Chapter Three Numerical Approximation

(MAG624)

In this chapter, we study the approximation to a function, its derivative and integration.
3.1 Polynomial interpolation. Assume that we have the following data

| Year | 1940 | 1950 | 1960 | 1970 | 1980 | 1990 |
| population | 132165 | 151326 | 179323 | 203302 | 226542 | 249633 |

We need to find an approximate function p(x) based on the data, particularly a polynomial.
An interpolation function for given data is a function which passes through all points given.

(i) Ezistence. We consider a general problem: find a polynomial of degree n satisfying the
data

x| 20 | 21 | o | 2 |
v o v | | Yn |

where we assume that x; nex; for i # j. Let
P,(x) =ag+ a1z + ...a,z".

Then

n

Pu(zj) = ao + a1 + ...anty = y; j=0,1,...,n

which is a linear system with n 4+ 1 unknowns. In matrix form

1 oz 22 af ao Yo

1z 23 ap ar | | %
2 n

1 =z, =, x a, Un

It has been proved that the system has a unique solution. An interpolation based on the date
{z;,y;} is called Lagrange interpolation.

(i) Lagrange form. Now we present the Lagrange formulation of interpolation polynomials.
First we consider a simple case: n = 1, i.e., find a linear function (polynomial) passing
through two given points. The equation of the line is given by

T — X _ Y=Y
Tr1 — T Y1 — Yo

i.e.,
r — T r — 2o

’y:
To — 1 1 — Zo

The linear approximation is defined by




which satisfies
Pi(zg) =yo  Pi(z1) = 1.

Let
o r — T i r — g
Lof@) = T — T Lafe) = I — To
Obviously
Lo(l'o) == 1, Lo(ﬂ?l) =0 Ll(l’o) =0 Ll(l'l) =1
i.€.,

(1=
In general (given data {z;,y;}7_y), we need to construct the function L;(x),j = 0,1,...,n (or
use the notation L} (z), such that the above equation is satisfied. We have

(z — o) -~ (& — i) — ) -~ (2 = @)

(zj —x0) (5 — zj-1) (%) — Tjq1) -+ - (25 — T)

Li(z) =
and the Lagrange form of interpolation polynomial is given by

Pafa) = 3 Ly{a)ys.

j=0

FExample 1. Find a quadratic interpolation polynomial for the given data

x| 2 |25 4 |
v |05]04]0.25]

We have
o) = (e = o ane g~ 2
falo) = (z - iﬁigf_xig B (z(g - 3255_ —4)4) - ‘0.175 (= 2)(z —4)
bl = (Z - 223&_—2) = ((Z = 3;8 - ;g)) = (¢ — 2)(z — 2.5)
The quadratic Lagrange interpolation polynomial is
Py(w) = (z = 25)( - 4>; - (fﬁ)(x — )z —4) 0.4+ (z — 2)(z — 2.5) - 0.25.

(iii) Newton form. For given data {a:j,yj}?zo, we can define a sequence of polynomials
Py, Py, ..., P,, where Py is an interpolation polynomial of degree k based on the date {z;, yj}fzo
with the form

Py =co+cr(x— ) + ol — o) (x — 1) + oo +cp(x —20) -+ (2 — 1) (1)
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and
Pi(x) = Po_y(z) + cp(x — x0) -+ (2 — 2p—1) -

We need to find ¢; such that
Pk(x]):y], j:0,1,2,...,k.

The first few cases are

Po(x) = co = yo
Pi(z) = co+ c1(x — xp)
Py(z) = co + c1(x — o) + co(x — o) (T — 1) . (2)

Thus
Py(wy) = Peo1(wg) + er(@p — o) (0p — 21) -+ - (0% — Tp—1)
Solving the above equation gives
Yr — Pr1(xr)

Cr = ,Co = Yo -
(ZUk - ZEO)(fEk - 3?1) ce (flsz - ﬂsz—l) 0 0

Ezxample 2. Find an interpolation formula for n = 1 (two points) in Lagrange form and
Newton form, respectively.
Solution In Lagrange form,

Pl(x):y()(w_xl)‘i‘yl(x_%)-

To — X1 1 — 2o

In Newton form,
Y1 — Yo
1 — T

Pi(x) = yo + (z — x0).

