

T1 < To
end

Ezample 3. Let f(z) =e®* — 1.5 —tan"'x

Table 1. The comparison of numerical results

Newton’s method Bisection method Secant method
with [-20, 0] (g = —T7.0,y = 7.2)
N @ |ec=2] J@ . f(@)
1 -7.0 -0.702E-1 | -10.0 | 0.288E-1 -7.2
2 | -10.677 | -0.226E-1 | -15.0 | 0.423E-2 | -10.768 | -0.218E-2
3 | -13.279 | -0.437E-2 | -12.5 |-0.903E-2 | -12.508 | -0.898E-3
4 |-14.054 | -0.239E-3 | -13.75 | -0.180E-2 | -13.728 | -0.192E-3
5 | -14.101 | -0.800E-6 | -14.375 | 0.134E-2 | -14.059 | -0.210E-4
6 | -14.101 | -0.901E-11 | -14.063 | 0.194E-3 | -14.1013 | -0.552E-6
7 -14.1013 | -0.163E-8
8 -14.1013 | -0.127E-12
[ 20 | | | -14.101 | 0.314E-7 | |
— Convergence:
From the definition of the secant method, we have, with e, = z,, — 7,

and therefore,

€ntl = Tpy1 — T

f(xn)xn—l - f(xn—l)xn

By Taylor’s theorem,

) €nbn—1

f(xn) - f(xn—1>
f(xn)en 1 — f(Tn1)en
f(mn) - f(xn—l)
_ Tn — Tp-1 f(@n)/en — f(xn-1)/en
o= (= o) (0
Hedlee it (S8) o) <170




and
Ty — Tpe1 1

fl@n) = fzar) — fle2)

Hence, we have
|en+1| S Cyenenfly

where C'is a constant. Let d = max{]eo|, |e;|}. Then
lea] < Clealeg| < Od?,

les| < Cles|les| < Cd?,

and
|€4| S C|€3||€2| S CdB,

Let
len| < Cd’.

It is obvious that

Sp = Sp—1 + Sp—2.

We can solve the above finite difference equation to get

a5 a5

2 2

with sg = s; = 1, and therefore,

n+1
(1+\/5) 14
ene1 < Cd\ 2 < Cep?

S

— Remarks

(i) Secant method has a superlinear convergence.

(ii) Convergent only when the initial values are good enough.
(iii) The method needs two initial points.

(iv) At each iteration, one only needs to evaluate f(z).

1.5 The system of nonlinear equations

A simple case is:
filz,y) =0
f2 ($v y) =0

In general, we need to solve the system

F(X) =0 <——=> f2< ...,I’m)

(1.3)



where X = (z1,22,...,2) € R, and F: R" — R™.

Question: Can we extend these methods in the last subsection to the system of nonlinear
equations 7

— Newton’s iteration

The Newton’s iteration for a single equation is based on the Taylor’s expansion of a
function of single variable. To design a Newton’s iteration for a system. We need the
Taylor’s expansion

F(X) = F(Xo) + VF(Xo)(X — Xo) + ...

Based on the idea of the Newton’s iteration, the Newton’s iteration solution satisfies

F(Xo) + VF(Xo) (X1 — Xo) =0

i.e.,
X1 - X() — (VF(Xo))ilF(Xo)
where of
VF(Xo) = (T%)i’jﬂ

is an m X m matrix.
The General Quasi-Newton iteration is defined by

X; = Xo — BF(X,)

where B can be chosen in some different ways.