Divided difference. Let y = f(z) and y; = f(x;). We define

f(xy) — f(xo) _ N~ Y% f[xi,xj] _ f(xj) — f(x)

)
1 — 2o 1 — 2o Ty — T

f[.flf[], xl] =

which is called first order divided difference. The second-order divide difference is defined by

fl, w2] = flxo, 7]
To — X

f[x07 xy, x?] =

and higher-order divided difference be defined analogously.
In Newton form,

Co = Yo, €= At L flzo, 1]
Tr1 — Xy
and Y2—y Y1—=Y
2—Y1 1—=Y0
Cy = Y2 — Pl(‘r2) _ T2—m T zi—x0 _ f[l'l,l‘z] - f[warl] _ f[xo Ty, To
(.TQ — LC(])(Q?Q — .Tl) To — X Ty — X ’ ’



Similarly,
Cp = f[x()axla "'7Ck‘] :

(iv) Error analysis.
Theorem 3.1 Let f € C""a,b] and let P,(x) be the polynomial of degree < n that
interpolates the function f(z) at n + 1 distinct points {x;}7_, in the interval [a,b]. Then

f'(n+1 n

) = Pua) = o T = ) (3

where & € (a,b).

Proof. If x is one of nodes of interpolation z;, the assertion is obviously true since both
sides of the above equation reduce to 0. Now we only consider z # z;, 7 = 0,1,...,n. Let

= [[(t—2)
7=0
and for a given z € (a,b),

be a function of ¢, where

_ f@) = P(z)
L)
If follows that
g(x) =0
Since g(z) € C"a,b] and
g(x) = g(xo) = -+ = g(xn) =0,

By the mean-value theorem, ¢'(t) has at least n 4 1 distinct zeros in (a,b). Similarly, ¢”(¢) has
at least n distinct zeros in (a,b) and g™V (¢) has at least one zero in (a,b), i.c., there exists
¢ € (a,b) such that

g IE) = F(E) = PUTR(E) = () = FUI(E) — An+ 1) = 0

i.e.,

The proof is complete N

Ezxample 3. If f =sin(x) is approximated by a polynomial of degree 9 that interpolates f
at ten points in the interval [0, 1], how large is the error on this interval ?

Solution By using Theorem 3.1,

f‘(lO 9 1 .
|sin(z) — P,(z)] < 0] JI—IO(x — ;) < o1 < 2.8 %10~
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(v) Hermite interpolation. We have studied Lagrange interpolation. A Lagrange interpo-
lation polynomial P,(z) satisfies

Pu(z;) =y;.
Hermite interpolation p(z) will satisfy
px;) = flz;)  Pxy) = fly), 7=01,...n.
First we consider a simple case, n = 1. To satisfy the above four condition, we assume that

p(z) = ag + a17 + ax® + azx®

and satisfies

ap + a1mo + azxy + azxy = f(x0)
ay + 2ay10 + 3aszri = f'(x0)
ap + a1z + axx} + azxi = f(x1)
ay + 2a71 + 3azrt = f'(11)

where z¢ # x1. In matrix form,

1z 22 3 ao f(x0)
0 1 2z 323 ar | _ | f'(zo)
Loay ot x| | a f(a1)
0 1 2z, 323 as f(x1)

It is easy to show that the system has a unique solution.
To construct a Hermite interpolation polynomial, we write the polynomial by

n

plz) = z Fla) Ay(w) + 3 () By ()

J=0

in analogy with the Lagrange formula. Here A;(x) and B;(z) are polynomials and satisfy the
following conditions:

Aj(w;) =655, Aj(wi) =0
Bj(z;) =0, Bi(x;) = 0y
Let v
Li(z) = :
i(@) 21;[] v —

We obtain the A;(z) and B;(x)

Aji) = [1 = 2(x — z;) Ly ()| L (x)
Bj(w:) = (v — x;)L}(x)



which can be verified easily.

FExample 4. 1In the case n = 1, the Hermite interpolation polynomial can be given by

p(x) = f(xo)Ao(x) + f'(x0) Bo(x) + f(z1) Ar(z) + f'(21) Bi(2)

where
Ao(w) = [1 = 2(z — w0) Ly (x0)] L ()
Ar(w) = (1= 2(z — 21) L (1)) Li (@)
By(x) = (z — x0) Lg(z)
By(x) = (z — 1) Li(x)
and T — T T — o , 1 , 1
Lo(z) = v — a1 Ly(z) = o1 — 2y Ly(z) = To— 11 Li(z) = To— a1

Theorem 3.2. Let 7yp < z; < ... <z, be in [a,b] and let f € C*"2[a,b]. If p(z) is the
Hermite interpolation polynomial of degree at most 2n + 1 such that

pl;) = fx;),  pleg) = fz;), j=0,1,2,..n
then there exists £ € (a,b) such that
Fent2) (¢

) = la) = gy 1Ll =

7=0
Proof. Similarly to the proof of Theorem 3.1, we define
=[[t—2)"  g(t)=f(t) —p(t) = Mo(t)
7=0

where

which leads to "2 (&) =0. 1
(vi) Inverse interpolation. Let y = f(x) be a function defined by the data

(x| 05 | 08 | 11 | 14 |
|y | -0.0625 | -0.1024 | 0.1331 | 1.0976 |

Find a solution of f(x) = 0.

We may use the Lagrange interpolation to get the interpolation polynomial Ps(x) and then,
solve the equation P3(x) = 0 by using a certain iterative algorithm, such as Newton,s iteration
to find an approximate zero of f(x). The inverse interpolation provides a simpler way. The
basic idea in the inverse is to construct an interpolation polynomial # = P3(y) based on the
data and the approximate solution is

xr = P3(0)
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For the above example,

Py = (y 4+ 0.1024)(y — 0.1331)(y — 1.0976)
W (—0.0625 + 0.1024)(—0.0625 — 0.1331)(—0.0625 — 1.0976)
(y + 0.0625)(y — 0.1331)(y — 1.0976)
(—0.1024 4 0.0625)(—0.1024 — 0.1331)(—0.1024 — 1.0976)
N (y + 0.0625)(y + 0.1024) (y — 1.0976) 1
(0.1331 + 0.0625)(0.1331 + 0.1024)(0.1331 — 1.0976)
(y + 0.0625)(y + 0.1024)(y — 0.1331)

14
* (1.0976 + 0.0625)(1.0976 + 0.1024)(1.0976 — 0.1331)

0.5

n 0.8

and the approximate solution is

3.2 Piecewise approximation.

(i) Piecewise C°-approzimation. When data is very large, high-order interpolation poly-
nomials may be not best approximation. In engineering, one often uses piecewise interpolation
polynomials.

Ezxzample 5.

x| 0] / [ 1/2]3/4 |1
[y L] e e e

(a) Find a a global Lagrange interpolation polynomial (degree of 4);
(b) Find a piecewise linear interpolation polynomial;

(c) Find a piecewise quadratic interpolation polynomial;

We solve problems below.

(a). By using Lagrange formulation,

Ly(z) = &= YA =1/ = 3/4)( - 1)

0 (0—1/4)(0 —1/2)(0—3/4)(0 —1)
L(s) = &= Q@ = /2@ =3/ — 1)

1 (1/4 0)(1/4—1/2)(1/4_3/4)(1/4_1)
_ (@- 0@ 14— 3/4) (@~ 1)
Ly(z) i
)(
(

(12 -0)(1/2 —1/4)(1/2 —3/4)(1/2 — 1)
(x = 0)(x—1/4)(z —1/2)(x — 1)
T (3/4—0)(3/4—1/4)(3/4—1/2)(3/4 — 1)
Lu(z) = (z —0)(z — 1/4)(z — 1/2)(z — 3/4)
! (1—0)(1—1/4)(1—1/2)(1 — 3/4)

and
Py(x) = Lo(x) + Ll(x)el/4 + Lg(ac)el/2 + Lg(w)e3/4 + Ly(z)e.

(b). In order to find the piecewise quadratic interpolation polynomial, we need to find two
quadratic interpolation polynomial in the subintervals (0,1/2) and (1/2,1), respectively. By
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Lagrange formulation, we have

(z—3/4)(z—1) 1/4_(2)(1/1;_)1 ) ) (1/2(_0)(1 2)(_1/4)/6)
x—3/4)(x—1 1/2 x—1/2)(x—1 3/4 x—1/2)(x—3/4
1/2-3/4)(1/2-1) ¢ 2+ (3/4-1/2)(3/4-1) ¢ I+ 1-1/2)(1-3/2) € x € [1/2,1]

(c) The piecewise linear interpolation polynomial is a linear interpolation at each of these
four subintervals: (0, /14), (1/4,1/2), (1/2,3/4) and (3/4,1) and is given by

(e-1/4)(-1/2) (=0)e-1/2) _1/4 | _(e=0)a—1/1) 12
PP = { @-1/a0-1/2) 1T T e/t + 2 welo1/2

xr— 4 xr—
0_%4 - 1/4_0061/4 r €[0,1/4)

r—1/2 _1/4 a—1/4 1/2

pr— ] 14173 /*+ 1/2-1/i¢ / x € [1/4,1/2]
- x—3/4 z—1/2

1/2—?/,/46 + 3/4_{/263/4 WS [1/2,3/4]

T— r—3/4

3/4_1163/4 + ﬁé’ x € [3/4,1]

(11) Piecewise C*-approzrimation. There are two types of C'-approximation interpolations.

One is based on the data {x;,y;,y;} and other one is on the data {z;,y;}. Here we only study
the first case by using piecewise Hermite interpolation.
Example 6.

x|0]1/2] 1
y 1] e | €
v |2 2e | 2e?

The Piecewise Hermite interpolation is defined by

) 1/2 0—1/2
+ (@ —1/2) ($54) 2 [0,1/2]

(1-252) ()" 1+ 0 ()2 (- 252) () e
€

22—1/2)\ { z—1 \?2 z—1/2 2a—1)\ [ a=1 )2
(1 - %342) () e+ e =1/ (5) 2+ (1 3) ()
+@—1) () 262 wel1/2,1]
Remarks: Interpolation in multi-dimensional spaces.

Ezample 6 Approximate the function f(x,y) in the small square {(z,y) : 0 < z,y < h} by a
polynomial P(x) such that

P(0,0) = f(0,0), P(0,h) = f(0,h), P(h,0)= f(h,0), P(h,h)= f(h,h).
Solution Let xg =yo =0, r;1 =y, = h and

r—x r—2x
Lo(.CE) = ! Ll(.fl?) = 0

xrog— I1 T1 — o
Lo(y)z Yy—u Ll(y) _ Y—7%Y
Yo — %1 Y1 — Y%
We define
P(z,y) =

Lo(z)Lo(y) f (w0, Yo)+Lo(x) L1(y) f (xo, y1)+L1(2) Lo(y) f (21, yo) +La(z) L1 (y) f (21, 41) -
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The polynomial P, which is a bilinear polynomial, satisfies conditions above. The above formula
is called tensor product form. In general,

n n

P(z,y) =YY Li(x)Li(y) f (2, ;)

i=0 j=0

Remarks Interpolation in multi-dimensional spaces.

3.3 Least squares (data fitting). This is a non-interpolation approximation to the
given data
x 20| 1 | oo | 2 |
vy Ty lyn | v [ |

(i) Linear least squares. A simple question here is to find a linear function p(z) =
a + bxr which is an approximation to the above data. The basic idea is to study the following
minimization problem

min | /(z) — p(a)] (4)
A special case is

min Y- (y; — (a +bz;))” .
e

In terms of theory in calculus, the solution satisfies the system

(y; — (a+bx;)) (—1) =0

<
Il
o

<
Il
o

(y; — (ax; + b)) (—z5) =0

n+1 Z X a _ Z Yj
E.fj Z.TJQ b ijyj )
It is easy to extend this simple least squares approximation to the problem: find p(z) =
a+ bx + cx? by

and in a matrix form,

7=0
The solution satisfies the system
n+1l Yx; X x? a Y
> Zx? Zl‘;’ b | =1 Xy

Yai Yad Y c > 23y,
Example 5. Fit the following data by p;(z) = a +bx and py(x) = a+ bx + cx?, respectively

x| 05 | 08 | 11 | 14 | 17 |
| v |-0.0625 | -0.1024 | 0.1331 | 1.0976 | 1.300 |
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Solution. (i) The solution (a, b) satisfies the system
5 55 |[a] [ 23658
5.5 6.95 b | | 377988 |-
a = —0.966, b=1.308.

2.3658
]— 3.77988 | .

5.988

The solution is

(ii) The system for (a,b,c) is

) 9.5 6.95 a
2.5 6.95 9.625 [ b
6.95 9.625 14.1299

The solution is
a=1.3318, b=1.7387, c¢=2.4656

A general least squares problem is to find an approximation in a subspace with the basis
functions ¢;(x), i = 1,2,...,m. The solution in the subspace can be represented by p(z) =
> aj¢;(x) and a least squares problem is described by

n m 2
mciyn > (yj = ombz(x)) :
j=0 i=1
The solution satisfies the system

> (h1(x5))? Y pa(wy)or(xs) X dml(xy)di(z;) Qg > 1(x5)y;
S or(x)da(zy)  Tidalxy))? > Om(x;) P2 () % > ¢2(‘$]’)yj

Y 1) dm(xs) X5 d2(w5) () > (@m(z5))? oc:m > Om(75)y;

(ii) Nonlinear least squares.

Ezample 6. Fit the following data by p(z) = ae’®.
x| 05 | 08 | 1.1 | 14 | 17 |
| v | -0.0625 | -0.1024 | 0.1331 | 1.0976 | 1.300 |

Solution. The problem can be described by

2
. o bx
i 20 (o — o)
The solution satisfies

2> (yj — aesz) P =0
2> (yj - aebm]’) az;e’™ =0 (5)

One needs to solve the system of nonlinear equations by a certain numerical method, such as
Newton’s iteration.
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(i11) Over-determined system. We consider a simple example:

2[L‘1+l’2:1
$1+3I’2:2
T1—x9=0.

In this system, there are three equations and two unknowns. The system is over-determined
and the system does not have a solution. A least squares problem is described by

min(1 — 22 — 29)? + (2 — 21 — 322)? + (—21 + 22)?.

1,22
The solution satisfies
—2(1 — 23’)1 — x‘2> — (2 — T — 3$2) — (-.%1 + 1'2) =0
—(1 — 2.131 — .TQ) — 3(2 — X1 — 3132) + (—371 + LEQ) =0
and the solution is

Finally we consider a general over-determined system
Ax =10

where A is an n X m matrix with n > m. The system may not have a solution. The least
squares problem is described by
min | Az — b] . (6)

If we choose 2-norm,
|Az —b||3 = (Az — b)) (Ax — b) = 2T AT Az — b" Az — 27 ATb 4+ b7b.

The solution satisfies the system
AT Az = A"h (7)

3.4 Numerical integration.
In this section, we study numerical methods for the evaluation of the integral

/abf(x)dx.

(i) Numerical integration based on interpolation. The basic idea is to approximate
f(z) by its interpolation function p(x) to get the numerical integration

bf(x)dx R~ bp(x)dx
J, Sz |

We have studied many different interpolations in previous sections.
Let P,(x) be the Lagrange interpolation polynomial of degree n on the nodes {;}%_,. Then

n

Po(x) =3 Lj(w) f(x))

J=0

11



and therefore,
b b n
/ f(z)dx ~ / P,(x)dz = Zozjf(xj)
a a jZO
where )
aj; = / Lj(z)dx.

Such a quadrature rule is called Newton-Cotes quadrature rule
Case I: we consider a simple case:

In this case
ry —x

Lo(ZL‘) = s = .
1 — Zo To — T1

Consequently,
b—a

2

b b
Qg :/ Lo(z)dx = :/ Li(z)dz = oy

The corresponding quadrature rule is

[ prr = @) + £0)

which is called trapezoid rule.
Case 1I: we consider the case

a+b
2 )

n=2 xy=a, T= To=0b.

In this case,

(x — xo)(x — 1)
(z2 — o) (22 — 1)

(x — x)(x — 9)
(z1 — o) (21 — x2)

(x —x1)(x — 29)

(2o — 1) (T0 — T2)

Lo(z) = Ly(z) = Ly(z) =

and
b b—a b b
/a Lo(x)dx = - /a Li(x)dx = e /a Ly(x)dx = 5

The corresponding Newton-Cotes quadrature rule is

b—a
6

(f@+ar*5% + )

/abf(x)dx 2

This is called Simpson’s rule.
Finally we study the error estimate of the above two quadrature rules. The error for Newton
Cotes formulas can be given by

b n
error = (nil)‘/ [z - 2) OV (€)d
S i
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For the linear approximation,

(x —a)(z —b)
2

[ sz = [ P+ [T ey,

By the Mean-Value theory,

f(x) = Pi(x) + f(€).

Then

ermor = [ (e~ "2 (g0 + 1) =~y

Similarly, for the Simpson’s rule
= [ s 2= (1 4120 ) = 7O

We can prove that

/ab (CL’ — a)(x — (a6+ b)/2)(x — b) f”/(f)diE _ _i (b — CL) f(4)(77>-

(ii) Composite Newton-Cotes quadrature rules. Let

a=rg<rT1<..<x,=0b

[ =3[ s

The Composite Newton-Cotes quadrature rule is to use the Newton-Cotes quadrature rule for
the integral in each subinterval. The Composite trapezoid rule can be given by

and

/abf(x)dx ~ il(xl B xi_1>f($z‘—1)2+ f(z:) '

For a uniform mesh, x; — z,_; = h,

"o 2 ( Flan) +25 Fla) + f(an))
: 2 2

For the Simpson’s rule, we assume n = 2m and

/ab f(z)dx = i

i=17%2i-2

Applying the Simpson’s rule on each subinterval gives the composite Simpson’s rule

[ Fadde 30 I () A () + )

i=1
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For a uniform mesh, x; — x;,_1 = h,

/ab flz)dz ~ g (f(ﬂco) + Qi f(z2i—2) + 4g;f(:c2i1) + f(%z)) )

=2

Error estimates can be obtained from previous analysis at each subinterval. Then the error
for composite trapezoid rule is

[ e = (e +2 5 st + ) = 3270 (e = 0= e

i=1

and the error for Simpson’s rule is

[ syt = 5 (o) + 23 o) + 45: Flea)+ flo)
=5 -0 = g ). )

Example 7 Calculate the integral

1 2
/ex dz
0

by using trapezoid rule, Simpson’s rule, composite trapezoid rule and Simpson’s rule with two
subintervals.
Solution By trapezoid rule

! 1
/ ey S(1+¢) = 1859140914
0

By Simpson’s rule,
L,
/ e'dr & (144 % et 4 ¢) = 1AT5T30583.
0

By trapezoid rule with two subintervals, h = 1/2
/01 e dr ~ 1?(1 +2eM4 4 e) = 1.571583165 .
By Simpson’s rule with two subintervals, h = 1/2,
/0 ' 1é?‘u 4 4e!/16 4 9el/ | 4910 4 ¢) = 1.46371076 .

The exact solution is 1.46265177159149.

Remarks A more general formula is
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where w(z) is weight function and

a; = /abw(x)Li(:E)d:E.

(iii) Gaussian quadrature rules. Based on the quadrature rules in the above section,
we can see the general form

[ 1@ =Y as@).

The question is whether we can choose «; and x; to get higher-order accuracy. From polynomial
interpolation, we have

(x —x9) -+ (x — )

CES A

f(x) = Py(x) =

Then the formula is exact when f is a polynomial of degree < n. Such a formula is said to
be of n-order algebraic accuracy. So Newton-Cotes rule on n nodes is of at least n — 1-order
algebraic accuracy. Based on the concept, we can choose «; and x; to create a quadrature rule
so that the rule is exact for polynomials of degree as high as possible (or of the highest order
algebraic accuracy). Such a quadrature rule is called Gaussian quadrature rule

FExample 8§ Find x; and a4 such that the following quadrature rules are exact for polynomials
of degree as high as possible.

[ S = afe)
and

/11 f(x)dr = oy f(x1) + asf(zs) .

Solution. (i) Choosing f =1 and f = x, we obtain

2= (05}
0= 1T
Solving the system gives
) = 2, T = 0.

We obtain the quadrature rule

[ @)z~ 2£(0)

—1
which is called mid-point rule. Thus the mid-point rule is of first-order algebraic accuracy.
(ii) Choosing f = 1,z, 2% 2, we have

2= aq + o

0= Q1T + Qo
2 2

- = x] + Qx5

3

3 3
0= 1Ty + Qoo
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From the second and fourth equations, we get
1 Io
det =
e l 2 ] 0

which leads to
I = :l:l’g .

For 1 = —x5, we obtain from the second equation
a; —ag =0
which together with the first equation gives
ap =09 =1
Substituting them into the third equation, we have

xlz—l/\/§7 [Egzl/\/g

Here we call x; and 25 Gaussian points. Let Py(z) be the Lagrange interpolation polynomial
on these two Gaussian points. A special Newton-Cotes rule is defined by

/_11 flx)dx =~ /11 Py (z)dx = f(z1) /_11 Lo(z)dz + f(z2) /_11 Ly(z)dz

A straightforward calculation gives

1 1
/ Lo(z)dzr =1 = oy, / Li(z)dr =1=qs.
1 —1

Then the Gaussian quadrature rule is the Newton-Cotes formula on Gaussian points.
We can extend the quadrature rules to general integrals

/abf(x)dx:/llf<b;at+a;—b> b;adt

G )

Example 9 Find z1, 9 and aq, as such that the following quadrature rule has the highest
algebraic accuracy

/11 mf(a:)da: = ayf(z1) + aof(22) .

Orthogonal polynomials. Here we shall introduce orthogonal polynomials to generate
Gaussian points.

16



Let w(z) > 0in (a,b) and p(x), g(z) be two polynomials. It is said that p(z) is w-orthogonal
to g(x) (or orthogonal to g(x) with respect to the weight function w) if

[ @@tz =0

Mathematically we can prove that
e For a given positive weight function w(z), there exist a sequence of orthogonal polynomials,
pr(z), k=0,1,2, ..., where pi(z) is a polynomial of degree k and

[ @@z =0 ntm

e pi(x) has k simple and real roots.
o If x1,x9,..., 21 are roots of pi(z), then the following quadrature rule is exact for any
polynomials of degree < 2k — 1.

[RECTETED SN )

where ,
a; = / w(z)L;(x)dx Li(z) =] ) , =12, k.

AT

Proof. (only the last assertion) Let f be a polynomial of degree < 2k — 1. Divide f by py,
obtaining a quotient ¢ and remainder r(x). Then

f(x) = pr(x)q(z) +r(z).
where r(x) is a polynomial of degree k — 1. Consequently,
f(@i) = pr(@i)q(zi) +7(2:) = ().

Since the formula (9) is a Newton-Cotes rule on Gaussian points, this formula is exact for any
polynomials of degree < k — 1. Then We have

[ ety sayin = [[w@pd@as + [ o= [ w@rdr
and

b b k
/a w(z)f(x)dx = /a w(z)r(z)de = or(z;) = ;alf(xz) :

=1

o If f € C?"[a,b], the error of Gaussian quadrature rule is given by

/abw(:li')f(l')dx = izZ;Oéif<iUi) + fgzgf) /ab <£[1(3: — x¢)>2w(x)d;c_

Ezample 10 Calculate the integral in example 7 by using one-point Gaussian quadrature
rule and two-point Gaussian quadrature rule, respectively.

17



Solution By the one-point rule,
/O '~ et = 1.284025417
and by the two-point rule
/01 o do ; <€(0.5—1/2\/§)2 + 6(o.5+1/2x/§)2> — 1.454167389

It is easy to generate composite Gaussian quadrature rules by combining the concepts of
the Gaussian rule and composite rule. Let

a=x9 < 21...<T, =0
be a uniform partition, h = z; — x;_;. Then
b n x; n k h
[ e =3 [ s~ (3 gouste)
a j=17%j-1 =1 \i

Ezxample 11 Calculate the integral in example 7 by using composite one-point Gaussian
rule and composite two-point Gaussian rule with two subintervals, respectively.
Solution By the composite one-point rule,

1
/ ¢ da 7 0.5(eM16 4 9/16) — 1.409774558
0
and by the composite two-point rule,

/1 eIQda: ~ 0.25 (6(0.25—0.5/2\/@2 + 6(0.25+0.5/2\/§)2 + 6(0.75—0.5/2\/5)2 + 6(0.75+o.5/2\/§)2) — 1.461950972
0

3.5 Numerical differentation. When a function y = f(z) is defined by discrete data,
the question is how to calculate its derivatives.
Let p(x) be an approximation to f(x) based on given data.

fz) = p(x)

where p(z) could be Lagrange interpolation polynomial, Hermite interpolation polynomial,
piecewise interpolation polynomial, or approximation based on least squares. Then we often
approximate its derivatives by

f@)=p(z),  f'(z)=p'(2).
If p(z) is the Lagrange interpolation polynomial on the data {x;,y;}7_,. Then

f(x) = P,(z) =) L(x)y;

J=0

and

f@%ﬁ@zi%@w
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The error is given by

n

fi(z) = ;;)L}(f)yj + (nil)' (H(f - xi)f(n+l)(§)> :

=0

Here we consider several simple cases.
Case I: n =1 (linear approximation).

T — I T — xg
Lo(z) = pa— Li(x) = pom—
Then
Lye) = ——  Lia)= —
To — T1 1 — o
and
f’(x) ~ P{(@ __ Y X Y1 _ 95— Y%

o — I1 Tr1 — X ZL‘l—ZEO'

Case II: n = 2 (quadratic approximation).

(v —a) (7 — @) o) — (x — xo)(x — 9) o) — (x — x0)(x — 1)
Lole) = (zo — 1) (w0 — 72) b (z1 — x0) (71 — 72) La(@) (22 — w0)(x2 — 21)
Then
Lg(x): 20 — x1 — To L'l(x): 2r — x9 — To L'Q(x): 2r —xg — T3

($0 - m1)($0 - $2) (5E1 - xo)(% - $2) ($2 - $0)(9U2 - xl) '

For a uniform mesh, h = 21 — zg = 22 — 1,

2(x — x3/2) 2(x — xq) (z) = 2(x — x1/2)

and

- 2(1’ — $3/2) 2((13 — ZL’l) 2(1’ — $1/2)
F@) mygp——5 =g+ o

where 1)y = (v + 1)/2 and 23/, = (21 + 22)/2. Also, we have
2 2 2 Yo—2y1+yo

f(x) = Py(z) = Zlom ‘H/l_ih2 + Yo

2h% h?
It is easy to get the general error estimates

1

f'(z) = Pi(z) + 5 (& — o) (2 — 1) f"(€))’

and

£12) = Pi(e) + 5 (2 = o) — 00)(z = ) ()
£(2) = PYG) + 5 (2 = a0)(e = ) (e = ) f(6)" (10)
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For a uniform mesh and small h,
f'(x) = P{(z) = O(h)
fl(x) = Py(x) + O(h*)  f"(x) = P(x) + O(h).
Also we can use Taylor expansion to derive the order of an approximation. For

fI(Q?()) ~ P1/($0> _ n ;?JO _ f(lj) ; f(l'o) 7

by using Taylor formula, )
h
f(a1) = f(zo) + B (o) + 5 f*(€)

and therefore,

e CRAGY
The error of the linear approximation is
f'(ag) — LT _ B gy

This is a first-order approximation. However, it is possible to get a higher-order approximation
at certain points. We consider

f(@1)2) = Pl(71)2) = Y ; Yo _ f(x1) ; f(zo) '

By using Taylor’s expansion,

(h/2)°

(h/2)2f”(1}1/2) + 7,]8”/(51)

h
f(z1) = f(z1y2) + §f,(951/2) +

2 6
1) = Fara) = 2 f oy + P i) - 2 e (1)
We obtain
T80 _ ) + PR () + 7€) = o) + 517(6) = £aays) + O

which leads to a second-order approximation.
Similarly we can prove that

" — 2y, +
f (xl) _ Yo hy; Y2 + O(hQ) .
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